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Abstract

In [1,2] we have defined, and study, the discrete Radon transform on the lattice
Z". In the following, we give a characterization of the range of the discrete Radon
transform of the Schwartz’s space S (Z™) (see Theorems 3.5 and 3.7). By means
of the discrete support theorem (see [1,2], we prove also a Paley -Wiener theorem
for the discrete Radon transform (see Theorems 3.4 and 3.5). Finally we establish
the new inversion formulas for the discrete Radon transform and its dual discrete
Radon transform (see Theorems 4.6 and 5.5)
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I. INTRODUCTION

The Radon transform was firstly defined on R? by John Radon [11] in 1917 and was afterwards
generalized on the Euclidean space R™ by several authors particularly S.Helgason (see [8],[9] ,[10]
) and I.M Gelfand (see [6] ). Let f : R™ — C be a function integrable on each hyperplane in R™.
Let P™ denote the differentiable manifolds of all hyperplanes H(t,w) = {z € R™ | x.w =t} with
(t,w) € RxS™ 1 where S"! is the united sphere of R®, The Radon transform of f is defined
as the function R.f :P™ — C given by

Rof(tw) = / f (@) dpi (z), (1.1)

H(tw)

where dyu (z) is the Euclidean measure on the hyperplane H(t,w) with (t,w) € RxS™"1. In the
case of lattice Z™, we give (see [1],[2]) an analogue of the definition (1.1) which consists in
making the average of a suitable complex - valued function f on Z™ over discrete hyperplane
H(a,k) = {m € Z™ | m.a = k} defined by diophantine equations, with (a,k) € PxZ, where P
denotes the set of elements a = (a1, az, ..., a,) € Z™\ 0 such that d (a) =1, with d (a) is the greatest
common divisor of the integers ai,as, ..., a, and a.m denotes the usual inner product of a and m
regarded as two vectors of the Euclidean space R”.
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Our paper is organized as follows: In the second section, we recall some properties also we
fix certain notations which will be useful in the sequel of this paper, we denotes by G the set
of all discrete hyperplanes H(a,k) € PxZ /+1. Recall that the function (a,k) — H(a, k) =
{z € Z™ | x.a = k} is a bijection of PxZ /+1 into G (see[l] and [2]). G be called the discrete
Grassmanians. We denote by S(Z™) the Schwartz space of Z™ consisting of all complex -valued
rapidly decreasing functions f defined on Z™ (see [4] ). We define a family (p;)ren of semi
-norm on S(Z™) by p,(f) = sup,,eza(1+ |m||*)" |f(m)], for all f € S(Z™) and N € N. Where
[m|? = m2 +m2 + ... +m2 for all m = (my,ma,...,m,) € Z*. Let C(Z") the subspace of
S(Z"™) consisting of all complex -valued functions defined on Z® with finite support. Let K be a
finite set of Z™ and denotes by Ci{Z ) the subspace of C( 2" constituted by the functions defined
on Z™ with finite support included in K. We define the space I¥(G)) (1 < p < +00) as follows:
a complex-valued function F' defined on G belongs to [£(G) if and only if

Z |F(H(a, k)" < 4o0,foralla € P.
ke Z

We define a family (qn)y en  of semi- norms on the space [} (G) by

(L+#)"

N
2
(14 llal*)
for all F € I1(G) and N belongs to N .
The Schwartz space of G, denoted by S(G) is the subspace of I1(G) consisting of all functions
F € I}(G) such that gy (F) < +oo for all N € N, we define also a subspace S (G) of the space
S(G) constituted by the functions F' such that

qn (F) = Supaep ke 2 |F'(H (a, k)| (1.2)

N
Ty (F) = Sup, e o (14 lal* + k) [F(H(a, b)] < +o0 , (1.3)

for all Fe S(G) and N € N. It is clear that Ty (F) > gy (F') with (F,N) € S, (G) xN. We
denote by Sy« (G) the subspace of S, (G) constituted by the functions F € S, (G) such that
F(H(a,k)) = 0 whenever |a1| # 1 with a = (a1, a2, ...,a,) € P.

In third section, we give a characterization of the range under discrete Radon transform of C(%7).
The main result of this section is the following theorem (see theorems 3.4 and 3.5).

Let K be a finite set of Z™, then R( C%Z )) = D(g),k(G). This theorem can be considered as the
Paley -Wiener theorem for the discrete Radon transform, and this result is a analogue to Euclidean
case (see [8] ,[9],[10]). The space D,k (G) is the set of all functions F' defined on G and which
belongs to Schwartz’s space S(G) such that F'(H) = 0 whenever H N K = ) and satisfying a
discrete moments condition, that is, for each p € N\0 the function a — >, ., F(H(a, k))k? is
a homogenous polynomial of degree p in ay,as, ..., a,, where a = (a1, as, ...,a,) € P. we denote
by Dy (G) the union of the spaces D(,,) x (G) when K cover the set of all finite subsets of Z*.
We deduce the following Paley -Wiener theorem .

R(C®)) =D (G) = _lim Dy x (G)
—KCczZ®»

Our purpose in this section is to also study the image under discrete Radon transform of the
Schwartz’s space S(Z"). We prove an important theorem which states R(S(Z")) =Sm)(G) (see
theorem 3.7).

In the fourth section, we prove a inversion theorem for the dicrete Radon transform R. For this
we study, at first, some properties of certain operators intervening in inversion formulas for the
discrete Radon transform (see theorem 4.6) . The main result in this section can be stated as
follows:

Let f € S(Z") and mg € Z™. Then for all a € P the operator R can be inverted by the formula

fmo)= > ApugmyRf (H(a,k)) (1.4)

kEZ,meZn
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where A(,,,, ) is the operator of R (S(Z")) into R (S(Z")) (see Remark 4.7 and (4.3)).

In the five section, we construct and study the operator A (g, gy which permit to invert the dual
discrete Radon transform R*. We prove the following theorem (see theorem 5.5).

Let F' € $1,.(G) and Hy = H (ao, ko), where (ag, ko) € PxZ. Then R* can be inverted by the
formula

F(Hy)= ) > BmBF)(m),

meZx{0} (a,k)EPXZ

where H = H (a,k) € G. The operator A(g, gy is defined and continuous of R*(S1..(G)) into
R (814(G))

II. NOTATIONS AND PRELIMINARIES

In this section, we shall fix some notations which are useful in the sequel of this paper, and we
recall certain properties of the discrete hyperplanes in the lattice Z™(n > 2)(see [1],[2]). Let a =
(a1,az,...,a,) € Z™\0 we denote by d (a) the greatest common divisor of integers aq, asg, ..., a,, we
always denote by P the set{a € Z™\0/ d (a) = 1}. For (a,k) € PxZ the set {x € Z"/ ax =k}
is denoted by H (a, k). Moreover we denote by G the set {H (a,k) / (a,k) € PxZ} . In the sequel
of this paper, the elements of G will called discrete hyperplanes in Z™. Finally we always denote
by G the set of all discrete hyperplanes containing m. By a geometrical transform, we prove
that Gy, is isomorph to the set of discrete hyperplanes through the origin, then (Gp—1,n) N (PXZ
/£1) = Gy, where Gy_1., = RP,, = S®71/ £ 1 which is the real projector space.

The following proposition is useful in the sequel and which gives us an appropriate parametrization
of discrete hyperplanes in Z™(see[1],[2]).

Proposition 2.1 let ¥ PxZ /£1 — C the function defined by ¥((a,k)) = H (a,k) for all
(a, k) € PxZ, then U is a bijection. Where (a, k) denote the set {(a, k), (—a, —k)} belonging to
PxZ /£1.

For the proof see[1], [2] .

Definition 2.2 Let f € ['(Z™). The discrete Radon transform of f is the complex -valued
function Rf defined on G by

Rf(H(a,k) = Y f(m),forall (a,k) € PxZ. (2.1)

meH (a,k)

Definition 2.3 Let F be a complex -valued function defined on G such that
SUPrez D qcp |[F(H (a,k))| is finite. The discrete dual Radon transform of F' is the complex-
valued function R*F defined on Z™by

. 1
R'F(m)= Y  F(H)= 3 > F(H(a,k)).
HeG,meH a€P,keZ,meH(a k)
Remark 2.4 From definition 2.3, R*F(m) come down to
. 1
R*F(m) = 3 ;F(H(a,a.m)). (2.3)

The equality (2.3) have a sens, since F' verify the condition of the above definition (see [1], [2] for
more precision ).
Proposition 2.5 Let f € S(Z") and p € N\0O. Then for all a € P we have

Z Rf(H(a, k))k? = Z f(m) (a.m)?, (2.4)

keZ mezn
Y Rf(H(a,k)= > f(m) (2.5)
keZ mezZn
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For proof (see [1],[2]. Let s € C such that Re(s) > 1. Define a function fs; on Z™ as follows

1 1

_—— = — lfm: ’I’L70’0’....7O
m) =4 Tl ~ ( )

elsewhere

From formula (2.5), we have for alla € P,

> _Rf(H(ak)  =((s)

keZ
where ¢ (s) is the Riemann’s Zeta function. Recall that R (S(Zn)) is the image under discrete
Radon transform of S(Z").
We now state the continuety theorem for the discrete Radon transform R, which allows us to
deduce that R (S(Z")) C S, (G), where S (G) is the subspace of S(G) constitued by
the functions F' which satisfyied a discrete moments condition, that is, for all p € N\0 the
function @ — >, ., F(H(a,k)kP is a homogenuous polynomial of degree p in a1, as, ..., a, with
a= (a1, az,...,a,) € P.
Theorem 2.6 The discrete Radon transform R is a continuous linear mapping of S(Z") into S(G).
More precisely we have for all f € S(Z") all (r, N) € N x N such that g <r and all a € P, the

following inequality

-N
(14 0al®) SO+ RN |F(H (@) < Cospner (1) (2.6)
keZ
. 1 .
with Cp r = ) 1cz ARy < +o0. In particulary we have

v (Rf) < Corpnir () - (2.7)

For the proof (see[1]and|[2]).
Remark2.7 (a) Let F € S(G), we have (see introduction ) for all (a,k) € PxZ and N € N

(1+k2) N
(1+1a?)”

where C'y is a constant which depends only the N and F| then

k2 N
<—> ‘F(H (a7 k))' < C;\f’

2
lall

where C; is a other constant. Thus

|F'(H (a,k))| < Cn,

2 N
\F(H (0, )] < cx(',i!) , (2:8)

for all H (a,k) € G and F' € S(G), where C; is a constant which depends only the N and .F
(b) we deduce from the above theorem that

R(S(G)) C Sm)(G). (2.9)
We now state the support theorem, proved in [1] and [2], for the discrete Radon transform R

which allows us to deduce that R( C%Zﬂ)) = D(m),k (G) for all finite set K of Z".
Theorem 2.8 Let f € ClZand K = {x1,zs,...t;} inclued in Z*(with I € N\O ).Then

Suppf C K & (SuppRf C U Gx)- (2.10)
i€{1,2,...,l}

For the proof see[1] and [2]). We deduce of the above theorem the important corollary;
Corollary 2.9 (See [1] and [2]) Let f € C{ ZYand K = {1, y,...7;} inclued in ZPwith [ € N\0.
Then

Suppf C K < (Rf(H) =0 for all H € G such that HNK = ) (2.11)
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III. CHARACTERIZATION OF THE IMAGE UNDER DISCRETE RADON
TRANSFORMATION OF c( z%)

Recall that C( Z") is the subspace of S(Z") consisting of all complex -valued functions defined
on Z" with finite support. Let K be a finite set of Z™ and denote by C%Zﬂ)the subspace of
C( 2% constituted by the functions defined on Z™ with finite support included in K, we design
by D),k (G) the space of functions F' defined on G satisfying a discrete moment conditions and
such that F(H) =0 whenever H N K = {).

We shall always note K the set {z1,z2,..2;} with I € N*. We design by G (K) the set
{H € GIHNK = 0} . We have the following lemma:
Lemma 3.1 Let K be a subset of Z", then

G(K) = U Gg,with K = {x31,%2,..x1}. (3.1)
ie{1,2,...,1}
Let H € G such that H ¢ U G, this implies that z; ¢ H for all € {1,2,...,(}; then
i€{1,2,...,l}

HnN K = ¢, consequently H ¢ G (K). It is clear that Gx, C G (K) for all i € {1,2,...,1}, hence
(U Gyg) CG(K) and this prove the lemma.

i€{1,2,...,1}

Lemma3.2 let mg € Z™, then G, is isomorph to ( Gn_1,n)N(PXZ /+£1), where Gn_1.n = RPy
is the real projective space in particulary G (K) = (RP,) N (PxZ /£1).

Proof.  Let T,,, be the translation of point mg € Z™ that this, Tp,,(z) = x — mg. Let H(a, k)
be the discrete hyperplane belongs to the set Gm,

and let © = (21,22, ...,2y) € H(a, k). Putting (X1, X2, ..., Xp) = (®1 — mo,1,T2 — Mo 1., Tn, —
Mo, ). Since x € H(a, k), it follows that (a1 X1+...+a,X,,)+(a1mo1+...+anmo ) = k, this implies
that a1 Xy + ... + a, X,, = 0,because my = (mo1,...,Mo,n) € H(a, k). ConsequentlyT,, (H) €
(RP,)N(PXZ /£1), for all H € Gyy. Thus Th) (Gmg-) = (RPn) N (PxZ /+£1). This completes
the proof of lemma. W

For Hy € G, let G, the function defined on G by Gy, (Ho) =1 and Sy, (H) =0 if H # H, for

all H € G. We shall be need the following lemma.
Lemma 3.8 let K = {x1,22,..2;} CZ* (I € N\0O) and F € D) x(G). Then

1
F()= FH) ———7x . . 2
0= X PUD Gy (G, o+ X6 () () (3.2)
HeG
Proof. Since I’ € D(,,) x(G) then SuppF C G (K) = U Gy, it follows that F(H) =0
ie{1,2,...,1}

if HN K = ¢. We convenient that Card(HNK)™'F(H) =0 if HNK = (. Let Hy € G with H,
containing 1, Za....., T (0 < 1o < 1) we have

Z F(H)mb(cxl T o+ XGuy, ) (Ho) B (Ho)
1

== F(Ho) Card(HyNK)

(Xle + ..+ XGXro )(Ho),

but
(XGxy + - XGry, ) (Ho) = Card (Ho N K)

it follows from the above equality that

Z F-(H)W(XGx1 + ..+ Xa,, )-(Ho)Bu (Ho) = F (Ho),
HeG

if Hyg D {z1,x2,...Tr, } .Consequently
1

h;g F.(H) Card(HNK)

(XGyy oo XGX1>-(H/)BH(H/) = F(H’) for all H' € G.
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This prove the above lemma. H

Theorem 8.4 Let K = {x1,x9,...,2;} inclued in Z™, with [ € N\0, then

(z)

R(Cx ") = D(m)k(G) (3.3)

Proof. Showing first all the inclusion R( C%ZH)) C Dim).k(G). Let f be a element of C%Zh),

that is, support of f is included in K = {x1,x9,...2;} C Z™. By support theorem 2.8; we have

SuppRf C U Gx =G(K).Then Rf (H) = 0 whenever HNK = (), thus Rf € Dy x(G).
i€{1,2,...,1}

Furthermore, from lemma 3.2 the set G (K) is isomorph to discrete Grassmannian (RP,) N (PxZ

/=£1) which is a compact. Showing now the following inclusion

(zn)
Dim),x(G) CR(Ck ")

From ([1] proposition 3.4) and lemma3.3, we have

F(H) = (%(Xn + ....le)) (H), foradll H € G,

where Xz, , ..., Xz, are the characteristic functions of points x1, ..., ; respectively. Let fz, 4 (.,.)
the complex- valued function defined on Z™ x G by
ferrw (myH) = F (H) [Card(HNK)] ™" (Xay + oo + Xa) ()
_JFH) iftme HNK
10 iftmg¢ HNK
It is clear that
FH)=R(fs,,.o (. H))(H) foral H € G,

then F (..) = R(fz,,...a (-,-.)) (-.). This completes the proof of theorem W

This theorem is analogue at classical case (see [10],[7],[9]) and this result can be considered as
a Paley-Wienre theorem for the discrete Radon transform (see[3] ).It is clear that
(zn) (zn)

C = U Ck
KC Z»

and also

Diny(G) = U Dim)k(G)
KcC Z»

We deduce from the above theorem the following theorem:
Theorem 3.5

(2"
)

R(C = Dm)(G) (3.4)

Remark 3.6  R( C( Zn)) is a dense subspace of R (S(Zn)), when we provide this last space by

the induced topology of S(m)(G). Before to prove that the space R( c Zn)), which is equal at
D(1m)(G), is dense subspace of Sy, (G), we shall precise some notations useful for the sequel. For
F € S(m)(G) we have, for N € N* and for all (a,k) € PxZ, the following inequality

( %)Nq’ (F) < q(F) <2V (F), (3.5)
where
k,2N
dn(F) = sup ——=|F(H (a,k))|

(a,k)ePxZ ||al]
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and

- (1 +k2>N .
av(F) = (a,k)ePxz (1 + ||aH2)N IF(H (a, B))]

In fact, we have for all (a,k) € PxZ

1 k2 (1+ k?) k>
5 2 < 2 < 2
lall™ — @ +Tlall®) o

then for all N €¢ N

1 k2 N (1+k2)N N
l2|a”2] ‘F(H (a,k))l < OH(IHQ)N] |F(H (a,k))l
k2 N

It follows from the above inequality that

1 N
(5) dn(F) < an(F) <2V gy (F).

Then (¢n) yen and (¢y) yen are equivalent .
Let K, = B(0,7) the ball in R™ of rayon r € N* and the center zero, and let K¢ =Z"NB(0,r).
Putting G (r) = {H € G [ HN K¢ = 0}. Now, we state and prove the following theorem:

Theorem 3.6 R( c'” )) is a dense subspace of Siy)(G)
Proof. Let H(a, k) a discrete hyperplane, it is well known that d(0; H (a, k) = |k| |la] " ,where

d(0; H(a, k) is the distance of zero at the Euclidean hyperplane H (a ||a|| ™",k |la] ") of R® ( see
[8],19]). Let F € S(m)(G) we define a sequence (F.)ren of Dy (G) as follows

F(H(a,k)) XG ., (H (a, k)) if r > |i||
Fy(H(a, k) = a
0 ifr < —— 3.6
a9
Let N € N*, we have
kZN
An(F = F)=  sup ——g|F(H (a,k)) - F(H(a,k))| <

(a,k))ePxZ |||
k2N

sup  —— |F(H (a, k) — F(H(a, k)| +
(a.k))eA—(r) |lall

kQN
+  sup  ——< |F(H (a,k)) — F(H(a, k)|,
(a,k))eAs (r) ||all
k k
where A, (r) = {((Lk) € PxZ|r > %}and A_(r)= {(a,k) € PxZ|r < %}
Setting
k2N
I_(N,r,F.—F)= sup ——x |Fr(H (a,k)) — F(H(a, k))|
(a,k))er_(r) |lall
and
k2N
I+(N,n F = F) = P ——y [F(H (a,k)) — F(H(a, k).

Ssu
(a.k))EAL(r) |l

19
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From (3.6), we obtain Iy (N,r, F,, — F)) = 0, then
dn(F, —F)<I1_(N,r,F),  (3.7)

since F.(H (a,k)) = 0 whenever (a,k) € A_(r) and F' € S4,)(G). Let be b and j two integer
numbers enough greater and let N = b+ j, there exists a constant C' (N) which depends of N such
that ¢ (F) < C (N) for all F' € Sy (G), since ' € Suym(G). It follows from the above
inequality that

2 \? a2\’
<|k”> |F<H<a,k>>|sc<zv><”k!> <OW) 5

r

since r < |k| [la]|~" . Thus

1
l_(b,T,F) SC(N) TTJ

Therefore if r — oo, I_(b,r, F) — 0. Consequently by (3.7), ¢y (F, — F) converges to zero when
r — oo, for all N € N. This completes the proof of theorem. H
We deduce from theorem 3.6, the following properties
(a) R(C'*™) = Sm(G)
(z")
(b) R((? ) ) = Dy (G)
zn n
(¢c) R(C ) CR(S(Z").) C Sm)(G)
where R(C'*") is the closure of the set R( c'? )). From (a),(b),(c),it follows that R(S(Z"))
= Sm)(G).
To prove that R (S(Z").) = Sm)(G), it suffice to show that R (S(Z")) is closed in Sim)(G)
when S(m)(G) is equipped with the topology defined by the family of semi -norms (gn)n (see
introduction). Now, we prove and state the following theorem:
Theorem 3.7: R (S(Z")) = Stm)(G)
Proof. It suffice to prove that R(S(Z")) is closed space of Sum)(G).

Let F € R(S(Z")), there exists F; = R(f;) with f; € S(Z") for all j € N, such that for all
NeN

agN (FJ —F)—>0, (38)

when j — oco. In particulary ¢o (F; —F) — 0 when j — oco. Let H, = H(a,,a,m) a discrete
hyperplane where a, = (1,7,72,...,7" 1) and (m,r) € Z™ x N*. It is clear that

[R(fj) (Hr) = F(Hy)l < qo(R(f; ) — F), for all r € N™.
Since gy (F; — F') converges to zero when j — oo, we deduce

lim R(f; )(H,) = F(H,), forallrecN*. (3.9)

Where H(a,,a,m) a sequence of discrete hyperplanes containing m. By the inversion formula of
discrete Radon transform (see [1]) we have

lim lim R(f; )(H,) = lim F(H,)

r—+00 j—+00 r——+o00

= lim ( lim R(f;)(H,)) (3.10)

j—-+o0 r—+oo

= I ,
i (m)

Let y.(m) = F(H (a,,a,.m)). Since F € S(G) the sequence (y,(m)),.n is bounded for
all m € Z®, that is, |y.(m)] < C where C is a constant which depends only of F
(see introduction for definition of S(G)) . Since y, (m) is bounded there exists then a closed ball in
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R™ namely B (0,79) such that y, (m) € B (0,rq) for all (r,m) € N* x Z. By Bolzano Weirstrass’s
theorem y,., (m) converges to f (m) when j — co. Where f is a function defined in Z" and which
belongs to S(Z"), because for all N € N* we have/

2N
Q. 1
el

|yr (m)l < CN

|la,m|*N Im|*Y cos?N (a,, m)

We note that cos?V (a,.,m) # 0 for all r enough great. Indeed if cos(a,,m) = 0 this implies that
my +r.mg + ...+ r""Im, =0 it follows that r divide m; which is absurd (since r enough great
). The equality (3.10) implies that f; — f, where (f (m) = lim, 4o F (H; (ay,a,.m))), simply
when j — oo . Since f; € S(Z") for all j € N, by Fisher- Riez’s theorem (see[5]) there exists a
subsequence f;_ such that f; converges to f for the norm |[|.||;. From theorem 2.6, we obtain
R (f;,) converges simply to R (f). It follows from (3.8) that Fj;, = R(f;.) converges simply to F'
when r — oo, consequently F' = R (f). This prove the theorem. W

IV. INVERSION FORMULA FOR THE DISCRETE RADON TRANSFORM OF ZN

We shall now show how a function f € S(Z"™) can be recovered explicitly from its discrete
Radon transform, precisely. In this section we shall establish a new inversion formula for the dis-
crete Radon transform via the operators V,,(m € Z™), where V,,, is a linear continuous operator
of R(S(Z")) into R (S(Z™)). We recall that R (S(Z")) = Sm)(G) (see theorem 3.7, section 3)
and that R (S(Z")) is the image under discrete Radon transform of S(Z™)(see[1]). The operator
Vi (m € Z™) are called the multiplication’s operators by the piquant functions.

Let mo € Z™ a element of Z™ which shall be fixed once for all. Define the operator V,,, by:

Vo R = D (exp(|m]*)xmo (m) + 1) f (M) XGn ~ (4:1)

m €Z»

Where Gy, is the set of all H (a,k) containing m, and f is a element of Schwartz’s space
S(Z"™) andyn, (resp.xq,,) the characteristic function of mg (resp.Gm,). We note g,,, the func-
tion

Gmo (m) = (exp([|m*)xmo (m) + 1) (4.2)

It is clear that g,,, € [ (Z™), because g, (mo) = exp(||mol|*) + 1 and gy, (m) = 1 if m # mo.
Remark 4.1: (a) The expression (4.1) can be transformed as follows

Voo Rf = R(gmy,-f), for all f € S(Z"™) (4.3)

(b)We deduce from (4.3) that V,,,Rf € R (S(Z")), since the function g,,, f belongs to S(Z"),
(because f € S(Z™) and g, € (™ (Z")).
Proposition 4.2 The space R (S(Zn)) is normed space by the norm

RN, = sup Y R(f)(H(a,k)),for all f €S(Z")  (4.4)

keZ

Proof. At first, the formula ( 4.4) have a sense. Indeed, from ([1] corollary 3.9, formula 3.7)

we have
SOR(NH(a, k) <D > [fl(m)
kEZ k€EZ meH (a,k)
< S ifml<oo  (45)
meZr
Consequently
RN, < 1511y
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The others properties of the norm are easy. W

Remark 4.3 Let H(a,k) € G
(a) If mg ¢ H(a, k), then

VinoRf (H(a, k) = > (gmq-f) (m)

meH (a,k),m#mg
= > f(m)
meH (a,k)
= Rf (H(a,k)),
since mo ¢ H(a, k) implies that g, (m) = 1, for all m € H(a, k).
(b) If mg € H(a, k), we have
VinoRf (H(a,k)) = R (gm,-f) (H(a, k))
= > (@p(Iml*)xm,(m) + 1) f (m)
meH (a,k)
(exp([lmol®)  +1)f (mo) + > f(m)
meH (a,k) ,m#mo
= exp([|mol®) f (mo) + Rf (H(a,k)).

It follows from (a) and ( b)

Rf(H(a,k)) if mo ¢ H(a,k)

Vo (0 ) = { ) ) gy o) OO

(c) We obtain from ( 4.6) the following inequality
Voo RS1) (H(a, k) < ROS1) (H (a, k) + (exp(mo]|*) + DR(S) (H (. b))
< R(If)) (H(a, 1)) (exp(lmo]*) +2),

The above inequality implies

sup > Vo, RS (H(a, ) < (1R [expllimo]*) +2]

aePkeZ

Hence
Vg RO < (exp(llmol®) +2) 1Al - (47)

Now we state and prove the following proposition useful for the sequel.
Proposition 4.4 the operator Vi, is linear continuous of R (S(Z")) into R (S(Z")) when we
provide R (S(Z")) by the norm |||.||[; .

Proof. It is clear that V,,, is a linear operator of R (S(Z")) into R (S(Z")) see formula

(4.1).Showing that V,,, is a continuous operator. Let( Rf;);cn a sequence of R (S(Z™)) such that
||Rf;.|||, converges to zero when j — oo. By remark 4.3 (see inequality (4.7)) we obtain

IVmo RN < (explimol®) +2) IIRAIL . (48)

Then |||V R(f;)||l; — 0 when j — oo .This completes the proof of proposition. We will be
need the following lemma H
Lemma (4.5) Let f € S(Z"™) and mg € Z™. Then we have, for all @ € P, the following formula
f (mo) = exp(—[lmo|*) > Vn, R(f)(H (a, k) —

keZ

= 37 S expl(— [[mol®)A (m) Vo ROS) (H(a, k) (4.9)

meZr keZ
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Where A (m) =

1
7 b (= m|) with T = 3, exp(— )

Proof. Before to show this lemma, proving that the series

> S X(m) VaR(S) (H(a, k),

meZn keZ

namely A, have a sense for all a € P. Indeed

1+T > exp(—ml*) <ZR(gmf) (H(a,k))>

mezn. keZ
1
=147 exp(— ||m|?) Z Gm (t )
mezn. tezn
since Y ez R(gmf) (H(a, k) = 1czm 9m(t) f(t), (see formula (2.5)). It follows that
A 1
= 3 e ml®) X 0+ esplml ) om) )
mezn. tezn
then
A
41 < T A1l + o 1L < 11,
|

Proof. of lemma 4.5 Let f € S(Z") and mq € Z" fixing a element a € P. Applying the
formula (2.5) at the function g, f, and using also the definition of V,,,, we obtain

> Vo Rf (H =Y R(gmof ) (H(a,k))

keZ kE€Z

= D Gmo(m) f(m) .

meZn

Decomposing the right -hand side we have

S Voo R (H(@, k) = gy (mo) f o)+ 32 gy (m) £ (m) .

keZ meEZ™ , m#mo

From (4.2) the above equality becomes

S Voo Bf (H(a, k) = exp([mo|[*)f (mo) + 3 f (m

keZ mezn

which gives

£ (mo) = exp(— ||mol|*)

> Vi Rf(H - Y f(m ] ( 4.10)

keZ meZn

By summation over mg € Z™,we obtain

Yoo fmh= Y (exp 1) > Vo RE (H ) Ty f(m), (411)

m/eZ» S keZ mezn

recall that T'= ) . exp(— ||mH2) The equality (4.11) gives

s S e VRS (k) (412)

meZn kEZ,meZ"
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remplacing in the formula (4.10) > f (m) by its expression (see (4.12)); we obtain

mezZ»r

£ (mo) = exp(— [[mol|*) Y Voo RS (H(a, k)) .

keZ

1
i X el = ol ) VRS (H(a, ). (4.13)
k€Z,meZ"

Thus

f (mo) = exp(= [[mol|*) Y Vino RS (H(a, k)) -

keZ
— > exp(=[mol*)A (m) VRS (H(a, k) (4.14)
k€Z,meZn
This proves the lemma W

We now introduce a other operator A, ,, with (m,mg) € (Z™)? which shall be defined as
follows

A [ em(=llmol*) (L= A (mo)) Vin, if mo =m
mo.m —exp(— ||mol*) A (m) Vo ifmg#£m,  (4.15)

we now state and prove the inversion formula for the discrete Radon transform.
Theorem 4.6 let f € S(Z"™) and mg € Z™ then, for all a € P, the operator R can be inverted
by the following formula

fmo)= > (Amgm)Rf (H(a,k)) (4.16)

kEZ,meZn

Proof. From equality (4.14), we have

f (mo) =Y exp(— [[mo|*) Voo RS (H(a, k)) -
keZ
= > exp(=mol)A(m) VRS (H(a, k).

k€EZ,meZ™

But

> X(m) Vi Rf (H(a, k) = X (mo) Vi, Rf (H(a, k) +
meZnr
+ Y. A(m)VnRf(H(ak)).

meZ? m#mg

It follows from (4.14)

£ (mo) = ) exp(— [[mo|*)(L = A (m0))(Vino Rf (H(a, k)) —

keZ

—ep(— ol YD A(m) VRS (H(a,k))

k€Z meZ™ , m#mg
Thus

f (mo) =) exp(—[Imo]*) {(1 ~A(mo))VuoRf = > A(m) Vme} (H(a, k)

keZ meEZ™ , m#mo

= Z Z (Apym)Rf (H(a,k)) , see equality (4.15)

k€Z, meZn
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This proves the theorem H

Remark 4.7 (a) The operator (A,,, ») have the same properties that the operator V,,, (see
(4.15)), then (Ay,,,m) is linear continuous of R (S(Z™)) into R (S(Z"™))
(b)The inversion formula (4.16) hold if we replace the operator (A, m) by the operator

1 .
AP @ (mO? (1 - Ap (mo)) V;fg if mg=m

mo,m

Ap (M) v if mg #m

¢ (mo)
Where ¢ is a real -valued function defined on Z™ such that ¢ (m) # 0 for all m € Z™ and

1
o m) # —1 and A\, (m) =

s finally VS R = R (gmo.p-f) With  gimg.e (m) = (¢ (M) Xomo (m) + 1)

m — is rapidly decreasing function, with c(p) = > za

@ (m)
1

@ (m) (1+c(p))

V. INVERSION FORMULA FOR THE DUAL DISCRETE RADON TRANSFORM

In this section we prove a inversion formula for the dual discrete Radon transform R*. Through-
out this section we note Hy = H/(ao, ko) with ag = (ao,1,a0,2, ..., G0,n) € P and ko € Z. We begin
in this section by study the properties of the operator Vy, which shall be useful in the sequel.
Define the operator Vg, as

1
Vi, B F (m) = 5 exp (||a0||2 + kg) i, (m) F (Ho) + R*F (m), (5.1)
for all m € Z™ and F € §1,.(G). Let g, be the function defined by
&g (H) = exp (|lall® + k) B, (H) +1,  (52)

where H = H(a, k) and xp,(resp.Bm,) the characteristic function of the set Hy (resp.SBp, is the
function of the section 3, in the end of proof’s lemma3.1 ). We design, in the sequel, by (a, k) the
real number exp (— llal|® — k‘z) .

Proposition 5.1 Let F be a element of S .(G),then
Vu,R'F =R"( {u, F) (5.3)

Proof. Let m € Z", distinguishing two cases::
(1) Suppose that m € Hy, and calculating R*( {g, F) (m)

R( &, F) (m) = 3 7 F (H (a,0m)) €, (H (a,am)
acP

_ %F (H (ag, agm)) {exp (||(10H2 + (aonL)Q) + 1} +

+- > F(H(a,am))&n,(H (a,am)). (5.4)

a€P aFag

1
2
Since a # ag (then H(a,am) # H(ag, ko)) the above equality come down to
1
R*(&m,F) (m) = 3 F (H (ao,aom)) exp (Jlaol * + (aom)?) + B*( F) (m)

(2) case m ¢ H(aog, ko) = Ho. If m ¢ H(ag, ko), then kg # agm this implies that &g, (H (a,am)) =
1, since B, (H) = 0. It follows that

R &, F) (m) = 5 S F (H (a,am) €, (H (a,am))
acP
= R*F (m.)
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Hence
(5.5) R*(&u, F) (m) = { %F(H (a0, aom)) d(ao, (agm))~! + R*( F)(m) if m € Hy
0 R*F (m) if m ¢ Hy

This equality can be transformed as follows

R (&, F) (m) = 3 exp (laol* + ) F (Ho) xar, (m) + B°F (m.) . (5.6)

From (5.1) we deduce that R*( g, F) = Vg, ( R*F). This proves the proposition H

It is clear that £y, € (*° (G) ,because &p, (Hy) = exp (||ao||2 + k%)) + 1 and if H # Hy we

have £, (H) = 1 then &y, F € S1,.(G) whenever F' € &1 .(G). By the above proposition, we
have also Vg, (R*F) € R*(51,.(G)) and Vg, is a linear operator defined on R* (81 .(G)) into
R* ($1,+(G)) . Let now Op, the operator defined by

(On,F) (H) = |exp (llall® +k2) B, (H) +1] F (H) (5.7)
= &, (H) F (H)

O, will be called multiplication’s operator .It follows from the proposition 5.1 and 5.5 that

R*(Oy,F) = Vu,R*F
= R*(F.tn,) (5.8)

The formula (5.8) is analogue to the operator transmutation ’s formula. We shall now state and
prove the following lemmas which are useful for the sequel
Lemma 5.2 Let F € 81 .(G),then

> R'F(m) :% > F(H(ak) (5.9)

meZ* a€EP kEZ

Proof.  First of all, the series >, cp ;o7 F'(H (a,k)) is absolutely convergent, in fact

Yo IFH @RI < Y Ut llall +#)PN (L + lal* + )TN |F (H (a, k)|
a€P,keZ a€P,kEZ

1 1
= (Z W) (gi(HkQ)N)’

since F € 8 ,(G) and (1 + [|a])® + k2)% > (1 + HaHz) (1+ k?). Where Cy is a constant which
depend only of N and F. The number N is chosen enough great. Consequently

> IF(H (k)| < oo, (5.11)

a€P,keZ

By definition of R*F' (see(2.2)) we have

> wrw - 3|

meZx{0} meZx{0}

DN | =

Z F (H (a,am))

acP

When (m,a) € (Zx{0}) x P vary in (Zx {0}) x P then a.m describe Z (since F' € S1.(G)).
So

> R*F(m):% > F(H(ak)), (5.12)

m€EZx{0} a€P,kEZ
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and this completes the proof of lemma W

The formula (5.12) is analogue to Poisson summation and it is useful to invert the dual discrete
Radon transform.
Lemma 5.3 let F € 51,.(G), then the series

Z ’Y(H (a’ k)) VH(a,k)R*F(m)

a€P,k€eZ,mecZ*

1
is absolutely covergent, where vy (H (a,k)) = T3 &P (—Ha||2—k2) with L =
S werwezep (= llall = k%)
Proof. Let A =23 prezmez- ¥V (H (a,k)) Vi, , R*F(m)From equality (5.9) and

proposition 5.1 we have

A=2 > yH@E) | D R (Cx@nr-F)(m)

a€P,kEZ meZx{0}

= > v(H(ak) Y Enem(H (@ K)F(H (d )

a€P,kEZ (a'k')ePxZ

Using, now, the equality( 5.2) we obtain

A= S 3 (H (a,k)) (Eram (H (a,k) F(H (a,k) +

a€P,keZ
+ Y v(H(ak) > Eri(a,my (H (a, K') F(H (d, K))).
acP,keZ (a’,k’)GPXZYa/¢a~kl¢k

It follows that

A= 3 A H (@R) |(exp (lal? +82) + DE(H (@ k) + > F(H(@ k)
acP,kEZ a’#a,k'#k

= Y PR @) [P @) Y P )
a€P,kEZ a'#a,k'#k

= Y | FH @R+ H k) S FH@K))

a€P,kEZ (1+L) a’'e€P,k'€Z
~rp L PR+ | Y FEEH)| | Y (@)

a€P,kEZ a’€P,k'€Z a€P,keZ

A can be transformed as follows

1 L
s(wpram) X, e

a€P,kEZ

Thus, [A] < 3 ,cprez [F (H(a,k))| < oo (see the proof of lemmas 5.2 and 5.11), the lemma is
proved W
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Lemma 5.4 Let F € S1.(G), then

F(Hy) =26 (ag, ko) Y Vm,R'F(m)—
meZi x{0}

— 26 (ao, ko) > v(H (a,k)) Vi, RF(m),  (5.13)
(a,k)EPXZ,meZx{0}

where ~ (H (a,k)) = 6 (a,k)(1+ L)' with L = > (arerxzd(a, k) and Hy = H (ao, ko) the
discrete hyperplane

Proof. From( 5.9) and ( 5.3) we have

> VuRF(m)= Y R (nF)(m)
meZx{0} meZx{0}

=2 Y @GP HE@R)  (519)

(a,k)eEPXZ,

We decompose the right -hand side of the above equality, we obtain

> R*(SHOF)(m)=%(6(ao,ko)*1+1)F(Ho)+% 3 F (H(a, k))
meZx{0} a€P,k€Z,ap#a,ko#k
= LS(an ko) TP (Ho) 45 Y F(H(ak).  (515)
a€P,kEZ

The equality (5.15) leads to

F(Ho)é(ao,ko){2 > VuRF@m) - > F(H(a,k)).}.(5.16)

meZi x{0} a€P.kEZ

By summation over Hy € G, the formula (5.16) can be transformed as

1

AN /AR N
ZF(H)—§ Y. F(H(dK))
H'eG a'€EPK'EZL
= > 8(a’ k) Vi, ) BF (m) -
(a’,k")EPXZ,mEZ1 x{0}
L
-5 > F(H(ak)). (5.17)
acP,kcZ
Thus
> F(H(K)=2(L+1)"" > 5 (a,k) Vi, o RF (m). (5.18)
a'€P,k'EZ (a,k)ePxZ,meZx{0}

Remplacing 3, cp prez £ (H(a', k")) by its expression (see (5.18)) in the formula (5.16) we obtain

F(Ho) =26 (ao, ko) Y, Vi, R'F(m)—
meZx{0}

—-20 (GOakO) Z ’Y(H (a>k)) vHH(a,k)R*F (m) :
(a,k)EPXZ,meZx{0}

This proves the lemma.
Before to prove the inversion theorem for R*. We define the following operator W

A _ 20 (ao,k/’()) (1 —’)/<H (a07k‘0))) VHO if H:HO
(Ho H) =3 —26 (ag, ko) v (H (a, k) Vi if H+# Hy’
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recall that Hy = H (ag., ko) and H = H (a k) .
Theorem 5.5 Let F € 81..(G) and Hy = H (ag., ko) € G, then R* can be inverted as follows:

F(H)= ) Y (Apy,m)RF(m). (5.21)

meZqx{0}, (a,k)EPXZ

Where Hy = H (ag., ko) and H = H (a k).

Proof. From lemma 5.4, the expression (5.13) can be written in the form

F(Ho)= > 20(ao.ko) |V, R°F— > y(a,k) Vi, R F|(m)

meZy~{0} (a,k)EPXZ

=26 (ao,ko) > Vu,R'F(m)—25(ag,ko)v(ao. ko) Y Vu,RF(m)
meZi1~{0} meEZy x{0}

— 20 (ag, ko) Y > v(a,k) Vi, o, RF (m)

meZi~{0} (a,k)ePxZ,ap#a,ko#k

It follows that

F (Ho) =26 (ao, ko) (1 =7 (Ho)) D Vu,R'F(m)
meZi~{0}

— 20 (ao, k?()) Z Z Y (a, k) vH(a,lc)R*F‘ (m)

meZx{0} (a,k)EPxZ,ap#a,ko#k

By means of the operator Ay, m)(see(5.20)) the above equality becomes

F(H)= > > (Aw,m)RF (m)

me€Zqx{0}, (a,k)EPXZ

This completes the proof of theorem M
Remark 5.6 Let ¢ and Vg, be two functions defined by

¢ (H (a,k)) = 26 (a, k) (1 = (H (a, k))
Vi, (H (a,k)) = =26 (a0, ko) v (H (a, k))

Putting
O, (H) = ¢ (H) .Bu, (H) Yu, (H)(1 - .0, (H))
where Hy = H (ag.. ko) and H = H (a.k) the formula (5.20) becomes
At my = O, (H) Vi

then A(H[)’H)R*F = 9H0 (H) R (gHF)

Now, we shall study the properties of the operator Ag, my with Hy = H (ag.,ko) € G and
H = H (ak) € G. By the above remark, it suffice to study only the properties of the operator
Vi,

Proposition 5.6

R* (S, (G)) C I (Z) (5.22)

Proof. Let F € S.(G), showing that R*F € [* (Z™). By the definition of R*, we have
R*(|F|) (m) = 1>, cp |F (H (a,am))| . Since F € S8,(G), we obtain

2 2\ N
[F (H (a,am))| < T (F) (14 [lal” + (am)?)

9 —N
< qn (F) (1+|\a|\ ) for all N € N
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Choosing N enough great, we have

SIF (H (@am)| < ax (F) Y (14 llal?)

a€P a€P

-N
where Ty (F') is a constant which depend of N and F, and Cy = > (1 + ||a||2) . Thus

a€P

sup R*(|F]) (m) < o0

mezZn

It follows that R*(|F|) € {°°(Z™). Then sup,,czn |[R*(F)|(m) < oo, therefore R* (S, (G)) C
[°° (Z™) . This completes the proof of proposition W

Remark 5.7 the space R* (81, (G)) is a normed space by the norm

IR (F)l oo, = sup R*(|F])(m) (5.23)

00,%
mezZn

The proof of this remark is easy.
Proposition 5.8 Let Hy = H (ag., ko) and F' € S1 .(G). Then

Vi, B (51.(G)) — R* (51.(G))

is a linear continuous operator of the normed space  (R*(S14(G)),|||l.)  into
(R* (81,+(G)), ||| ) precisely we have

IV R Fll. . < |exp (llaol +82) + 2| IR Fll.,,  (5:24)
Proof. Let Hy = H (ag., ko) € G, we know that Vg, R*F = R* (£, F') for all F' € §1..(G),
then
Vi, R® (514(G)) — R* (514(G))

is will defined and Vg, is linear. Showing now, that Vg, is a continuous operator for the norm
From (5.3) and ( 5.6) we have

[l oo

R* (6, 1FD) (m) = 5 exp (llaoll* + K7 1F| (Ho) wr, (m) + B (1FY) ()
It follows that

Vst R Fll .. < [exp (Jlaol * +k8) + 2] 1R"FI|..

Thus
Vi, R* (8514(G)) — R* (S1(G))

is linear continuous operator for the norm [|.|[ , . This completes the proof of the above propo-
sition W
We end this section by giving an analogue of the Hardy’s theorem in the case of the discrete

Radon transform of Z™
Proposition 5.9 Let f € [*(Z") satisfying at the following inequality

RS (H(a, k)| < Cexp [ (llall” +#2)], (5.25)

for all (a,k) € PxZ . Then f =0, where (¢,a) € (R%)? which are the absolute constants .
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Proof. let m € Z" and a; = (l,j,jQ, ...,j”’l) with j € N*.The inequality (5.25) is valid for all
H(a, k) € G, in particulary for the family H(a;,a;m), it follows from (5.25) that

RS (H(aj,a;m))| < Cexp [~a (lla|* + (a;m)?) ]
The above inequality implies that

lim Rf (H(aj,a;m)) =0,

J—00

since ||aj||2 =142+ 4+ ...+ 207D - 50 when j— oco.But, by the inversion formula for the
discrete Radon transform (see [1] Theorem 4.1) we have

lim Rf (H(aj,a;m)) = f(m).

J—00

Thus f (m) = 0 for all m € Z™.This prove the proposition H
In the classical case the above proposition is false, indeed taking the function f(z) =
exp (— ||x|\2> , we have |Rf(t,w)| < Cexp (—t?). C is a absolute constant and (t,w) € R x §**,

We end this study by noting that the inversion formulas for the discrete d-plane Radon transform
and its dual may be obtained by using the same technics as above (sections 4 and 5, see also[2]).
The proof is exactly as for the discrete hyperplane Radon transform.
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