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abstract

Blood flow in a narrow tube is described using the two-layered model in presence of
an external uniform magnetic field. The model consists of a core region, enriched with
various types of blood cells and a cell-free peripheral plasma layer. Also the constant
heat flux convective heat transfer to fully developed blood flow is studied. The velocity
and temperature profiles are determined. The expressions for friction-factor-Reynolds
number product and Nusselt number are found and their natures are shown graphically.
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I. INTRODUCTION

The regulation of body temperature is mainly done by the circulatory system. Body heat produced by
the skeletal muscle is in general removed by the convection heat transfer of blood [1]. It is also observed
that the smaller blood vessels are more actively engaged in the heat exchange with the surroundings.
So, the thermally important blood vessels are of very small diameter and are in the range of 50 500
pm [2,3]. Researchers have made number of investigations regarding the heat transfer between the small
blood vessels and their surrounding tissues [4,5,6]. Wang [7] studied the fully developed heat transfer in
a narrow vessel using the two-fluid model. Convective heat transfer of blood is of much importance in
the use of various clinical aspects such as local hyperthermia, cryrosurgery for tumor treatment etc.

To determine the convective heat transfer from a blood vessel, we have to first find out the velocity
profile. In larger vessels the nature of blood is almost homogeneous and we may readily compute the
heat transfer using parabolic (i.e., Poiseuille) velocity distribution [8]. But for flow in narrow vessels, the
blood cells tend to migrate along the centre of the vessel which give rise to a core region in which the
concentration of blood cells is high, and a slower moving peripheral plasma region which is almost cell
free [9,10]. So the flow of blood in a narrow vessel may be explained by a two-layered model [11,12,13].
A good number of models have been developed regarding this phenomenon [14,15]. Pries et al. derived
empirical relationships of the relative apparent viscosity and mean tube hematocrit from in vitro [16,17]
and in vivo [18].

In the present analysis we study the effect of an external magnetic field on the convective heat transfer
of blood in a narrow vessel. The analytical expressions of velocity for blood and temperature in core
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region as well as in peripheral plasma region are determined. Also the expressions for friction-factor-
Reynolds number and Nusselt number are obtained. The effect of magnetic field and thickness of core
region on them are shown through graphs.

II. MATHEMATICAL FORMULATIONS AND SOLUTIONS

We consider a two-fluid model for blood flow within a narrow cylindrical tube of radius R and length
L. The core region is assumed to be enriched with various kinds of blood cells with radius r. and effective
viscosity p.. The cell free plasma layer has the effective viscosity pg. Thus this model consists of two
immiscible fluids (Fig. 1).

Let us consider r and z be the radial and axial directions in the tube, u. and ug be the velocity of
blood in the core region and peripheral plasma region respectively along the axial direction.

The basic equations may be written in the form

_%4_%% <r(c)81;c)—oBguC:0 ; 0<r<r, (2.1)

for the core region and
—?24—/”:?3(7"%1?)):0; re<r<R (2.2)
for peripheral plasma region, where % is the pressure gradient, o is the electrical conductivity of the

medium and By is the transverse component of the magnetic field. As the peripheral plasma layer is
considered cell free, the effect of By is negligible in this region.

The boundary conditions for velocity are given as
(a) u. is bounded on the axis and because of symmetry, the velocity gradient vanishes along the axis of
the tube:

0

811‘/’ =0 at r=0. (2.3)
(b) There is no slip on the wall:

up =0 at r=R. (2.4)

(c) The velocity and shear stress are continuous at the interface of the two layers:

(Z) uC|r:rc = u0|r:rc7 (25)
Oue Oug
i) e — o B0 2.6
(@) pe - | (2.6)
Taking £ = 5, A = %, P = f%% and using the boundary conditions (2.3)-(2.6) we obtain the
solutions of (2.1) and (2.2) as
— Jo(ag 2 .

ue = 3208 { B (1_A2)_01;g}+(,’;3,0§£9} @)

: :

up =G (1-€)a<e<1

where a = 1By R, /i.

Let V be the mean velocity, so that 7V gives the total flow. Therefore
Te R
V=2 {fucrdr—i— fuordr}
0

Te

(1-22)%. (2.8)
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Now we consider T(r,z) as the temperature and ¢ as the constant heat flux applied on the wall.
Assuming T, as the temperature on the core region and T as the temperature on peripheral plasma layer
we may construct the forced convection equations as

oT. 10 a7,
Feue dz  ror <T or ) ’ 29)
for the core region and
oy, 10 Ty
APeto dz  ror (T or > ’ (2.10)

for the peripheral plasma region, where P, is the Peclet number and 3 (: "‘—g) is the ratio of the thermal

K
diffusivities.
Let us introduce two new parameters; v (z 2—;), the ratio of conductivities and T,,, the mean temper-

ature given by

Te R
2
T (2) = v /ucTcrdr + /uoTordr . (2.11)
0 Te

For constant flow problem, all the temperatures must have same constant gradient (say A) in the axial
direction. Thus we may write

oT. 9T, Ty,

% 0.~ s = A (2.12)
The boundary conditions for temperature are given as :
(a) T, is bounded on the axis,
(b) the heat flux on the wall is
6To(§f€7z) _., (2.13)
(c) the temperature and fluxes match on the interface, i.e.,
(i) Te(re,z)=To(re,2), (2.14)
(i4) vaTcgf’Z) = aTOg:’Z), (2.15)
(d)
T (0) = 0. (2.16)

Applying the aforementioned boundary conditions and the same non-dimensionalisation scheme used
for velocity profile, we obtain the solutions of (2.9) and (2.10) as

P.R2AJ, (af) [ PR? .. P\  PPRA,
T, = Az — 1-22) — : 2.1
? a?Jo (aX) { 4pg ( ) oB2 } 40 B2 &G (2.17)
BPP.RIA (€2 ¢
- PRLR 2S5 Lo . 1
To = Az + 1o 1 16+02 né+ Cs (2 8)

The constants A, C, Cy and Cs can be determined from the boundary conditions (2.13)-(2.16) and
are given in the appendix.
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The friction-factor-Reynolds number product fRe is defined as [7]

8
fRe:V
8
- 2R?) J1(a}) [ PR? (4 A2 P PREN | PRY )\22- (2.19)
o Jg(a,\){4,m( - )—033}+ o2 +8MO( —A2)

We also obtain the gauge for the heat transfer, known as Nusselt number, and its value is computed
numerically using the formula

2
Nu= R T (5

(2.20)

Numerically it can be shown that all the above analytical results agree with the previous results [13,7]
when By — 0.

IIT. NUMERICAL RESULTS AND DISCUSSIONS

The velocity in the core region and in the peripheral plasma layer are obtained in equation (2.7). The
values of these velocity profiles are computed and depicted through the figs. 2 and 3. The effect of the
transverse component of the magnetic field By is also shown in that figures. In those figures we observe
that the velocity decreases with the increase in the value of B.

In fig. 4, the nature of velocity profile is shown for different values of A taking By=0.02. Here we
observe that the velocity profile decreases with the increase in the values of .

In fig. 5, the behavior of temperature profile is shown for A= 0.7. From this figure it is clear that
the transfer of heat occurs mainly in the peripheral plasma layer. In the core region as the value of
r increases the value of temperature profile increases negligibly; but in the peripheral plasma layer the
value of temperature profile increases much more rapidly with the increase in the values of r. Also the
heat transfer decreases as the magnetic field By increases.

From equation (2.19) the values of friction-factor-Reynolds number fRe are computed and the effect
of the magnetic field By on fRe is shown through the fig. 6. Here we observe that the value of fRe
increases as the value of By increases.

The values of Nusselt number Nu are calculated using equation (2.20) and the variation of Nu against
A is shown on fig. 7. Here we observe that the Nusselt number is effected largely by the magnetic field
By. It increases with the increase in the values of By. For A=0, Nu becomes 0.436 and whenever A\ tends
to one, Nu tends to zero for any value of By.

IV. CONCLUSIONS

In biological systems, the regulation of body temperature is of great importance and is mainly main-
tained by the blood vessels. From our present discussions the amount and nature of heat transfer through
the blood vessels can be calculated. Using an external magnetic field we can regulate the heat transfer.

V. APPENDIX

From the boundary condition (2.13) we obtain the value of A as

_ Ry
" P.R2X\Ji(a)) [ PR2 (1 . )\2) P + PP.R2y\2  BPP.R* (,\72 . ,\74) + BPP.R4
aJo(aX) 4po 0B 2082 4po 2 4 1640

and from the boundary condition (2.15) we obtain the value of Cs as

dpo [YAJ1 (a)) [ R? 9 1 Y2 BRZ /(N2 M\
C2= 2m T (1=A) = —5 o+ 7~ S5 "7
BR? | aJy(aX) | 4po 0B 20BF  4po \ 2 4
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From the boundary conditions (2.14) and (2.16) we obtain two relations connecting C; and C3 namely

BR? BR? (X X\ R > 1
— PP.R?A |22 P (A4 1 =AY - —
= oft {4;10 Cot (T T 716 TRA) T 2 (1-2%) oB2a?

)\2
B 40B§ }}

{5 (ax)

and

2R? {Az/\Jl (a)) { PR?

1o L PA2)  P.RAN?
\% aJo (a)) 40

oB2 20BZ  2a2JZ (a))
CPREUANL(@N) (PR (o P
oB2a3Jy (aX) 4po oB2

+J7 (aN)}

PP.R2A { PR?

A
+4033J0 (@) 4o (1=2%) - UB%} /§2Jo (af) dg
0

P2P.R?2AXN3  C1)\J; (a)) {PR2 (1- ) — P} N PCMT
1202 B} aJo (aX) | 4o oB? 20 B3
2R? {PRQAz (1 B xl) BP2P.RS A {03 (1)

1% 4pg 1643

4 2 4 2
1 Cs At 5 6 1 s
+(16—4) (1—4)-96(1—A)+128(1—A)

1 A A2 I A\

Solving these two equations numerically we get the values for C7 and Cj.
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