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abstract

In this paper, the third and fourth generalized symmetries of the Fokker-Planck equa-
tion are directly computed. We show how to get higher order generalized symmetries by
using of the recursion operators, and we derive some exact solutions.
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I. INTRODUCTION

Symmetries play an important role in the mathematical analysis of differential equations, first with
the work of Lie, symmetry groupe method and their recent generalizations have prouved useful in un-
derstanding conservation lows1–4, in constructing exact solutions5–7 and in etablishing integrability of
certain systems of differential equations.

The aim of this paper is to determine third and fourth generalized symmetries of the Fokker-Planck
equation8,9

ut = uxx + xux + u, (1.1)

and using of recursion operators, higher order generalized symmetries are derived with some polynomial
solutions. The Fokker-Planck equation also known as the Kolmogorov Forward equation describes the
time evolution of the probability density function of position and velocity of a particle and it can be
generalized to any other observable, too.

This paper is organized as follows. In section two, Invariance criterion of an evolutionary equation
is recalled. The third section is devoted to determine the third generalized symmetries admitted by
equation (1) and how these symmetries can be obtained from Lie point symmetries. Finally in section
four, we compute the fourth generalized symmetries, we use recursion operators to construct higher order
generalized symmetries and we give some exact solutions.
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II. GENERALIZED SYMMETRIES OF THE EQUATION (1.1)

Lie point symmetries group transformations are characterized to act on the space of independent and
dependent variables. Here we extend the group transformations to act not only on space of independent
and dependent variables, but also on derivatives of dependent variables. The associated vector fields
of such transformations is known as generalized symmetry (Lie-Bäcklund symmetries). To compute
generalized symmetries First we begin by definition :

Definition A generalized vector field

V = ξ[u]
∂

∂x
+ η[u]

∂

∂t
+ ϕ[u]

∂

∂u
, (2.1)

where the square brackets will serve to remind us that ξ, η and ϕ depend on x, t, u and derivatives of u,
is a generalized symmetry of an evolutionary equation

ut = P [u], (2.2)

if and only if

PrV (ut − P [u])|ut−P [u]=0 = 0. (2.3)

where P depends in x, t, u and derivatives of u with respect x, and Pr(V ) denotes the extension of V .
For mathematical convenience, to search for generalized symmetries, we adopt to do this with V not

in the form (2.1) but in it’s canonical form (also called evolutionary form) given by

VQ = Q[u]
∂

∂u
, (2.4)

where

Q = ϕ− ξux − ηut. (2.5)

The above choice is based on the following theorem.
Theorem2 A generalized vector field V is a symmetry of a system of differential equations if and only

if it’s canonical form is VQ.

III. THIRD GENERALIZED SYMMETRIES

Determination for three order generalized symmetries admitted by the Fokker-Planck equation, needs
that any time derivatives in the characteristic Q is ignored, because it can be replaced by exploiting
the right-hand side of equation (1.1) itself. For example, ut is replaced by uxx + xux + u, utx with
uxxx + xuxx + 2ux and so on.

Now if we put

Q = Q(x, t, u, ux, uxx, uxxx), (3.1)

the condition of invariance (2.3) becomes :

DtQ = DxxQ + xDxQ + Q, (3.2)

which must hold for all solutions of the equation (1). The operator Da, denotes the total derivation given
by

Da =
∂

∂a
+ ua

∂

∂u
+ uax

∂

∂ux
+ ... (3.3)

After substituting for time derivatives their expressions in the equation (3.2), equating coefficient of
various powers of derivatives of u starting with higher order, and analyzing the equation (3.2), the
coefficients of terms involving the fourth derivative uxxxx, lead to

Q = M(t)uxxx + N, (3.4)
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with M is a function depending only in the time, and N is a function depending on x, t, u, ux and uxx.

Combining equations (3.4) and (3.2), the coefficient of terms u2
xxx, uxxxuxx and uxxxux give

Q = M(t)uxxx + N1uxx + H, (3.5)

with N1 and H are functions depending on (x, t) and (x, t, u, ux) respectively. The remaining term
involving the third derivative uxxx yields

M
′
(t) + 3M(t)− 2

∂N1

∂x
= 0, (3.6)

substituting equation (3.5) in equation (3.2), and equating coefficient of u2
xx and uxxux to zero, then (3.5)

becomes

Q = M(t)uxxx + N1(t, x)uxx + N2ux + H1, (3.7)

where N2 and H1 are functions depending on (t, x) and (t, x, u) respectively. We introduce the above
equation in (3.2), the coefficient of uxx yields

∂2N1

∂x2
+ 2

∂N2

∂x
+ x

∂N1

∂x
− 2N1 − ∂N1

∂t
= 0, (3.8)

equation (3.7) in (3.2), and equating the coefficient of u2
x to zero, we conclude that H1 is linear in u, thus

expression (3.7) of Q becomes

Q = M(t)uxxx + N1(t, x)uxx + N2(t, x, )ux + N3u + N4(t, x), (3.9)

for some functions N4 and N3 depending on the space x and time t. Substituting (3.9) in (3.2) this
immediately allows us to write

∂2N2

∂x2
+ x

∂N2

∂x
−N2 − ∂N2

∂t
+ 2

∂N3

∂x
= 0, (3.10)

∂2N3

∂x2
+ x

∂N3

∂x
− ∂N3

∂t
= 0, (3.11)

∂2N4

∂x2
+ x

∂N4

∂x
− ∂N4

∂t
+ N4 = 0. (3.12)

On solving equations (3.6), (3.8), (3.10), (3.11) and (3.12), we obtain

M(t) = c5e
t + c8e

−t + c1e
3t + c10e

−3t, (3.13)
N1(t, x) = (2c5e

t + 3c1e
3t + c8e

−t)x + c2e
2t + c9e

−2t + c6, (3.14)
N2(t, x) = (3c1e

3t + c5e
t)x2 + (2c2e

2t + c6)x
+3c1e

3t + (c5 + c3)et + c7e
−t, (3.15)

N3(t, x) = c1e
3tx3 + c2e

2tx2 + (3c1e
3t + c3e

t)x + c2e
2t + c4, (3.16)

where c1, ..., c10 are arbitrary constants.

Consequently, all third order generalized symmetry of Fokker-Planck equation (1.1) has it’s character-
istic as a linear constant coefficient combination of characteristics

Q1 = e3t{uxxx + 3xuxx + 3(x2 + 1)ux + x(x2 + 3)u}, (3.17)
Q2 = e2t{uxx + 2xux + (x2 + 1)u}, (3.18)
Q3 = et(ux + xu), (3.19)
Q4 = u, (3.20)
Q5 = et{uxxx + 2xuxx + (x2 + 1)ux}, (3.21)
Q6 = uxx + xux, (3.22)
Q7 = e−tux, (3.23)
Q8 = e−t{uxxx + xuxx}, (3.24)
Q9 = e−2tuxx, (3.25)

Q10 = e−3tuxxx, (3.26)
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and an infinite family of characteristics

Qβ = β, (3.27)

with β is an arbitrary solution of the Fokker-Planck equation (1.1).

Note that all linear combination of Q2, Q3, Q4, Q6, Q7, Q9, and Qβ can be obtained directly as constant
linear combination of characteristics arising from canonical form of generators of the Lie point symmetries
obtained in10:

V1 = −et ∂
∂x + etxu ∂

∂u V2 = e2tx ∂
∂x + e2t ∂

∂t − e2tx2u ∂
∂u ,

V3 = −e−2tx ∂
∂x + e−2t ∂

∂t + e−2tu ∂
∂u V4 = ∂

∂t ,

V5 = u ∂
∂u V6 = e−t ∂

∂x ,

and an infinite generators with the form:

Vβ = β(x, t)
∂

∂u
, (3.28)

where β(x, t) is an arbitrary solution of the equation (1.1) .

For example, if we consider

V2 = e2tx
∂

∂x
+ e2t ∂

∂t
− e2tx2u

∂

∂u
,

then it’s canonical form is

(−e2tx2u− e2txux − e2tut)
∂

∂u
,

on substituting ut by uxx + xux + u, we obtain that the characteristic of V2 is −Q2. If we do the same
of all Vi, we remark that Lie point symmetries are included in the third generalized symmetries via their
canonical form.

IV. FOURTH GENERALIZED SYMMETRIES

In this case, to obtain fourth generalized symmetries, we include the fourth derivative uxxxx in the
characteristics Q, that is to consider

V = Q(x, t, u, ux, uxx, uxxx, uxxxx)
∂

∂u
. (4.1)

As in the previous case, the invariance condition is

DtQ = DxxQ + xDxQ + Q,

and the only distinction isn’t more than in this case it will be appear more of terms than in the last case.

For example:

DtQ =
∂Q

∂t
+ ut

∂Q

∂u
+ utx

∂Q

∂ux
+ ... + utxxxx

∂Q

∂uxxxx
,

we remark in this case that it appear utxxxx, but in the previous case only we have utxxx.
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From invariance condition, coefficients of all terms containing the five derivatives uxxxxx, allow us to
write

Q = g(t)uxxxx + G1(x, t, u, ux, uxx, uxxx), (4.2)

for some functions g and G1. Combining (4.2) and (3.2), we see that coefficients of terms involving
u2

xxxx, uxxxxuxxx, uxxxxuxx, and uxxxxux lead to

G1 = f(t, x)uxxx + G2, (4.3)

where G2 and f are functions depending on (x, t, u, ux, uxx) and (t, x) respectively. Then (4.2) becomes

Q = g(t)uxxxx + f(t, x)uxxx + G2. (4.4)

Examining the coefficient of uxxxx, we conclude that

g
′
(t) + 4g(t) = 2

∂f

∂x
. (4.5)

Now, using the obtained equation (4.4) in the invariance condition (3.2), and from coefficient of terms
u2

xxx, uxxxuxx, and uxxxux we get

G2 = h(x, t)uxx + G3, (4.6)

for some functions G3 and h depending on (x, t, u, ux) and (x, t) respectively. Hence, Q becomes

Q = g(t)uxxxx + f(t, x)uxxx + h(x, t)uxx + G3. (4.7)

The coefficient of the remaining third derivative uxxx implies that

∂f

∂t
+ 3f =

∂2f

∂x2
+ 2

∂h

∂x
+ x

∂f

∂x
. (4.8)

Substituting the above expression in the equation (3.2), we conclude from the coefficients of terms u2
xx

and uxxux that

G3 = θ(x, t)ux + G4, (4.9)

where θ and G4 are functions depending on (x, t) and (x, t, u) respectively. Consequently, Q becomes

Q = g(t)uxxxx + f(t, x)uxxx + h(x, t)uxx + θ(x, t)ux + G4. (4.10)

Analyzing the coefficient of the last term involving the second derivative, we get

∂h

∂t
+ 2h =

∂2h

∂x2
+ x

∂h

∂x
+ 2

∂θ

∂x
, (4.11)

equation (4.10) in (3.2), it remains

∂θ

∂t
ux +

∂G4

∂t
+ u

∂G4

∂u
+ 2θux =

∂2θ

∂x2
ux +

∂2G4

∂x2
+ 2

∂2G4

∂x∂u
ux + u2

x

∂2G4

∂u2

+x
∂θ

∂x
ux + x

∂G4

∂x
+ θux + G4, (4.12)

we see that the coefficient of u2
x, leads to

G4 = α(t, x)u + β(t, x), (4.13)

for some functions α and β. If we observe the coefficient of ux, we find that

∂θ

∂t
+ θ =

∂2θ

∂x2
+ x

∂θ

∂x
+ 2

∂α

∂x
, (4.14)
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from terms involving zero derivatives, we derive

∂α

∂t
=

∂2α

∂x2
+ x

∂α

∂x
, (4.15)

∂β

∂t
=

∂2β

∂x2
+ x

∂β

∂x
+ β. (4.16)

We see that from equations (4.5) and (4.8), we must have

f(t, x) = f1(t)x + f2(t), (4.17)
h(t, x) = h1(t)x2 + h2(t)x + h3(t), (4.18)

where f1, f2, h1, h2 and h3 are functions depending on time t. Then equations (4.17), (4.18) and (4.8)
allow to

f
′
1(t) + 2f1(t) = 4h1(t), (4.19)

f
′
2(t) + 3f2(t) = 2h2(t), (4.20)

equations (4.11) and (4.18), lead to

θ = θ1x
3 + θ2x

2 + θ3x + θ4, (4.21)

the above equation and (4.14) yield to

α = α1x
4 + α2x

3 + α3x
2 + α4x + α5, (4.22)

where θ1, ..., θ4 and α1, ..., α5 are functions depending on time t only. Now substituting (4.22) in (4.15),
we get

α1 = k1e
4t, (4.23)

α2 = k2e
3t, (4.24)

α3 = k3e
2t + 6k1e

4t, (4.25)
α4 = k4e

t + 3k2e
3t, (4.26)

α5 = k3e
2t + 3k1e

4t + k5, (4.27)

where k1, ..., k5 are arbitrary constants. Equations (4.21) and (4.14) allow us to

θ1 = 4k1e
4t + k6e

2t, (4.28)
θ2 = 3k2e

3t + k7e
t, (4.29)

θ3 = 12k1e
4t + (3k6 + 2k3)e2t + k8, (4.30)

θ4 = k9e
−t + 3k2e

3t + (k7 + k4)et, (4.31)

with k6, ..., k9 are arbitrary constants. Using (4.18), the above expressions and equation (4.11) we obtain

h1 = 6k1e
4t + 3k6e

2t + k10, (4.32)
h2 = k11e

−t + 3k2e
3t + 2k7e

t, (4.33)
h3 = k12e

−2t + 6k1e
4t + (3k6 + k3)e2t + k8 + k10, (4.34)

with k10, k11 and k12 are arbitrary constants. Hence, substituting the above equations in (4.19) and
(4.20), we get

f1 = 4k1e
4t + 3k6e

2t + k13e
−2t + 2k10, (4.35)

f2 = k14e
−3t + k7e

t + k2e
3t + k11e

−t, (4.36)

with k12, k13 and k14 are arbitrary constants. From equation (4.5) and taking in mind the above results,
we obtain that

g(t) = k1e
4t + k6e

2t + k13e
−2t + k15e

−4t + k10, (4.37)
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where k15 is an arbitrary constant. Consequently, all fourth generalized symmetry has as it’s charac-
teristic, a linear constant coefficient combination of characteristics, Q1, ..., Q10, Qβ and the following five
characteristics :

Q11 = e4t{uxxxx + 4xuxxx + 6(x2 + 1)uxx + 4x(x2 + 3)ux

+(x4 + 6x2 + 3)u}, (4.38)
Q12 = e2t{uxxxx + 3xuxxx + 3(x2 + 1)uxx + x(x2 + 3)ux}, (4.39)
Q13 = uxxxx + 2xuxxx + (x2 + 1)uxx, (4.40)
Q14 = e−2t{uxxxx + xuxxx}, (4.41)
Q15 = e−4tuxxxx. (4.42)

Note that, to look for generalized symmetries, the order is predetermined, so to compute fifth generalized
symmetries needs to include uxxxxx in Q and it will be computationally intensive.

Searching higher-order generalized symmetries, can be done directly from low-order symmetries with-
out having to solve all equations encountered in previous subsections, that need an extensive algebraic
manipulations. However, one can use what are called recursion operators. We define a recursion operator
as an operator which maps any symmetry of a given equation into a symmetry of the same equation.
As equation (1.1) is a linear partial differential equation, higher-order generalized symmetries can be
generated from Lie point symmetries in their canonical form by using recursion operators:

R1 = e−tDx, (4.43)
R2 = D2

x + xDx, (4.44)
R3 = etD2

x + etx, (4.45)
R4 = e2tD2

x + 2e2txDx + e2t(x2 + 1). (4.46)

Now let us show how characteristics of third and fourth generalized symmetries can be obtained by using
of above operators :

Q1 = R4R3[u], Q15 = R4
1[u], (4.47)

Q5 = R4R1[u], Q14 = R2R2
1[u], (4.48)

Q8 = R2R1[u], Q13 = R4R2
1[u], (4.49)

Q10 = R1R2
1[u], Q12 = R4R2[u], (4.50)

Q11 = R4R2
3[u]. (4.51)

As Rj
i , i = 1, ..., 4 and j = 0, 1, 2, ... are characteristics of generalized symmetries admitted by the equa-

tion (1.1), thus we can determine invariant solutions corresponding to these generators.

Example.1 i = 1, j = 3

In this case the symmetry generator is

e−tuxxx
∂

∂u
,

then it’s similarity solution will have the form

u(x, t) = p1(t)x2 + p2(t)x + p3(t), (4.52)

substituting the above equation in (1) we get the exact solution

u(x, t) = ae3tx2 + be2tx + ae3t + ce2t, (4.53)

where a, b and c are arbitrary constants.
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Example.2 i = 1, j = 4

The generator corresponding j = 4 is

e−tuxxxx
∂

∂u
,

so the similarity solution of the above generator will be a third order polynomial function in the variable
x

u(x, t) = s1(t)x3 + s2(t)x2 + s3(t)x + s4, (4.54)

on substituting this in equation (1.1) we obtain the solution

u(x, t) = de4tx3 + ee3tx2 + (3de4t + me2t)x + ee3t + ket, (4.55)

where d, e,m and k are arbitrary constants. Consequently, we can repeat the procedure to derive higher-
order polynomial solutions of the equation (1.1). An additional solution of the Fokker-Planck equation
can be obtain from the generalized symmetry

VQ5 = et{uxxx + 2xuxx + (x2 + 1)ux} ∂

∂u
,

which is

u(x, t) = e−
x2
2 (l1 + l2e

−terf(
x√
2
)), (4.56)

where l1, l2 are arbitrary constants and erf is the error function.

V. CONCLUSION

The higher order generalized symmetries play an important role in the construction of some exact
solutions, to find them needs in general an extensive calculus. Using a recursion operator was of great
interest to generate higher order generalized symmetries from canonical form of Lie point symmetries
admitted by the Fokker-Planck equation. Employing higher order generalized symmetries generating by
recursion operator, so the higher order polynomial solutions can be obtained.
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