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abstract

In a previous study!, the author has given several inversion formulas for the Radon
transform on the Euclidean space and the Damek-Ricci space via the heat kernel type.
In this paper, we continue the same approach by establishing the inversion theorems
for the finite Radon transform and its finite dual Radon transform. We show that the
Radon’s operators R and its adjoint R* may be inverted by the same kernel G (y, z) and
we study its basic properties. We construct the range-characterizing operator for the
finite Radon transform.
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I. INTRODUCTION AND PRELIMINARIES

The Radon transform is defined in R? by John Radon!” and generalized in R® by several authors
particularly*''® and'*. The Radon transform in Euclidean space R™ associates to a function f on R" a
function Rf on P™ (P™ denotes the space of all hyperplanes H (¢,w) in R™) by the formula

Rf (tw) = / f () dpu(z),

H(t,w)

where du () is the Euclidean measure on the hyperplane H(t,w).

In the case of the finite set, the analogue of this definition consists to make the average of function f
over the subsets of a finite set X ( see also the works®:®:18:19) In the sequel of this work, we adopt the
definition of ref'® for two reasons:

-The Strichartz’s definition'® is more natural and similar to the classical case. Indeed, in the study'®,
the author has used the finite plane geometry to define the finite Radon transform.

-This definition can be extended ( see!® ) to the finite k-plane transform Rj with k €
{2,3,...,card (X)} . More precisely, let X be a finite set of points and N be the cardinal of X (N =
card (X)).Let Y be the set of lines of X, each line y € Y being a subset of X subject to the single axiom
“two points determine a unique line”, which is equivalent to:

(A) “For any two points z1,z2 € X, there exists a unique y € Y such that z; € y and z5 € y.”

We say that Y is simple if for all lines y € Y, card (y) = 2. Y is not simple if there exists yo € Y such
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that card (yo) > 2.Let 1 (X) (resp.l? (V) ) be the space of all complex-valued functions on X ( resp.on
Y).

The finite Radon transform is defined!® as the operator R on [?(X) to I° (Y) given by the for-
mula

Rf(y) =3 f (x) . yeY. (L1)

reyYy

For each zeX, we denote by G, the set of all yeY which contained the element x. We define also the scalar
product on [? (X) by

(@, 0) = > d(a)¢(a),for all 6,9 € 1* (X).

aceX

Then I? (X) becomes a Hilbert space. For any finite set A,write card (4) for the cardinality of A and y 4
for the characteristic function of A.If A is reduced to a point x € X, the function x4 is just x(.}.Let
Byo (Yo € Y)be the function defined on Y by 8, (y) = 0 if y # yo and By, (yo) = 1. Then it follows from
(1) that for any A C X, Rxa(y) = card(AN F,),where F, = {x € X / 2 € y} . When A = {z}, we have
Rx. = XGg-

Let P (X) be the set of all parts of X. For z,2’ € X, let n (z,2’) be the number of lines containing = and
2’. From the axiom (A) above, it is clear that 7 (z,2') = 1 if & # 2/, while n (z, ) = n () the number of
lines containing x. We suppose in the sequel that 7 (z) > 1 for all z € X.

The paper is organized as follows.

In section 2, we study the properties of finite Radon transform R and also its dual transform R*. We
show that the axiom (A) implies the Bolker’s condition (see?, p.29). Consequently, R : 1 (X) — [ (Y)
is injective. In the next paragraph, we identitify R with a rectangular matrix (aij)i,jv where 1 <17 < N,
1 <j < N and N’ > N, written in the natural coordinate systems (xz)zex, (By)yey of I (X) and

I? (Y) respectively. When Y is simple, we have N/ = w
In section 3, we calculate explicitly a kernel G (y,z) (y € Y and z € X). More precisely, let G (.,.) be

the kernel defined on Y x X by the formula

RG (yov ) = ﬁyov (yO € Y) 3 (12)

with RG (yo,.) (¥) = >, G (Y0, ) for all y € Y. The solution of the equation
(1.2) is given by

1 (card(yo) — 1)

6 00) = =1 [ ) and (31

(z € X) (1.3)

( see Lemmas (12), (13), (14) and formula (20)).
We obtain from the duality formula and the equation (2) the following theorem.
Let F be an element of [° (Y), then the finite dual Radon transform R* is inverted as follows:

F(yo) =Y G(yo,z) R*F(x), yo €Y. (1.4)

zeX

We obtain from (4) the analogue of Calderon’s identity

Byo = Y G (Y0, ) Xc,- (1.5)

reX

The operators R and R* are inverted by the same remarkable kernel G (y, ) (see formulas (30), (33)).
In the case of Euclidean space R™ and Damek -Ricci space!, the author has established the inversion
formulas (for the Radon transform and its dual) which are analogous to the formulas (4), (33). But the
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corresponding kernels in these cases are not equal as for the finite case.
We finish this section by proving the following theorem :
Let f be an element of [ (X) , then for all zyp € X we have

f(xo) = G(y,z0) Rf (). (1.6)

yey

As precedently, we obtain the development of Dirac’s “ function” . into plane waves :

Xo ()= Gly,), € X. (1.7)

yo T
The last formula is analogous to the Calderon’s formula (15,16).

For z,z9 € X, let A(z,20) = >, cy G (y,2) G (y, z0) and define the operator B on I? (X) by the formula

Bf () = 3 A(z,2') f (2) (2 € X). (1.8)
zeX

While combining the formulas (4) and (6), we obtain for all zy € X

f(zo) = Z Z G(y,2)G (y,x0) | R*Rf (). (1.9)

zeX \yey
This equality can be written in the form

BRR*f = f forall fel®(X). (1.10)
Using the theorems (16) and (22), we get the following formula

Fly)=> (Z G (y,z) G(yo,x)> RR*F (y), with F € 12(Y). (1.11)

yeY \zeX

Let D be the kernel defined on Y x Y by:D (y,40) = > cx G (¥, 2) G (yo, ), and A the operator on I? (Y)
given by: AF (yo) =>_,cy D (y,v0) F(y), then the formula (11) can be written as follows

F =ARR'F, forall F€*(Y), (1.12)
A and B are the Calderon -Zygmund operators type (see!!,!8). The inversion formulas (10) and (12) are
analogous to the formulas obtained in the case of Euclidean space R™ and symmetric space of noncompact
type (see®,'0,h).
In the last section we characterize the image of finite Radon transform via an operator P (matrix) such
that I'm R = ker P.

A. Motivation

In the literature, there are several methods for inverting the Radon transform, particularly Gelfand’s
and Helgason’s methods.
The fundamental goal of this paper is to describe a new method for inverting the finite Radon trans-

form.This method is based on the resolution of certain functional equations. More precisely, we seek a
kernel G (y,z) on Y x X such that

(M) R*G (., %0) = Xap» %0 € X

(MQ) RG(y07 ) = ﬂym Yo € Y.
The solution of (M) (resp. of (M3)) gives an inversion formula for R (resp. for R*).The operator R and
its dual R* are inverted by the same kernel G (y, ). For the case of the Euclidean space, the author! has
used the same method to calculate the kernels of the equations corresponding to (M;p) and (Msz). But

these kernels are different.
The finite Radon transform theory has many applications in chemestry and physics.
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II. PROPERTIES OF OPERATORS R AND R*

Definition 1 The finite dual Radon transform of R is the operator R of 1° (Y) into 12 (X) given by the
formula

R*F (x) = ZF(y), forall Fel*(Y) and z € X. (2.1)

ysSx

As in the classical case, we have the duality formula

Y RIWF() =) RF(a) f(a). (2.2)

yey reX
The proof of this equality is exactly as in Euclidean case.

Lemma 2 Let f € X, then for all x € X we have

m R*Rf (z) — z%{f (") (2.3)

Proof. From definition of R*,we have

f(x) =

R*Rf (x) =Y Rf(y).

ysSz

Replacing R by its expression (see formula (1.1)), we obtain

RRf(x)=)Y_ [ D @)

ydz’ \z'€y
= (@) f(x)+ Y fa).

Thus R*Rf (z) = > ,cx f(2')n(x,2'). Since n(z,2") = 1if x # 2’,the above equation becomes

R'Rf (x) =n(2) f (x) = f (x) + DY f(a)

z'eX

= (@) - 1f @)+ Y f).

z'eX

Whence

1 * _ xl
f(x)zm R*Rf () I;{f( )| -

Remark 3 Let ¢ be an element of 1 (X), we can write ¢ in the following form

zeX

Thus Rp = x ¢ (x) R(X)- Replacing R (xz) by xa, in the above equality (see introduction), we obtain

Rp =" (z)xa.- (24)

zeX
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The family Xz, Xuys - Xy 18 the canonical base of the N -dimentional vector space 1? (X) and
also the family By, , By,, ..., By, 15 the canonical base of the N'-dimentional vector space P(Y).IfY is

simple, N' = w Let 8 (y, @) be the expression defined by

By, 0) =Y ¢(@)xa, v).

zeX

If we write x g, with respect to the base By, By,, ..., By, , we have

Xc. = Y Buxa, ().

yey

Consequently the function R¢ can be written in the form

Rp=> B(y.¢) xy-

yey

Hence R : 1? (X) — 1 (Y) is a rectangular matriz (a;;) 1<i<n , with a;; € {0,1}

1<G<N
In the next paragraph, we give the expression of the matriz R when Y is simple. In order to invert the
finite Radon transform, we first study its injectivity. We begin by proving that the axiom (A) implies the
Bolker’s condition.

|
Proposition 4 Let © and x'be two distinct elements of X, then card (G, N G,/) = 1.

Throughout this paper, we denote by [ (z1,x2) the line of ¥ which contained z; and zo with z; #
x2.Recall that [ (z1,22) comes down to {x1,z2} if Y is simple, and card (I (x1,22)) > 2 if Y is not
simple.

For X = {a,b, c,d} we shall denote by (D) (resp.(D’)) the hypergraphe (resp.the graphe) of X

Proof of the above proposition:

Let y € G, NGy, then y >z and y » 2. From the axiom (A) I (z,2') = y.It is clear that y = {z, 2’} if
Y is simple.

Proposition 5 The following two statements are equivalent
(a) Y is simple
(b)For any x € X, card (G,) =n(x) = card(X)—1, and for allz,2’ € X (x £2') card(G, NGy ) =1.

Proof. Show that (a) implies (b). Let « € X, then there exists jo € {1,2,...., N} such that z = x;,.The

set G is formed by the lines  {z;, =1},

{zjo2},  Azjozjor } s {@jo,Tjors } s {Zjo,on-1}, {@jo,zn} . Then

card (G,,,) = n(xj,) = card (X) — 1.The rest of the assertion (b) is already proved in proposition 4.
Suppose that Y is not simple ,then there exists [ (z,z’) € Y for which card (I (x,2’)) > 2,let be 21 €
[(x,z") with 1 # x and z1 # 2/.It is clear that n (x1) # n (z;) or n (z') # n (x;) for a certain j for which
zj ¢ l(xz,2’) Then Y is simple. WM

Remark 6 If Y is simple then card (G, N Gy) = 1 and the function x — n(x) is constant on X.
Consequently, Y is simple implies the Bolker’s condition (,page 29).

Theorem 7 The operator R of 12 (X) into I? (Y) is injective.

81



A. Abouelaz African Journal Of Mathematical Physics Volume2 Number2 (2005)77-92

We suppose that Y is simple. When Y is not simple we use the same techniques as the demonstrations
in the case where Y is simple.
Proof. Let ¢ be a function of I? (X) ,show that if R = 0 then ¢ = 0. Suppose that R¢ = 0, from (2.4)
we have

Rp=> ¢(x)xe.- (2:5)

zeX

Multiplying the two members of this equality by xc,, , we obtain

Ré.xa,, = Y ¢(2)Xc,, Xca (2.6)

zeX

= Z ? () XG., NG,

rzeX
= ¢ (z1) XG,, T @ (22) Bi(zr,e0) T+ G (TN) Bi(ar,an)s
where N = card (X) and X = {z1,2,...,xn}(see introduction). The last equality is justified by the
proposition 4. Let y = {1, 22} be a line of Y | the equality
(2.6) implies

(Ro.-xG,,)(y) = (¢ (1) XG., + & (22) Biwy o) T+ O (ON) Bias,an)) () = 0,
since R¢ = 0, we have ¢ (z1) + ¢ (z2) = 0. Multiplying also the equality (2.5) by x¢,, we have

Xc., B¢ =D ¢(x)xc.na.,

reX
= ¢ (22) XG,y T ¢ (1) Bi(arz0) + 7 + O (TN) Bi(ag,an)-

As before, at the line y = {z3,23} = (22, z3) the above equality gives

(XG., -129) (y) = (¢ (22) XG.y T @ (21) Bi(ay20) + 1 + O (TN) Biaa.zn)) (V)
= ¢ (z2) + ¢ (23),

since Rp = 0,we have ¢ (x2) + ¢ (z3) = 0.
Gradually we obtain the following system

¢ (1) + ¢ (x2) =0
¢ (x2) + ¢ (23) =0
¢ (x3) + ¢ (24) =0

;15(301\1—2) +o(xn_1)=0
¢(rn_1) +o(zn)=0

Now, we return to the equality (2.6). At the line y = {x1, 23} =1 (21, 3),
this equality implies that ¢ (z1) + ¢ (x3) = 0. For y = {x1, 24}, we obtain also in the same way ¢ (z1) +
¢ (x4) = 0. As precedentley, we get the following system

The systems (S1) and (S2) imply ¢ (z1) = oé(x2) = ¢(z3) = -+ = ¢(rn_1) =
¢ (xy) = Othen ¢ = 0.Consequently R is injective.And this completes the proof of theorem 7.
|
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Remark 8 Rang (R) = dim(I*> (X)) = N.

Proposition 9 Let Ky be a subset of X and f a complex-valued function defined on X. Then
(x) suppf C Ko = Rf (y) =0 for ally € Y such that yN Ky = 0.
If Y is simple and card(Ky) = 1, with card(X) > 4, then the above implication becomes an equivalence.

Proof. Let f be an element of [? (X) such that suppf C Ky. Let y € Y for which y N Ko = ) .\We will
prove that Rf (y) = 0. Since supp(f) C Kp,we have

IRFWI< > 1f (@),

zeyNKo

as y N Ko = 0,we have >° | f (z)] = 0. Hence Rf (y) = 0.

We suppose now that Y is simple and card(Ky) = 1, with card(X) > 4,and showing that if
Rf(y) = 0 for all y € Y such that y N Ky = (), then suppf C Ko. Suppose that Ky = {z1}
and let A be the set of all y € Y for which y N Ky = (. Since Y is simple, A is constitued by

the elements {xa, 23}, {22, 24},...,{z2,xn},{xs5,24},..., {23, 28}, ..., {ZN_1,2n}. Tt is clear that
(card(X) — 1) (card (X) — 2)

card(A) = 5 . In vertue of the condition Rf (y) = 0 for all y € Y such that
y N Ky = 0, we obtain the following systems
f(z2)+ f(z3)=0 f(xzs)+ f(xa) =0
=0 =0
(S1) f(@) + f (z4) wmd (S) f(xs) + f(x5)
f(z2)+ fzn) =0 f(zs)+ f(zn)=0

It follows that the systems (S;) and (S3) imply suppf < Kp.This finish the proof of
proposition. |

Let us now turn our attention to the converse of the implication (x). The answer is given by the
following remark.

Remark 10 The converse of the implication (x) is false, indeed if X = {a,b,c} and Ko = {a} ,with Y is
simple, then the linesy € Y such that yNn{a} = 0 are exactly the line y = {b,c}. Taking now ¢ a function
of 12 (X) such that R¢ (y) = ¢ (b) + ¢ (c) =0 and ¢ (b) # 0, ¢ (c) # 0. It follows that suppp ¢ {a}.

III. INVERSION FORMULAS FOR THE OPERATORS R AND R*

In this section,we seek a kernel G (z,y) which is solution of this equation

RG (yo, ) = ﬂyo (yo S Y) (31)

We shall now calculate explicitly the solution G (y,x) of the functional equation (3.1), via which we
establish the inversion formulas for R and its dual R*.
We state first the theorem which gives the expression of the kernel G (y, x).

Theorem 11 The solution of the equation (3.1) has for expression:

1 (card (yo) — 1)

G (yo, ) = @ -1 Xyo (2) — (card(X)—1)|" (3:2)

Before proving this theorem, we shall need several technical lemmas.
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Lemma 12 Let x be an element of X, then

Z(card (y) — 1) =card(X) —1 (3.3)
EEY
Proof. If X = {a,b,c} and x = a,then the elements y € P (X) (P (X) is the set of parts of X) which
contained x are I(a,b), I(a,c) and in this case we have

S (card(y) —1) = 3 xa, (v) (card (y) — 1)

yo yey
=card(X)—1
=2

Suppose that the formula (3.3) is true for all sets of cardinal inferior or equal to N — 1 and show that
(3.3) holds for a set X of cardinal equal to N. Let x be an element of X = {aj,az, -+ ,an} and let
GY=1(X — {an}) be the set of the lines y € P (X — {ay}) such that y > x.1t is clear that

GY (X) =Gy (X — {an}) U {{z. an}}, (34)

because if y € GY (X) and ax € y then there exists a unique line y; such that y; > ax and y; > z, hence
y1=y=1(r,an) = {z,an};if y € GY (X) and an ¢ y then y € GY~1 (X — {an}) . Consequently

Y (card(y)—1)= Y (card(y) 1),

Yoz yeGN(X)

from (3.4), the above equality becomes

Z (card(y) —1) =1+ Z (card (X)—1),

ys yeGy (X —{an})

by recurrence hypothesis, we obtain

Z(card(y)—l):(N—Z)—i—l

yo T
—N-1
= card (X) — 1.
This proves the lemma. H
Lemma 13 Let ¢ be a function of I2(Y) defined by
1
¥ (y) = (card(y) —1), (3.5)

(card (X) —1)
then R*¢ (x) =1 forallz € X.

Proof. From definition of R*,we have for all x € X

R (z) =Y 1 (y)

1
= e d GO Ty O (Card 1) ~ 1),

kY

by lemma 12 and the last equality, we obtain R*y (z) = 1 for all € X. This proves lemma 13.
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Lemma 14 Let f € 1?(X), then

> 10 = iy O (eord )~ DAL () (36)

reX yeyY

|
Proof. Since R*) (z) =1 for all z € X (see lemma 13), we have the following equality

S f@) =) fl@)R (),

zeX zeX

from the duality formula, the above equality becomes

Yo f@ =Y Rfwv()-

zeX yey
Replacing ¥ (y) (see lemma 13) by its expression, we obtain

1

Y f@) = Y (card(y) = D Rf (y).-
= (card(X)—1) =
This completes the proof of lemma14. W
we shall now give the proof of theorem 11.
We seck a kernel G (y, z) such that
RG (yo,-) = By, 3.7)

where RG (yo,.) () = >_,c, G (Y0, 7). By lemma 2, the kernel G (yo, ) has for expression

1
G (yg,z) = —————— |R*"RG (yg, x) — G (yo,x)| .
( 0 ) (77 (Z‘) — 1) ( 0 ) w;{ ( 0 )
From (3.7), we can rewrite the above equality as follows
1
G (Yo, ) = ——— | R"By, (z) — G (yo, )|, 3.8
" lifx €y
but R* [y, (x) = Zysx By (y) = 0if o ¢ yo
hence
R*Byy = Xyo- (3.9)
In addition,lemma 14 gives
1
Z G (yo,x) = W Z (card (y) — 1) RG (yo,.) (v)-
zeX yey

Replacing RG (yo,.) by By, in the above formula, we have
1
E = E —1 .
G(yo,ﬂf) (Ca’l’d (X) _ 1) (CCle (y) )ﬁyo (y)

reX yey
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It follows that

;(G Yo, 1) = m. (3.10)

Combining (3.8), (3.9) and (3.10), we obtain the equality (3.2), and this finsh the proof of theorem 11.
As a consequence of theorem 11, we prove some properties of the kernel G (y, z). More precisely, we
have the following corollary.

Corollary 15 The kernel G (y,x) verify the following property

1 a(Y)
200 =G " a0 1)) 1

where a (Y) =3 oy (card (y) — 1).

We remark that o (V) = card (Y ) if Y is simple and « (Y) < card (V) if Y is not simple.
Proof. Using the equality (20) and summing G (y,z) over all y € Y, it follows

a(Y)
ZG (2 ny (card(X)=1)|"

yey yey
since ), cy Xy (z) =1 () ;the above equality can be written in the form

S R -1 ¢ O N
2 Gly) ‘n<>—1>[”” (card (X) — 1)

yey

This proves the corollary. Wl
In this subsection, we shall give the explicit inversion formulas for the finite Radon transform and its
dual, using the theorem 11.

a) Inversion formula for R*

Theorem 16 The finite dual Radon transform R* is inverted as follows

F(yo) =Y G(yo, ) R*F (), for all F € I*(Y). (3.12)

reX

Proof. The duality formula gives

Y RG(y0.) (W) F(y) = . G (yo,z) R°F (), for all F € (Y).

yey zeX

Replacing RG (yo, .) by By, (see formula (19)), we can write

> Gyo,x) RTF(x) = > By, (v)

reX yey

since By, (y) =0 if yo # y and By, (yo) = 1,the above equality becomes

Yo) = Z G (yo,x) R"F (z) .

zeX

This completes the proof. W
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Remark 17 From formula(3.12) we have for all F € 1* (Y)

F(yo) = G(yo, ) R°F ().

zeX

Replacing R*F (z)by >, oy F (y) xc. (y) in the above equality, we obtain

Fyo)=Y_ Go, o) F ) xe, (v)-

rzeX
Thus
F(Z/O) = <F7 Z G(yva)XGm> 3
zeX
but
F (yo) = (F, By,) -
Whence

Byo = Z G (yo,x) xa,, for allyy €Y.
zeX

This formula is analogous to the Calderon’s identity (see?,®,'> and!® ).

Remark 18 In'the author gives the Radon inversion formulas for the Damek-Ricci space analogous to
those established in theorem 16.That is the transforms R and R*are inverted by a remarkable kernel.

b) Inversion formula for the finite Radon transform
Let zy be a fixed element of X. We shall find a kernel ¢ (.,.) defined onY x X such that

R*(,b(.,ﬂfo) = Xzo>s (313)

recall that R*¢ (., x0) (v) = 3_, 5, ¢ (¥, 7o) for all z € X.
We will show that the equation (31) admits a unique solution.We begin by proving the existence of the
solution of this equation.We need the following results.

Lemma 19 Let x and xg be two elements of X, then

L if x#
D xy (w0) = { n(xo)l ; :C:E:Ogjo

ysSx
=1 (z,70) .

Proof. Suppose that x # x¢ and consider the line yo = I (z, o) ,then
> ysa Xy (T0) = Xyo (20) = 1 if @ # mo,and if z = z¢ it is clear that > - xy (¥0) = n (o) .This proves
the lemma. W

Lemma 20 The kernel G (.,.) € 1> (Y x X) is a solution of the equation (31).
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Proof. Let x be an element of X.Using the expression of the kernel G (.,.) (see formula (20))and

summing it over all y € Y which contained the point x, we obtain

1 > ysa (card (y) — 1)
200 = 1) [Z X 0" rd X -1 10

Yoz Yy

From lemmas (12) and (19), one has

ZG(%IO)—{ 0if x # g

1if =z
VEEY
Thus

ZG(y,Qfo) = Xao ($) )

ysSx

but, the first member of the last equality is exactly R*G (., ).
Consequently R*G (., o) = Xazo, and the lemma is proved. W

Lemma 21 The equation (31) admits a unique solution.

Proof. In lemma (20), we have showed the existence of a solution of the equation (31). We will
now pove the uniquness of this solution. Let ¢ (.,.) a kernel for which R*¢ (., x0) = Xz, ,with 2o € X. By
applying the dual Radon inversion formula (see theorem (16)) to ¢ (., x¢) € I? (Y) ,we obtain

o (.z0) = 3 G (y,2) R (o) (x).

zeX

since R*¢ (., z9) = Xa,, the above equality becomes ¢ (y, zg) = G(y, xo).This proves the lemma. W
We establish in the following theorem the inversion formula for the finite Radon transform.

Theorem 22 The finite Radon transform R is inverted as follows

f(x)= ZG(ygr) Rf (y), for all f € 1>(X) and x € X. (3.15)

yey

Proof. Applying the duality formula, we obtain for each xy € X
> Gywo)Rf (y) =Y f (@) R*G (., x0) (x), for all f€l®(X). (3.16)

yey zeX

Since R*G (., z0) = Xz, (see lemma (20)), the formula (34) can be written in the form

f(xo) =Y Gy, x0) Rf (),

yeyY

and this completes the proof of theorem (22). W

Remark 23 If we replace f by xz0 (xo € X ) in the formula (33), we obtain

Xao (®) =D R(Xao) () G (y, ), for allz € X, (3.17)
yey
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but R (Xzo) = XGaq (see®,page 29), then (35) can be transformed as follows
Xao () = D (X6u,) () G (y,2).
yey
Thus
Xao ()= G(y,.). (3.18)
yo T

The formula (36) shows that Xy, “Dirac’s measure” can be developed into plane waves (see Gelfand’s
works® and also'%).

c¢) Inversion formulas for the operators R*R and RR*
Now, we establish the inversion formulas analogous to Helgason’s inversion formulas.
From theorem (16) we have

> R'Rf(2)G (yo,x) = Rf (yo) . for all f € I*(X) and yo €Y,
reX

and by theorem (22), the above formula becomes

D R ()G (y.xo) = Y (Y R*Rf (2) G (y,2))G (y, o) (3.19)
yey y€Y z€X
=> (O G(y.2) Gy, x0))R*Rf (z)
rzeX yey
= f(z0)-

Let A(x,20) =,y G (y,7) G(y,79) and B the operator defined on ? (X) by

Bf (x0) = Y A(z,x0) f (x),for all f€®(X).

zeX

yey

The equality (37) becomes

BR*Rf = f,for all f €1*(X). (3.20)
This can be formulated as follows.
Theorem 24 The operator R*R can be inverted as follows

BR*Rf = |, (3.21)
where Bf (20) = Y cx (Zer G (y,x0) G(ymc)) f(z), with f € >(X) and xo € X.

Using the same techniques as the previous demonstration, we have for all F' € [?(Y) the following
formula

Fly)=> (Z G(y,:c)G(yo,a:)> RR*F (y), for all F € I2(Y). (3.22)

yeY \zeX

Let D be the kernel defined by D (yo,y) = > ,cx G (4,2) G (yo,z) ,for all (yo,y) € Y x Y,and putting
AF (yo) = >_,cy D (y0,y) F (y) . Replacing, in the formula (40), D and A by their expressions, one has

F = ARR*F, for all F € [*(Y). (3.23)
So, we obtain the following theorem

Theorem 25 The operator RR* can be inverted as follows

I =ARR",
where AF (yo) = >, cy (Y eex G, )G (yo,x)) F (y), for all F € 1*(Y) and yo € Y.

The operators A and B are the Calderon-Zygmund’s operators type (see!! ;10 )
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IV. RANGE THEOREMS FOR THE FINITE RADON TRANSFORM

In his paper'? John was giving a characterization of the image for the Radon transform via a remarkable
differential operator.The John’s works are generalized by several authors particularly®,”,%,13.

In the finite case® has establish a characterization of the range for the finite Radon transform.We adopt
an algebraic method.

We begin by the example X = {x1,x2,25,24} ,the general case deal with by the same manner.We
suppose that Y is simple,for j # k let y;; = {x;, z;}be the line of Y and let y12, y13, Y14, Y23, Y24, Y34 the
elements of Y. In the preceding sections, we have seen that the system Xu, Xz, Xus,Xz, 15 @ base of 12 (X)
and Xyias Xy1ss Xu1a> Xyos» Xyass Xyss 18 also a base of 12 (Y'),in addition we know that R : ? (X) — 1*(Y)
is a matrix R in its bases,we have

OO O ==
O == OO
_ o= OO
R RO, OO

because

R(Xzy) = XGay = Xy12 T Xyas T Xyia
R (Xas) = XG., = Xyro T Xyas T Xy
R (X2s) = XGay = Xyos T Xyis T Xysa
R(Xz,) = XGay = Xy1a T Xyz2a T Xyza

(With A=y = {961,552}7 B=yo3 = {ffz,ws},cz Y34 = {553,%4}7 D=y14 = {$17$4};E: Y13 = {5317553},
F=yo4 = {3327964})-
For all ¢ € l2 (X) yWe have ¢ = ¢ (.131) Xz + ¢ (~r2) Xzo + ¢ (.133) Xz3 + ¢ (.134) Xzg-

Thus
1100 ¢ (1) + ¢ (22)
1010 ¢ (1) ¢ (1) + ¢ (x3)
Ré — 1001 ¢ (xz2) | _ | ¢(21)+ o (za)
0110 ¢ (x3) ¢ (x3) + ¢ (x2) |’
0101 ¢ (v4) ¢ (v4) + ¢ (z2)
0011 ¢ (3) + ¢ (4)

it follows that
R = (u1,u2, us, us, us, ug) = v,
with
u1 (Y12, Y13, Y14, Y23, Y24, Y34) = ¢ (71) + & (22)
=9 + ¢

X1 X9
u2 (Y12, Y13, Y14, Y23, Y24, Y34) (z1) (z3)

ug (Y12, Y13, Y14, Y23, Y24, Y34) = ¢ (74) + & (23)
We construct an operator P (here P is a matrix ) such that Im R = ker P. Show at first that ImR C ker P,
it suffices for this to seek a operator P for which PR = 0. take the following matrix

1 1 1 1 1 _
., FEE R
Sla it

1 -1 00 —1 1

o)
e
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It is clear that PR = O,then Im R C ker P.

To show the other inclusion, it suffices to prove that ImR) = dim(ker P).

It is easy to see that vectors space kerP admits a base formed by the vectors (1,1,1,0,0,0),
(0,-1,1,0,1,0),(0,0,-1,1,0,,0), (0,1,1,0,0,1).We observe also that ImR have for base the system
(1,0,0,1,1,0),(1,1,0,0,0,1),.

(0,0,1,0,1,0),(0,1,1,0,1,0) .Then ImR = ker P.

In the general case,where card(X) = N, we use exactly the same techniques as precedently.
Recall that the system Xg,,..,Xzy 15 a base of the N-dimentional vector space [%(X) and

X9127Xy137 Tt XleﬂXyzen Xy247 "'7Xy2N7 s
N(N-1)
5 -

Xusy soin 0 Xtigns 0 Xy g vy Xy g 0 Xuy_y y 15 @ base of the

dimentional vector space I2 (Y) if Y simple.
The Radon transform is then given by the matrix

1

1

: In_1

1

0 1

0 1 In_o

0 1

0o 0 1 ’
0 0 1 In_3

0O 0 1 - el
0 i ooi 0 1 1 0
0 - -o. 0 1 0 1
oo o --- 0 1 1

where the I; (2 < j < N — 1) are the unity matrix .
We calculate P as in the above example.

Theorem 26 Let X be a finite set and R the finite Radon transform of 12 (X) into I>(Y), then there
exists a operator P (matriz)such that ImR = ker P.
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