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abstract

The article generalizes to non-unimodular locally compact groups some basic facts that
were previously only known in the unimodular case. The main results concern Gelfand
measures, they determine the support of the central disintegration measure of the natural
regular representation. The proof of this result uses the notion of u-non-degeneracy of
representations.
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I. INTRODUCTION

Let G a locally compact goup, not necessarily unimodular group, dz the left Haar measure on G. A
the modular function, and G is the set of all unitary irreducible and continuous representations of G.

LHG) ={f € Li(G)] f= pxf=fep}=pxL(G)xp

MU G)={ve M (G)) v=puxv=vxpu}=p*xM(G)*pu

are respectively closed subalgebras of L1 (G) and M (G) associated to a bounded symmetric idempotent
measure L.

p is called Gelfand measure on G if and only if the algebra L}(G) is commutative. Suppose that G is
non-unimodular and p a Gelfand measure on G.

In paragraph 1, we give some definitions and fix notations.

In pragraph 2, we denote

H=L"(G)=Ly(G) « A2y
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and put (p(z)(f))(y) = f(z~'y) the restriction of the left regular representation of G' to H. Then we
prove that the representation (p, H) is - non degenerate.
In the paragraph 3, we will show that the central disintegration measure o of p is concentrated in

G, = {WE@: () 750}

II. NOTATIONS AND DEFINITIONS

Let G a locally compact goup, not necessarily unimodular group, dz the left Haar measure on G. A the
modular function, and G is the set of all unitary irreducible and continuous representations of G. K(G)
is the set of continuous functions on G with compact support. C(G) is the Banach space of continuous
functions on G with values in C. Cj(G) the Banach space of bounded continuous functions, with the
norm || f||., = sup|f(z)| for every z in G, and f in Cy(G).

Functional spaces related to the Haar measure are denoted L,(G),1 < p < co. We know that K(G) is
dense in each of the spaces Li(G) and La(G).
M, (G) the Banach algebra of bounded complex measures on G. We have:

NG)={f€Li(G)) f= pxf=[f+p}=pxLi(G)*p

M{(G) ={v e Mi(G)/ v=p*v=vxp}=p*M(G)*p

which are respectively closed subalgebras of Li(G) and M;(G).
For every complex function f of G, we have the following notations, definitions and remarks:
(1) If f and g are complex functions in L;(G) then:

frgla /f gy 'z)dy = /f(xy)g(y’l)dy-

(2) ¢ € Cb(G),f € L1(G), and v, u elements of M;(G), then:

o f v //ft‘xs (s)dp(t)dv(s)

(3) f € L1(G) and a € G, then:
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/f(ax)dx:/f(x)dx

(4) If f isa complex function on G and « is an element of G, then:

(5) If i is an element of M;(G) then:
[l == | (G) = |ul (2)

The measures /\2, T, 1*, fa, and 4p are defined as follows:
\ \
(poit) == (% 1)

(o, m) = (P, 1)

ooy = = (& 1)
(0 pa) == (a1, 1)

(Pra ) = (a1, 1)

If G// is another topological locally compact group, and if 8 is a continuous application on G with values
in G'. We denoteu’ the image measure of x4 by : it is an element of M; (G )defined for every function

¥ element of Cy(G') by:
(¥, p) = (ol p)

(6) Lo(G) is the space of square integrable functions with complex values defined on G, where we have
the product :

(f.9) = / f(2)g@)de

The support of x an element of M; (G) will be denoted by Supp(u), and H,, the closed subgroup generated
by the support of ;.We have also the following result:

If G is a topological locally compact group , g and v elements of M;(G), then u = v if and only if
(u) = m(v), for every representation 7 of G [God].

3

(7) H a Hilbert space over C which is separable with finite or infinite dimension, with the product (., .)l.
Loo(H) is the Banach algebra of linear bounded operators in H, and L is the orthogonal of L in H,
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where L is a Hilbert subspace of H.

Loo(H) and Lo(H) are respectively the space of bounded operators .

p the regular representation of a locally compact group G is by definition the homomorphism from G to
GL(L2(G)) (the group of invertible linear transformations of La(G)), which is defined for every z in G
and fin Ly(G) as follows:

(p(2)(N))(y) = fla"1y).

p satisfies:

p(st) = p(s)p(t)

p(s™) = p(s)™' = p(s)*

p(e) = I, where s and ¢ are element of G, and I the identity map of Lo(G).
We have also the following;:

Theorem and definition:
Let p an element of M;(G) such that p = pu* = p * p, then the following properties are equivalent:
(i) the algebra L} (G) is commutative
(ii) the algebra M}'(G) is commutative
(iil) for every representation 7 element of G, the operator m(y) is of rank < 1
A measure p element of M;(G) such that p = p* = p * p,with property (i), (ii), or (iii) is called Gelfand
measure on G [AKK].
As a particular case, the pair (G, K) is a Gelfand pair if and only if the normalised Haar measure of K
is a Gelfand measure on G.

III. x~-NON DEGENERACY OF THE REGULAR REPRESENTATION

Let 1 an element of M;(G) such that p=p* = p*pu

Theorem 3.1.
For every function f in La(G) we have:
1. f * AY24 is an element of Lo(G).
2. U: Ly(G) = Lao(G), f — f * AY?p is linear and continuous.
Proof. _
1. Since we have the isometry f — A~'/2f and p an element of M; (G), then we have:
px f € La(G) for every f in Ly(G), then:

A—L/2 m) _ Afl/Zf* AI/ZM* :Afl/Qf* AI/QM

(we take into account that yu = p*)

Thus, for every f in Lo(G), f * A2y is an element of Ly(G).

2. Since we have du = hd |p|, where |h| =1 p — p.p (or u = h|u|where |h| =1 u — p.p) [Die], then using
Cauchy-Schwartz inequality,

and by Fubini-Tonnelli theorem, we obtain:

|7 8120 < lull 171,

which shows that U is continuous.

Put H = LY (G) = Ly(G)* A2, then we have
Proposition 3.1.

The space H is closed in Ly(G)
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Proof.
Let (gn) a sequence of elements of H, such that

(gn) = h

In = fn * Al/Qlu

where (f,,) is a sequence of element of Ly(G),
then we have:

U(fo* A1) = U(R)

then:
(fx A2 p) 5 A2 = U(R)

ie

(fn *Al/Qp) s« AY2p — hx AV
If we take into account that u = p * 1 we obtain:

(fox AV2p) « A2 = o AV2p
Thus:

h=hsxAY?y

Which means that h is an element of H, and that H = Ly(G)

then:

the space H is closed in Ly (G).

Proposition 3.2.

For every x and y in G, and for every f element of H,the restriction of the left regular representation of
G to H, (p(x)(f))(y) = f(z~'y) is an unitary representation.

Proof.

Let f an element of H,

p(2)(f) * AY2( / Fa s ) ATV2 () dpu(2) = ( « AY2p) (2 Ly)

et ) * AV ()
Thus, fe H= p( )(f)

On the other hand, since ||p(x)(f)||y = || f(x)|| , we get that the restriction of the left regular representation
of G to H, (p(z )(f))(y) = f(z~1y) is an unitary representation.

Lemma 3.1.

f an element of K(G), and let consider the operator A; such that:

Ar (9) = f =g, for every g in Ly(G).

If we denote A’JZ the adjoint operator of Ay related to the product in Lo (G),

then we have:

(A7)(h) = f"*h

for every h in Lo(G).
Proof.
Let g and h elements of Ly(G), then we have:

(eg.)= [+ 9@h@ds = [ [ gty iwdyde = [ ([ fanaty )
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( Fubini theorem)
Then:
<Tfh*g hy = [([ flzyNgly) A~ (y)h(z)dy)dz = [([ f(zy=")A™ (y)h(x)dx)g(y)dy (Fubini theorem)

from = [ ([T Ddn)gty)y = [ ([ Fr) A (ay) (a1 )d)g )y
(regm= [ / flya—1 “1(@)h(@)da)g(y)dy
Then:
(ream = [ ([ @)@ @y = [ ([ Feohe g
e
(e = [T Ry = (g, £ 1)
Thus:

(A%)(h) = f** h, for every h in Ly(G).

Lemma 3.2.
For every g and h in Lo(G), we have:

(9, wxh)=(uxg,h).

Proof.

(g, pxh) = / o) ) () = / a(a)( / h(y=12)du(y))dz

\%
ie (g, pxh) = [g(@)([ bz y)du(y))dz
Since we have (o, T1) := (@, ),

then:
v
(g, w*hy= / /h:c Ly)da(y da:—// x)h(z™ y)dR(y))ds

and also since we have

we obtain:
v
(g, pxh)= // g(yx)h(z™H)du(y dx—// (yx)h(z)du(y
Then:
(g, w*h)y= //yx //yxd,u Nh(z)dz
Thus:

(g, pw*h) = (ux*g,h),for every g and h in Lo(QG)
For every g and h in Ly(G) that (g, u*h) = (u*g,h).
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Theorem 3.2.
The representation (p, H) is p-non degenerate.

Proof.
Let H, the closed vectorial subspace of H invariant by p, and generated by I'm(p (1))

H,={f*p xg = AY2u, f g elements of K(G)}

Let k an element of H,, such that :

<f>x< woxg x AY?p k>=0
Then, for every f and g elements of K(G), we have:

<u wgx AV2u  f k> —0
ie:

(g = (f k)x AV2u) =0
Thus for every element of K(G), we have:

p (f k)« AY2 =0

Since k is an element of H,,, which is a closed subspace invariant by p and generated by Imp(u), then
by [Kab], there exists a unit k element of H, such that: h = A-1/2h (we can take as an example,
h = A=1/2% xp, where ¢ is a unit)

Then, it is easy to see that h = A~1/2p,

Thus,
k) = AR = A2 (o) AV )
Then,
k(x) 1/2 /k y=AY2(y) A= (y)dp(y /k yz) A=1/2(yz)dp(y)
Thus,

/kyx 1/2yxdu /kyx /ky Le)du(y

Then, k(x) = px k(z)

Then we have k = 0,

ie Hy =0,

This means that the representation (p, H) is p- non degenerate.

IV. THE CENTRAL DISINTEGRATION MEASURE OF THE REGULAR
REPRESENTATION

Theorem 4.1. A
If u is a Gelfand measure, then the central disintegration measure o of p is concentrated in G, :=

{77 €G: m(p) # O}
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Proof.
Since we have in [AkK] the following:

Proposition:
If 4 € M1(G) is a Gelfand measure on the group G, and (7, H) is an unitary continuouis representation
which is p- non degenerate, then the central desintegration measure of 7 is concentrated in G, :=

{77 €G:m(p) # 0}.
Theorem 4.2.
If i is a Gelfand measure, then the representation p is type I.
Proof.
Since we have in [AkK] the following:
Proposition:
If p € M;1(G) is a Gelfand measure on the group G, then every p- non degenerate unitary continuous
representation of G is type 1.
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