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abstract

In this work we extend the classical definition of Hilbert transform to the Marcinkiewicz
space MP(R), 1 < p < +oo.

Let 9 (R) be the set of functions f € L (R),1 < p < oo such that

loc

T

1
lim sup — s)IP ds < +oc.
imsup 57 _T|f( )|

TP (R), 1 < p < +oo is a vector space and

T

1
P i — Pd
1£115 imsup o _Tlf(S)I s

defines a seminorm on 9P (R) .It is possible to prove that 9P (R),1 < p < 400 is complete with
respect to such seminorm.

We have then the following

Proposition 1

Let f € MP (R),1 < p < +oc and ¢ € L' (R) be such that the function

Y () = supess|y>|q| @ (1)]

belongs to L' (R). Then the integral

+oo
/ flx—t)p(t)dt

exists for x € R a.e.
Proof:
Since
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T too +oo
//|fx—t |dtdx—/2T /|f:c—t)|dx lo(8)] dt < +o0,
T o o

we get that

“+o0
/ fla—t)p(t)dt

— 0o

exists for almost all x.H
Proposition 2 (cfr. [4], Prop.1.25, page 13)
Let f € MP (R), 1 < p < 400, and let ¢ € L' (R) be such that the function

¥ () = supessjy>z| [¢ (1)
belongs to L' (R). Then, if we set ¢.(t) = Lp(L), we get that

+o0 oo
lim f@—ﬂw&0ﬁ=f@X/ o (b) dt,

e—=0t J_ —o0

for x € R almost everywhere.
Proof:
Let g € L' (a,b). Then for ¢, € [a,b] almost everywhere, the limit

}lzli%h/ —g(to)|ds, to+he€la,b]

exists and is equal to 0.

The set of Lebesgue points of g is the set of points ¢, € [a,b] that satisfy such property.
Let z, be a Lebesgue point of f, such that f (x,) is finite.

For any £ > 0 there exists 6z > 0, such that

/|f®o+ﬂ—f@whﬁégb

for all s such that |s| < dz.
We set 0z = §, for simplicity of notation.

One has then
+oo Foo
[ e ne@a- g [ ewar

—00

]/+m ~0 = f (e e (0

f[ 1 (20— 1) — £ (20)] |0 ()] dt

)
g[|ﬂ%fw¢@mmmw
)

+o00
+A Iﬂ%—ﬂ—f@JWAﬂﬁ+/Iﬂ%—ﬂ—f@JWAﬂﬁ

—5

Let us estimate first the integral
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/|f o 1) = F (2)| e (£) dt

One has

/\f b 1) = ()| e (t)d

/ (dt/lf fﬂo)d8>ws()
- [ stmpse st [ ([ o)t

= [ sl %()—/ 5 o= 5) = £ (2] ds - (=3)

o

/(/ o= = Flaolds) v 1)

< E00. (5) + BB (- /(/ 1 (20— 5) xo>ds)dw€<>

fQ, <) /(/f )= s) xo)|ds)d¢g(>-

Let us observe that
([ 19 - retas) a
<- [5 tld%()——/:etdwg(t)—/zgtdwaa)

) o
= a1 |2 42 / e (8)dt — e (1) 05 15 / (e

)
= Sty (1) |2 Gt (1) |05 +2F / Ve () dt

+o0

< _gt"/}e (t) |g _gt¢a (t> |(15 +2¢ "/’5 (t) dt
+oo

< g&/}s (5) + 551/15 (_6) +2¢ 1/)5 (t) dt

o
—+oo

= 5{&/;5 (8) + 8. (8) + 2 b- (1) dt} < cofl

o

Let us observe that the function

Y (x) = supess|y|>|z| | (1)

is even. In fact

Y (—x) = supess|y>|—q| | (t)] = supess|y>.| ¢ (t)| = ¢ (v).
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Furthermore, if we set r = |z|, we get that ¢ (r) = ¥ (Jz|) is a decreasing function.
In fact if ¥ > r one has

supess|y > |¢ (t)| < supess|y>r @ (t)]

since

{t:|t| >r'YCc{t:|t| >r}.

For each » > 0 we have then

/ ¥ (z)de > / ¥ (2r) dx = 2r (2r).
r<|z|<2r r<|z|<2r

Let us observe that

/r<|x|<2rw(x)dx—>0

for r — 0% and for » — 400,
and hence

P (r)r—0

for r — 01 and for r — +o0.
Furthermore

/r< | <2rw(x)da:§/Rz/)(x)dw

and so we get that ¢ () r is bounded in R, (and hence in R).
Let us give an estimate of the other two integrals:

“+oo
A 1 (o — 1) — f () e (1)

and

-5
(/|ﬂ%—w—ﬂ%wm@w

— 00

It is sufficient to estimate the first one, i.e.

+o0
/5 [ (o — 1) = f (wo)| e (t) dit.

Since f € 9P (R), for |¢| > & we get that
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/Ot|f(wo—8)—f(xo)|dsS/OtIf(xo—8)|d8+/ot|f(xo)|ds

t
s/ 1F (@0 — 8) ds + If (o) 1] < c5 ]

and hence

+oo
/5 1 (o — 1) — f (w0) e (1) dt

=/6+Oojt</Ot|f(:vo—8)—f(wo)|d8>¢e(t)dt

/:|f<xos>f(:co>ds.¢s<t> ;oo/;m (/Otlf(xOS)f(xo)ldS)dws(t)
S/oélf(xo—S)—f(xo)lds-z/)e@)—/;m (/OtIf(wo—S)—f(xo)IdS)dwe(t)

+o00
< &0, (6) — cs /6 1 die (1)

+oo
= 0. (8) — cstpe (b) |F°° +cs i e (t) dt

+oo “+oo
<éc+cs Ye (t) dt = €c+ cs P (t) dt.
5 :

One may choose then 1 > 0 such that for every € > 0 such that ¢ < n one gets

+oo
§C—|—c(5/ Y (t)dt <€

)

2

and this ends the proof.l
Proposition 3 (see [3],page 386)
Let f € 9MMP (R), 1 < p < oo be such that
t
Vz € R, ’/ f(x+'t-)df‘ <Cl", 0<a<l.
0

Then the limit

N
lim i/ 1) dt, ze€Cg,

N—oomi J_nT—2%2

exists uniformly on compact subsets of C; .

Proof:
Let us set
1 Mo
T J_nyt—2
For N > N’

F(e,N") = Fen') = = R TR Y R (OB

T 7Nllt_z s 7N/t_Z
1N f 1N
T ) N t—z T ; t—2z
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Let us give an estimate of the integral

1 NII
LI,
N/ t—=z

N N F
// t—zdtf// (t—w)—iydt

N"—z
L[ e,
N—z S— W

/N//_;c d fo .’L'+S dt

N'—zx t*Zy

N"—z 2
Jo S+ s)ds| " /N i@ s)ds
t_ly N/'—z N'—x (tily)Z

We have that

Hence

1N F)

’ t—z
N"—z N'—z ’ t
1 ‘fo f(ac—i—s)ds’ ‘fo f(x—l—s)ds‘ N'—z fo f(x—l—s)ds‘
.1 . i | el oo
m\ (N —x) -1y |(N — ) — iy N'—a It — iyl
1 C|N" — z|* C|N' - z|* N=e o™
< - + + o dt
i N/ —g t +y

VO —apP g2 J(V -0 2
Since |z| < T, y > y, > 0 one may choose N, N” such that the last quantity becomes less than 5.

The second integral may be estimated in an analogous way.
Then the function

F(z)1/+oof()dt lim f()dt zeCy

m t— N-—oo T _Nlt—2

is holomorphic in C4 = {z =z + iy : y > 0}.
Proposition 4
In the same hypotheses of above the limit

1
VzeR,e>0 lim f/ flz+t)

exists.
Proof:

/N>It>5f(x+t g — / fx+t / fﬂc+t Qb

Let us prove that

N
lim / fle+t)
N—oo e t
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exists.
We have that

N" N’
[, [T e,
€ S

7 "oq
:/N f(x+s)ds—/N —fo terS dt
’ S ’

fo (x+ s)d
t

1"
N fo T+ 8)
N/ t2

N/

/ f x—|—s / f x—|—s
i
- C|N//|o¢ N C|N/|a +/N CM "
- [N |N| / 2
and we may conclude as usual.

Let us set
1 t 1 t
lim 7/ Mdtzf/ Mdt:Hgf(x), zeR, a.e.
N>Jt>e U ft>e t

It follows that

By the theorem of Fatou-Privalov (cfr. [1] and [2], page 196) we get that the limit

1/+°°tf(x+s)
———*dt = lim v(x
L P2 YOt (z,y),

exists for x € R a.e.
Let us show that

h%l |v(z,y) — Hyf(z)| =0, xz€eR, ae.
y—)

and hence

y—ot T J_ o 12+ y? y—0+ T t

1 [Ttz s) 1 flz+1t)

lim — 7dt = lim — 76[75
/ /I‘IZy

= lim H,f(z)=Hf(z)

the Hilbert transform of f.
Let us define the function

1
o(t) = { w21
t2+1? ‘t| < 1

Let us observe that ® € L! (R),

/_ :o B(#)dt = 0

and that W (x) = supess limy >, |(t)] € L' (R) since

Eern |02 1

U(z) = limyg 2 o) [2(0)] = | |
(z) = supess limy > |P(t)] {%, |z < 1.
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We have then
B 1 tootf(x + 5) 1 flz+7)
v(z,y) — Hyf(x) = / 7t /|t|2y — dt

) o PH+y? ™

_1 /+OO [z + s),(t)dt.

T J—c0

We may apply hence Proposition 1 and conclude that

1 [Tt
im 7/ mdtHf(x), 2 ER, ach
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