
African Journal Of Mathematical Physics Volume 2Number2 (2005)143-153

Reproducing Kernels of Eigenspaces of a Family of Magnetic
Laplacians on Complex Projective Spaces P n(C) and their Heat

Kernels.

A. Hafoud and A. Intissar
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In this paper, we give the explicit formulae of Reproducing Kernels of eigenspaces of
a family of Magnetic Laplacians Hν on the complex projective space P n(C) and those of
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I. INTRODUCTION

Let S2 be the unit sphere of IR3 endowed with its canonical metric ds2 written into geodesic polar
coordinates as:

ds2 = dθ2 + sin2(θ)dϕ2, 0 < θ < π, 0 < ϕ < 2π.

Then, in their investigation of reproducing arbitrary multiplicity of the first eigenvalue for Schrödinger
operators on the sphere S2, the authors of [1] had considered on S2 the following family of Magnetic
Laplacians Ha given by:

Ha =
∂2

∂2θ
+ cot(θ)

∂

∂θ
+

1
sin2(θ)

∂2

∂2ϕ
+

2i

sin(θ)
a(θ)

∂

∂ϕ
− a2(θ),

where a(θ) is a real smooth function of θ.

The above operators Ha are of Magnetic Laplacians type. Indeed, by considering the connection
operator:

∇a = d +
√−1α,

where α is the real differential 1-form given by:

α(θ, ϕ) = a(θ) sin(θ)dϕ,

we can rewrite the operator Ha as Magnetic Laplacians given by:

Ha = −∇∗a∇a,

0
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where ∇∗a is the formal adjoint of ∇a with respect to the natural hermitian scalar product on differential
p-forms of S2 induced by the metric ds2.

Note in passing that this family of operators Ha forms a large class of Magnetic Laplacians on the
sphere S2 when varying a(θ). However, the case of a(θ) = ν cot( θ

2 ) i.e. α(θ, ϕ) = 2ν cos2( θ
2 )dϕ, where ν

is a non negative integer, is of particular interest since after using stereographic projection z = cot( θ
2 )eiϕ

from the sphere S2\{south pole} onto the z-plane IC, the differential 1-form α(θ, ϕ) reads in the z-complex
plane as:

α(z) = −√−1ν(
zdz − zdz

1 + |z|2 ) = −√−1ν(∂ − ∂)log(1 + |z|2),

and the associated Magnetic Laplacian Hν can nicely be written in the local complex coordinate z as
follows:

Hν = (1 + zz){(1 + zz)
∂2

∂z∂z
− ν(z

∂

∂z
− z

∂

∂z
)} − ν2|z|2, (1.1)

or in the following form:

Hν = (1 + zz)2(
∂

∂z
+ ν

z

1 + zz
)(

∂

∂z
− ν

z

1 + zz
)− ν. (1.2)

The latter expression (1.2) for Hν had been recognized in [5] and [6] to be the z-representation expression
of the Hamiltonian of a spinless particle constrained to move on the surface of the sphere S2 in the presence
of a magnetic monopole placed at its center and of magnitude ν. We mention also that the operators Hν

given in (1.1) can be intertwined to give rise to the operators

∆2ν = (1 + |z|2){(1 + |z|2) ∂2

∂z∂z
− 2νz

∂

∂z
}

that were considered in [8] on the quantized sphere S2 = P 1(IC).

Now our objective in this paper is, firstly, to provide in higher complex dimension n ≥ 2 the analogous
of the Magnetic Laplacian Hν given for n = 1 by the formula (1.1). This will be possible by considering
the Hopf fibration S1 ↪→ S2n+1 → Pn(IC), where Pn(IC) is the complex projective space endowed with the
Fubini-Study metric and where the Magnetic Laplacians Hν are in the form Hν = −∇∗ν∇ν , where ∇ν

is a hermitian connection on some complex line bundles L−ν,ν over the complex projective space Pn(IC)
that are associated canonically to the above Hopf fibration (see section 2).

Secondly, the main aim of this paper is to discuss the eigenfunction problem of the above defined
Magnetic Laplacian Hν = −∇∗ν∇ν when acting on sections of L−ν,ν over Pn(IC). More precisely, we will
give explicit formulas for the reproducing kernels of the eigenspaces of sections for the Magnetic Laplacian
Hν , and we derive a series expansion of the corresponding Heat kernels (see section 3). But the problem
of producing arbitrary multiplicity of the first eingenvalue of Schrödinger operators with a “Magnetic
field ” on Pn(IC), n ≥ 2 is more complicated and will not be discussed in this paper (see section 4 for
finals remarks).

II. PRELIMINARIES: GEOMETRIC ASPECTS OF THE GENERALIZED COMPLEX HOPF
FIBRATION AND DEFINITION OF THE ASSOCIATED MAGNETIC LAPLACIANS Hν .

Let Pn(IC) be the projective complex space of dimension n whose elements are the complex lines of
ICn+1. Let S1 = {λ ∈ IC, |λ| = 1} be the unit circle of the complex plane IC acting by complex multipli-
cation λ.ω = (λω1, ..., λωn+1) on the unit sphere S2n+1 = {ω = (ω1, ..., ωn+1) ∈ ICn+1 : |ω| = 1} of the
usual Hermitian complex space ICn+1. Then, it is well known that the set of orbits of the above action of
S1 on the sphere S2n+1 is exactly the complex projective space i.e. Pn(IC) = S1 \ S2n+1.
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Let π be the canonical projection from S2n+1 onto the quotient space S1 \ S2n+1 = Pn(IC), and let
Pn(IC) be the complex projective space endowed with the Fubini-Study metric ds2

FS . Then the above
projection mapping π gives rise to a Riemannian submersion from (S2n+1, ds2

can) onto (Pn(IC), ds2FS) and
whose fibers (S1, ds2

can) are totally geodesic see [3]. The above fibration S1 ↪→ S2n+1 → Pn(IC) is called
the generalized complex Hopf fibration and it defines a principal circle bundle on Pn(IC) whose associated
complex line bundle L is, modulo a possible sign convention, the Hopf line bundle

L = {(l, v) ∈ Pn(IC)× ICn+1/v ∈ l}.
Now let ∇L denote the unique hermetian connection (up to normalization) on the above Hopf line

bundle over the compact Kähler manifold (Pn(IC), ds2FS) and whose curvature Ω is the (1,1)-Kähler dif-
ferential form on (Pn(IC), ds2FS) associated to the Hermitian Fubini-Study metric ds2

FS on Pn(IC) see in
bellow the local expression of the metric ds2

FS as well as of the connection 1-form associated to the con-
nection operator ∇L on the Hopf line bundle L.

Now for fixed non negative integer ν let L−ν,ν=L
∗⊗ν ⊗ L⊗ν denote the complex line bundle over

Pn(IC) where L
∗

is the conjugate dual of the complex line bundle L and let ∇ν be the natural associated
Hermitian connection of L−ν,ν .
Therefore, using the above notations we can define the family Hν of Magnetic Laplacians on the complex
projective space Pn(IC) (n ≥ 2)that generalizes those given in the introduction by (1.1) in the case of
S2 = P 1(IC) that corresponds to n = 1.

Definition II.1 Let ν ∈ ZZ+ and ∇ν be the connection defined on L−ν,ν . Then the operators Hν =
−∇∗ν∇ν acting on C∞(Pn(IC),L−ν,ν) are called Magnetic Laplacians on Pn(IC). Here ∇∗ν is the formal
adjoint of ∇ν with respect to the natural Hermitian scalar product on L−ν,ν-valued p-forms of Pn(IC)
induced by the metric ds2

FS.

In below, we give explicit formulae for the above operator Hν in local complex coordinates of Pn(IC)
and we state some of their invariance properties with respect to the group G = SU(n + 1). For this let
fix an arbitrary standard affine chart of Pn(IC), say ICn = {z = (z1, ..., zn), zi ∈ IC}. Then in these local
complex coordinates z = (z1, ..., zn), the Fubini-Study metric ds2

FS can be written as [4]:

ds2
FS = (1 + |z|2)−2 ∑

ij

[(1 + |z|2)δij − zizj ]dzi ⊗ dzj , (z1, ..., zn) ∈ ICn

where δij is the usual Kronecker symbol, normalized here so that the holomorphic sectionnal curvature
of Pn(IC) is equal to +4. The (1,1)-form Ω and the canonical connection ∇L of the Hopf complex line
bundle L can be written respectively as follows:

Ω =
√−1

2
(1 + |z|2)−2 ∑

ij

[(1 + |z|2)δij − zizj ]dzi ∧ dzj .

∇L = d +

∑n
j=1 zjdzj

1 + |z|2 = d + ∂log(1 + |z|2).

Also in these coordinates, the volume form dµ(z) and the Laplace-Beltrami 40 are respectively given by:

dµ(z) = dm(z)
(1+|z|2)n+1 , dm(z) is the Lebesgue measure on ICn

∆0 = 4(1 + |z|2)∑
ij [δij + zizj ] ∂2

∂zi∂zj
.

Let G = SU(n + 1) be the group of unimodular complex matrices on ICn+1 preserving the Hermitian

form Q(z) = |z1|2 + ... + |zn+1|2. Then for g ∈ SU(n + 1) written into bloc matrices g =
(

A B
C D

)
,

A,B,C, D are n× n, n× 1, 1× n, 1× 1 matrices respectively, we consider the almost every where defined
mapping g given by g.z = (Az + B)(Cz + D)−1. This is a biholomorphic mapping from ICn\Hg onto
ICn\Hg−1 where Hg, Hg−1 are the following affine hyperplane of ICn given respectively by:

Hg = {z ∈ ICn, Cz + D = 0}
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Hg−1 = {z ∈ ICn, B∗z + D∗ = 0}.
Now for ν ∈ ZZ+, we consider the following action T ν(g) on C∞-function F (z) on ICn given by:

(T ν(g)F )(z) = (Cz + D)ν(Cz + D)−νF (g.z) g ∈ SU(n + 1), z /∈ Hg. (2.1)

Using these coordinates z = (z1, ..., zn), we will list the following local expressions of ∇ν and Hν together
with some of their properties that we will be using in the sequel of this letter.

Proposition II.1 i) T ν(g) are unitary operators in the Hilbert space L2(ICn,dµ(z)).
ii) Let θ = −√−1(∂ − ∂̄)Log(1 + |z|2). Then the pull-back g∗(θ) of θ satisfies g∗(θ) = θ −

√−1d[log(Cz+D
Cz+D )] for all g =

(
A B
C D

)
∈ SU(n + 1).

iii) Let ∇ν be the canonical connection on the Hermitian line bundle L−ν,ν . Then ∇ν = d +
√−1νθ

and it satisfies T ν(g)∇ν = ∇νT ν(g) for all g ∈ SU(n + 1).
iv) Let Hν = −∇∗ν ∇ν as defined in above. Then in the local complex coordinates z = (z1, ..., zn), the

Magnetic Laplacian Hν can be written as follows:

Hν = 4(1 + |z|2){
∑

ij

[δij + zizj ]
∂2

∂zi∂zj
− ν(E − E)} − 4ν2|z|2

and it satisfies the following invariance properties: HνT ν(g) = T ν(g)Hν , for all g ∈ SU(n + 1). Here E
is the Euler operator E =

∑
i zi

∂
∂zi

and E is its complex conjugate.

III. EIGENSPACES OF Hν AND EXPLICIT FORMULAE FOR THEIR REPRODUCING
KERNELS.

Let Hν be the family of Magnetic Laplacians on Pn(IC) as defined in section (2) which, in local complex
coordinates z = (z1, ..., zn) are given on ICn by:

Hν = 4(1 + |z|2){
∑

ij

[δij + zizj ]
∂2

∂zi∂zj
− ν(E − E)} − 4ν2|z|2 (3.1)

In these coordinates, we will discuss the following eigenfunction problem (3.2) associated to Hν . Namely,
for λ a complex number we consider the equation:

HνF (z) = (λ2 − n2 + 4ν2)F (z), (3.2)

where F is a bounded function on ICn, and we denote by Eν
b (λ) the associated eigenspace, i.e:

Eν
b (λ) = {F : ICn → IC, F is bounded and HνF(z) = (λ2 − n2 + 4ν2)F(z)}.

Now, in order to state the main results of this paper, we need to fix some further notations. Namely,
for p, q ∈ ZZ+, let H(p, q) denote the finite dimension space of all Euclidean harmonic polynomials
hp,q(z, z) on ICn, which are homogeneous of degree p in z and degree q in z and let H(p, q) the space
of the restrictions of hp,q(z, z) to the sphere S2n−1. The spaces H(p, q) are pairwise orthogonal in
L2(S2n−1, dω) and L2(S2n−1, dω) = ⊕p,q≥0H(p, q). Let h1

p,q, ...h
d(n,p,q)
p,q , where d(n, p, q) = dim(H(p, q)),

be any orthonormal basis for H(p, q), then the reproducing kernel Hp,q
n of H(p, q) is given by Koorwinder

formulae in terms of Jacobi polynomials (see [2]):

d(n,p,q)∑

j=1

hj
p,q(ξ)h

j
p,q(ζ) = Hp,q

n (< ξ, ζ >), ξ = (ξi)1≤i≤n, ζ = (ζi)1≤i≤n ∈ S2n−1

where < ξ, ζ >=
∑n

i=1 ξiζi. Then, we set Gn
p,q(z, w) = (|z||w|)p+qHp,q

n (< z
|z| ,

w
|w| >).

Also, let Dν denote the discrete set of IC given by:

Dν = {λ ∈ IC,
n± λ

2
+ ν ∈ ZZ−}

⋃
{λ ∈ IC,

n± λ

2
− ν ∈ ZZ−}

Hencefore, using the above notations, the first result of this paper is given by the following theorem:
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Theorem III.1 i) Let λ /∈ Dν . Then the corresponding eigenspace Eν
b (λ) is trivial i.e.

Eν
b (λ) = {0}
ii) Let λ ∈ Dν . Then the corresponding eigenspace Eν

b (λ) is not trivial if and only if such λ has the
form λl = ±[2(l + ν) + n] for some l ∈ ZZ+. In this case Eν

b (λl) is of finite dimension and any function
F (z) in Eν

b (λl) can be written in the form:

F (z) = (1 + |z|2)−(l+ν) ∑

0≤p≤l,0≤q≤l+2ν

2F1(p− l, q − l − 2ν, n + p + q;−|z|2)hpq(z, z) (3.3)

for some hpq(z, z) in H(p, q) where 2F1(a, b, c; x) is the Gauss hypergeometric function.
iii) Let F (z) be as in ii) and let z = rω, r > 0, ω ∈ S2n−1. Then lim

r→∞
F (rω) exists and it is given

by:

F∞(ω) := lim
r→∞

F (rω) =
∑

0≤p≤l

(−1)l−p Γ(l − p + 1)Γ(n + 2p + 2ν)
Γ(l + n + p + 2ν)

hp,p+2ν(ω, ω)

Furthermore, the above function F∞ satisfies the following invariance property:
F∞(λω) = (λ

λ )
ν
F∞(ω) for every λ ∈ S1 = {λ ∈ IC, |λ| = 1}, and ω ∈ S2n−1.

Remark III.1 Note that the statement iii) of theorem 1) permits to view the bounded eigenfunction F (z)
of Hν as sections of the complex line bundle L−ν,ν over Pn(IC) = ICn

⋃
Pn−1(IC) = ICn

⋃
(S1 \ S2n−1).

To state the next result of this paper, let Eν
b (λl) be the above finite dimensional eigenspace equipped

with the Hermitian scalar product induced from L2(ICn, dµ(z)):

< f, g >=
∫

ICn
f(z)g(z)dµ(z)

Since the space (Eν
b (λl), <,>) is finite dimensional space, then it admits a reproducing kernel Kν

l (z, w).
That is f(z) =

∫
ICn Kν

l (z, w)f(w)dµ(w) for every f ∈ Eν
b (λl). In bellow, we give explicit formula for

Kν
l (z, w).

Theorem III.2 Let Kν
l (z, w) be the reproducing kernel of (Eν

b (λl), <,>) then we have:

i) Kν
l (z, w) = [(1 + |z|2)(1 + |w|2)]−(l+ν) ∑

0≤p≤l,0≤q≤l+2ν

cn,l,ν(p, q)×

2F1(p− l, q − l − 2ν, n + p + q;−|z|2)2F1(p− l, q − l − 2ν, n + p + q;
−|w|2)Gn

pq(z, w)

where the constants cn,l,ν(p, q) are given by:

cn,l,ν(p, q) =
2(2l + 2ν + n)Γ(l + q + n)Γ(l + 2ν + p + n)
Γ(l − p + 1)Γ2(n + p + q))Γ(l + 2ν − q + 1)

In particular:

Kν
l (z, 0) = c(n, ν, l)(1 + |z|2)−(l+ν)

2F1(−l,−l − 2ν, n;−|z|2),

where c(n, ν, l) is given by:

c(n, ν, l) =
2(2l + 2ν + n)Γ(l + n)Γ(l + 2ν + n)

vol(S2n−1)Γ2(n)Γ(l + 1)Γ(l + 2ν + 1)

ii) The reproducing kernel Kν
l of the space (Eν

b (λl), <, >) is given by the following closed formula:

Kν
l (z, w) = c(n, ν, l)

(1+ < z, w >)2ν

(1 + |z|2)ν(1 + |w|2)ν 2F1(−l, l + 2ν + n, n; 1− |1+ < w, z > |2
(1 + |z|2)(1 + |w|2) )
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and in terms of Jacobi polynomials P
(α,β)
l (x), it can be rewritten as :

Kν
l (z, w) =

2(2l + 2ν + n)Γ(l + n + 2ν)
vol(S2n−1)Γ(n)Γ(l + 2ν + 1)

[
(1+ < w, z >)2

(1 + |z|2)(1 + |w|2)
]ν

P
(n−1,2ν)
l (cos(2d(z, w)))

where d(z, w) is the Fubini-Study distance given by cos2(d(z, w)) = |1+<z,w>|2
(1+|z|2)(1+|w|2) .

Corollary III.1 Let l = 0, 1, ...., µl(ν) = −4(l + ν)(l + ν + n) + 4ν2 and let dn,ν(l) = dim(Eν
b (µl(ν)))

then:

i) dn,ν(l) = (2l + n + 2ν) Γ(l+n)Γ(l+n+2ν)
nΓ2(n)Γ(l+1)Γ(l+2ν+1)

ii) The kernel Qν(t, z, w) given by:

Qν(t, z, w) =
Γ(n)
πn

[
(1+ < w, z >)2

(1 + |z|2)(1 + |w|2)

]ν

e4ν2t ×
∞∑

l=0

dn,ν(l)e−4(l+ν)(l+ν+n)t
2F1(−l, l + 2ν + n, n; sin2(d(z, w)))

solve the following Heat equation:
{

d
dtu(t, z) = Hνu(t, z)

u(0, z) = F (z); F ∈ ⊕∞l=0E
ν
b (λl)

Precisely we have:

u(t, z) =
∫

ICn

Qν(t, z, w)F (w)
dm(w)

(1 + |w|2)n+1
.

Proof of theorem 3.1. This will be essentially based on the following two lemmas:

Lemma III.1 i) The Laplacian Hν on ICn has the following polar decomposition (z ∈ ICn, z = rω, r > 0,
ω ∈ S2n−1):

Hν = (1 + r2){(1 + r2)
d2

d2r
+ (

2n− 1
r

+ r)
d

dr
+

1
r2

∆S2n−1 − 4L2
ω − 8νLω} − 4ν2r2, (3.4)

where Lω is the spherical part of the complex Euler operator E =
∑n

j=1 zj
∂

∂zj
on S2n−1 defined by:

E =
1
2
(r

d

dr
) + Lω.

and where ∆S2n−1 is the usual Laplacian on the sphere S2n−1 and for which we have:

Lωhp,q(ω, ω) =
1
2
(p− q)hp,q(ω, ω), ∆S2n−1hp,q = −(p + q)(p + q + 2n− 2)hp,q.

ii) Let λ be a complex number. Then every function F (z) satisfying the eigenfunction equation:
(HνF )(z) = (n2 − λ2 + 4ν2)F (z) can be expanded in the following form:

F (z) = (1 + |z|2)
n+λ

2
∑
pq

2F1(
n + λ

2
+ p + ν,

n + λ

2
+ q − ν, n + p + q;−|z|2)hpq(z, z).

for some polynomials hpq(z, z) in H(p, q).
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Lemma III.2 For λ ∈ IC; p, q ∈ ZZ+ let bν
λ,pq(r) the functions given by:

bν
λ,pq(r) = rp+q(1 + r2)

λ+n
2

2F1(
n + λ

2
+ p + ν,

n + λ

2
+ q − ν, n + p + q;−r2)

Then we have:
i) bν

λ,pq(r) = bν
−λ,pq(r).

ii) For λ /∈ Dν , the functions bν
λ,pq(r) are not bounded on [0,∞[ for all p, q ∈ ZZ+.

iii) Let λ ∈ Dν . Then for bν
λl,pq(r) to be bounded on [0,∞[ it is necessary and sufficient that λ is of

the form λl = ±(2(l + ν) + n) for some l ∈ ZZ+ and p, q satisfies 0 ≤ p ≤ l, 0 ≤ q ≤ l + 2ν.

Now, using the above lemmas, we can prove theorem 3.1 as follows. Let F (z) be a bounded eigen-
function of Hν : HνF (z) = (n2 − λ2 + 4ν2)F (z). Then, by ii) of lemma 3.1 F (z) can be expanded
as

F (z) = F (rω) =
∑

p,q≥0

∑

1≤j≤d

aj
λl,pqb

ν
λl,pq(r)h

j
pq(ω, ω̄),

where aj
λl,pq are complex numbers and bν

λl,pq(r) are as given in lemma 3.1 which are essentially the Fourier
cœfficients of ω 7→ F (rω). More precisely, we have

aj
λl,pqb

ν
λl,pq(r) =

∫

S2n−1
F (rω)hj

pq(ω, ω̄)dω, r > 0.

Now, since F (z) is bounded in ICn, we see from above the non vanishing Fourier cœfficients aj
λl,pqb

ν
λl,pq(r)

must be bounded in r ∈ [0,+∞[.
Hence, using lemma 3.2 we get the desired result stated in i) and ii) of theorem 3.1.
Finally, by using (3.3) in ii) of the theorem 3.1 and by letting r 7→ +∞, we can check that iii) holds.

Proof of lemma 3.1. i) can be easily established. For ii) let F be an eigenfunction of Hν with
n2 − λ2 + 4ν2 as eigenvalue, i.e.,


4(1 + |z|2){

∑

ij

[δij + zizj ]
∂2

∂zi∂zj
− ν(E − E)} − 4ν2|z|2


F (z) = (n2 − λ2 + 4ν2)F (z)

Since Hν is elliptic on ICn, we know that such F is in C∞(ICn). Thus for fixed r > 0 we can expand the
function ω 7→ F (rω) into its harmonic spherical expansion with respect to H(p, q) to get:

F (rω) =
∑

p,q≥0

∑

1≤j≤d(n,p,q)

aν,j
λ,pq(r)h

j
pq(ω, ω) , r ∈ IR+, ω ∈ S2n−1

where aν,j
λ,pq(r) are the “Fourier coefficients” of ω 7→ F (rω). Using (3.1) and (3.6) in (3.5) as well as

the fact that the hpq(ω)′s form a basis of L2(S2n−1, dσ), we get, for every fixed (p, q) ∈ ZZ+ × ZZ+, the
following ordinary differential equation that the Fourier coefficients aν,j

λ,pq(r) must satisfy:

[(1 + r2){r2(1 + r2) d2

d2r + (2n− 1 + r2)r d
dr − (p + q)(p + q + 2n− 2)− (p− q)2 − 4ν(p− q)}+

(λ2 − n2 − 4ν2 − 4ν2r2)r2]aν,j
λ,pq(r) = 0

Hence, by setting aν,j
λ,pq(r) = rp+q(1 + r2)

n+λ
2 g(t) with t = −r2, and using a direct computation we

find out that g(t) satisfies the following hypergeometric differential equation:

{t(1− t)
d2

d2t
+ [n + p + q + (n + p + q + λ + 1)t]

d

dt
− (

λ + n

2
+ p + ν)(

λ + n

2
+ q − ν)}g(t) = 0,

and whose regular solution at the point t = 0 is given, up to a multiplicative constant, by the usual Gauss
hypergeometric function (see [7]):

2F1(
n + λ

2
+ p + ν,

n + λ

2
+ q − ν, n + p + q;−r2).
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That is, the Fourier coefficients aν,j
λ,pq(r) can be written as follows:

aν,j
λ,pq(r) = aν,j

p,qr
p+q(1 + r2)

n+λ
2 2F1(

n + λ

2
+ p + ν,

n + λ

2
+ q − ν, n + p + q;−r2)

where aν,j
p,q are some constant complex numbers.

Proof of lemma (3.2). We should notice first that the involved function bν
λ,p,q(r) in lemma 3.2 can

be rewritten in the following equivalent forms

bν
λ,p,q(r) = rp+q(1 + r2)

−p−ν
2F1(

n + λ

2
+ p + ν,

n− λ

2
+ p + ν, n + p + q;

r2

1 + r2
), (3.5)

or

bν
λ,p,q(r) = rp+q(1 + r2)

ν−p
2F1(

n + λ

2
+ q − ν,

n− λ

2
+ q − ν, n + p + q;

r2

1 + r2
), (3.6)

Hence, using this we see that bν
λ,p,q(r) = bν

−λ,p,q(r); thus i) holds.
Second, to show ii) of the lemma, we can use the well known asymptotic behavior of the hypergeometric

function 2F1(a, b, c, x) when x 7→ 1 to see that the functions bν
λ,p,q(r) as given in (3.6) or (3.7) behave,

when r →∞, as follows (see [7]):

i) Γ(n+p+q)Γ(q−(p+2ν))

Γ( n+λ
2 +q−ν)Γ( n−λ

2 +q−ν)
rq−(p+2ν) if q > p + 2ν,

ii) Γ(n+p+q)Γ(p+2ν−q)

Γ( n+λ
2 +p+ν)Γ( n−λ

2 +p+ν)
rp+2ν−q if q < p + 2ν,

iii) Γ(n+2p+2ν)

Γ( n+λ
2 +p+ν)Γ( n−λ

2 +p+ν)
(2ψ(1)− ψ(n−λ

2 + p + ν)− ψ(n+λ
2 + p + ν)− log(1 + r2)) if q = p + 2ν,

where Γ(z) is the Euler function and ψ(z) = Γ
′
(z)

Γ(z) .

Hence using the above asymptotic behavior, we see easily that for λ /∈ Dν the function bν
λ,p,q(r) are

not bounded on [0,+∞[ for every (p, q) ∈ ZZ+ × ZZ+. Now let λ ∈ Dν . Then
if λ = ±(2(l + ν) + n) for some l ∈ ZZ+, we can argue similarly using again i), ii) and iii) to see that in
fact bν

λ,p,q(r) are bounded if and only if (p, q) are satisfying 0 ≤ p ≤ l, 0 ≤ q ≤ l + 2ν. But the case
of λ = ±(2(l′ − ν) + n) for some l′ ∈ ZZ+ is quite less obvious than the above case. But making careful
checking, we end that the corresponding functions

bν
l′,pq(r) = rp+q(1 + r2)ν−l′

2F1(p + ν − l′, q − l′2)

are bounded if and only if 0 ≤ q ≤ l′, 0 ≤ p ≤ l′ − 2ν,(l′ ≥ 2ν). But putting l′ − 2ν = l, we see that
the corresponding λ is exactly of the form as given in ii) of theorem 3.1.
In bellow, we give the proof of theorem 3.2 of this letter,

Proof of theorem (3.2). Let Φj
l,pq(z) be the polynomials given by

Φj
l,pq(z) = (1 + |z|2)−(l+ν)

2F1(p− l, q − l − 2ν, n + p + q;−|z|2)hj
pq(z, z).

The polynomials {Φj
l,pq, 0 ≤ p ≤ l, 0 ≤ q ≤ l + 2ν, 1 ≤ j ≤ d(n, p, q)} on ICn form an orthogonal system in

the Hilbert space L2(ICn, dµ(z)):

L2(ICn, dµ(z))

= {F : ICn → IC, < F, F >= ‖F‖2

=
∫

ICn
|F(z)|2 dm(z)

(1 + |z|2)n+1
< ∞}.

Therefore, by standard fact the reproducing kernel Kν
l (z, w) of (Eν

b (λl), <>) is given by:

Kν
l (z, w) =

∑

0≤p≤l,0≤q≤l+2ν

∑

1≤j≤d(n,p,q)

‖Φj
l,pq‖

−2
Φj

l,pq(z)Φj
l,pq(w).
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But using the fact that the {hj
pq(ω, ω̄}1≤j≤d is an orthonormal basis, we see that the norms ||Φj

l,pq||
are independent of j, hence using Koorwinder formulae, we can rewrite the kernel Kν

l in the following
simplified form:

Kν
l (z, w) = [(1 + |z|2)(1 + |w|2)]−(l+ν) ∑

0≤p≤l,0≤q≤l+2ν

‖Φl,pq‖−2

× 2F1(p− l, q − l − 2ν, n + p + q;−|z|2)2F1(p− l, q − l − 2ν, n + p + q;−|w|2)Gn
pq(z, w).

Hence, to prove the formulae given in theorem 3.2, we see that this amounts to explicit the square
of the norms ‖Φj

l,pq‖
2

together with some invariance properties of the reproducing kernel Kν
l (z, w)with

respect to the SU(n + 1)-action T ν(g). More precisely, we establish the following lemma:

Lemma III.3 i) The square of the norms of polynomials Φj
l,pq in L2(ICn, dµ(z)) is given by:

‖Φj
l,pq‖

2
=

Γ(l − p + 1)Γ2(n + p + q))Γ(l + 2ν − q + 1)
2(2l + 2ν + n)Γ(l + q + n)Γ(l + 2ν + p + n)

.

ii) Let g =
(

A B
C D

)
in SU(n + 1) and let (z, w) ∈ ICn × ICn such that Cz + D 6= 0

and Cw + D 6= 0. Then we have the following invariance properties:

Kν
l (g.z, g.w) =

[
Cz + D

Cz + D

]−ν [
Cw + D

Cw + D

]ν

Kν
l (z, w)

Proof of lemma (3.3). i) is reduced to calculate the following integral:

‖Φj
l,p,q‖

2
=

∫

ICn

|Φj
l,pq(z)|2(1 + |z|2)−(n+1)

dm(z).

Using polar coordinates z = rω with variable change t = r2 we obtain:

‖Φj
l,p,q‖

2
=

1
2

∫ ∞

0

tn+p+q−1(1 + t)−2ν−2l−n−1|2F1(p− l, q − l − 2ν, n + p + q;−t)|2dt

Further, using the following formulae of Rodrigues type [7]:

(
d

dt
)
m

[tc+m−1(1− t)b−c] = (c)mtc−1(1− t)b−c−m
2F1(−m, b, c; t)

for m = l − p, b = q − l − 2ν, c = n + p + q, we have:

2F1(p− l, q − l − 2ν, n + p + q; t)

=
Γ(n + p + q)
Γ(n + l + q)

t1−(n+p+q)(1− t)2l+2ν+n(
d

dt
)
l−p

[tn+q+l−1(1− t)−l−2ν−n−p]

Then, replacing this in (3.9) after changing t by −t, we get

‖Φj
l,p,q‖

2
=

(−1)n+p+q−1Γ(n + p + q)
2Γ(n + l + q)

×
∫ 0

−∞
(

d

dt
)
l−p

[tn+q+l−1(1− t)−l−2ν−n−p](1− t)−1
2F1(p− l, q − l − 2ν, n + p + q; t)dt

Furthermore, by using an integration by parts we get:

‖Φj
l,p,q‖

2
=

(−1)n+l+q−1Γ(n + p + q)
2Γ(n + l + q)

×
∫ 0

−∞
tn+q+l−1(1− t)−l−2ν−n−p(

d

dt
)
l−p

[(1− t)−1
2F1(p− l, q − l − 2ν, n + p + q; t)]dt
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and by applying the hypergeometric relation of type:

(
d

dt
)
m

[(1− t)a+m−1
2F1(a, b, c; t)] = (−1)m (a)m(c− a)m

(c)m
(1− t)a−1

2F1(a + m, b, c + m; t)

with a = p− l, b = q − l − 2ν, c = n + p + q and m = l − p, we obtain finally that

‖Φl,p,q‖2 =
(−1)l−p(p− l)l−p(n + p + l + 2ν)l−pΓ(n + p + q)

2Γ(n + l + q)(n + p + q)l−p

∫ ∞

0

tn+q+l−1(1 + t)−2l−n−2ν−1dt

But, the last above integral is an Euler-Beta integral and its value is given by:
∫ ∞

0

tn+q+l−1(1 + t)−2l−n−2ν−1dt =
∫ 1

0

un+q+l−1(1− u)l+2ν−qdu =
Γ(n + q + l)Γ(l + 2ν − q + 1)

Γ(2l + n + 2ν + 1)
.

Now for proving ii) of the lemma (3.3), we apply iii) of proposition 2.1 to see that the eigenspaces Eν
b (λl)

are T ν(g)-invariant spaces and since the T ν(g) are unitary operators in L2(ICn, dµ(z)) we get the desired
result because of the uniqueness of the reproducing kernel Kν

l (z, w).
Proof of the corollary (3.1). For i) we use the closed explicit formula of the reproducing kernel

Kν
l (z, w) to compute the dimension of the eigenspace Eν

b (λl). Indeed, the integral operator Kν
l on the

space Eν
b (λl) is the identity map. Hence, its trace is exactly the dimension of Eν

b (λl). Hence we have:

Tr(Kν
l ) = dim(Eν

b (λl)) =
∫

ICn
Kl(z, z)

dm(z)
(1 + |z|2)n+1

,

where dm(z) is the usual Lebesgue measure on ICn. But using the closed explicit formula of Kν
l (z, w) and

polar coordinates change of variable, we see that the above integral can be written as:

Tr(Kν
l ) = (2l + n + 2ν)

Γ(l + n)Γ(l + n + 2ν)
Γ2(n)Γ(l + 1)Γ(l + 2ν + 1)

∫ ∞

0

2r2n−1

(1 + r2)n+1
dr

Further, making the following change of variable u = r2

1+r2 , we obtain finally that we have:

Tr(Kν
l ) = (2l + n + 2ν)

Γ(l + n)Γ(l + n + 2ν)
nΓ2(n)Γ(l + 1)Γ(l + 2ν + 1)

.

Hence the proof of i) is finished.
The proof of ii) is standard and can be easily established.

IV. FINAL REMARKS .

We end this paper by the following remarks and comments

Remark IV.1 We mention that the results given in theorem (3.1) and (3.2) include those obtained in
[8] in the case n = 1 provided that we make the convention that pq = 0 when n = 1. But the techniques
used in this letter are different from those used by the authors of [8].

Remark IV.2 Let Hν be the differential operator on ICn given by:

Hν = 4(1 + |z|2){
∑

ij

[δij + zizj ]
∂2

∂zi∂zj
− ν(E − E)} − 4ν2|z|2.

Then, one may discuss in L2(ICn, dµ(z)) the eigenfunction equation

HνF (z) = (λ2 − n2 + 4ν2)F (z), F ∈ L2(ICn,dµ(z)).
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But in this case, the operator Hν will no longer have a discrete point spectrum in L2(ICn,dµ(z)). Indeed,
for fixed complex number λ = x+ iy with xy 6= 0 (i.e. λ2 /∈ IR), one can check that the functions given by

Fλ,p(z) = (1 + |z|2)n+λ
2 2F1(

n + λ

2
+ p + ν,

n + λ

2
+ p + ν, n + 2p + 2ν,−|z|2)hp,p+2ν(z, z)

are in L2(ICn,dµ(z)) and they satisfies HνFλ,p(z) = (λ2 − n2 + 4ν2)Fλ,p(z) for every p ∈ ZZ+. Also,
since for such λ, we have λ2 /∈ IR, we deduce that the operator Hν cannot admit a unique self-adjoint
realization in L2(ICn, dµ(z)). Furthermore, for n ≥ 2 and within such λ we get that the eigenspace

Eν
λ = {F : ICn → ICn; HνF(z)

= (λ2 − n2 + 4ν2)F(z),
∫

ICn
|F(z)|2dµ(z) < +∞}

is of infinite dimension contrarly to the case of n = 1.

Remark IV.3 Recall from corollary that the multiplicity of the first eigenvalue of our Magnetic Laplacian
Hν is given by

dn,ν(0) = (n + 2ν)
Γ(n + 2ν)

nΓ(n)Γ(2ν + 1)
=

1
Γ(n + 1)

(n + 2ν)(n + 2ν − 1)......(2ν − 1).

Then for n = 1, we have d1,ν = 1+2ν. Hence, in this case the Shrödinger operators Hν are almost enough
to produce arbitrary multiplicity of the first eigenvalue. However, for n ≥ 2, the multiplicity of the first
eigenvalue of our Magnetic Laplacian Hν , as given above cannot range all the non negative integers by
varying ν ∈ ZZ+ or ν ∈ 1

2ZZ+.
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