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abstract

We show the conformal invariance of the Poisson-Lie group SU(2) by dressing trans-
formations. This construction gives in particular a Poisson cohomology class of the group

SU(2).

I. INTRODUCTION

Denote by SU(2), the special unitary group defined by :

SU(2):{(_QB a) /a,BeC, aa+ﬁﬁ:1}.

Let a = 2 + iy and 8 = z + it, SU(2) can be identified with the unit sphere S* in R*.
The Lie algebra su(2) of group SU(2) is defined by:

su(2) ={S € C*?/'S+S=0andTr(S)=0}.

i 0 01 0 i
(0 %)r=(ha) 2= (o)

a basis of su(2). The Lie bracket on su(2) is defined by:
(Z,X]=2Y ;[Z,Y] = —2X; [X,Y] = 2Z.

Let

The fields left invariant associated to this basis had this local expression :
X = —yOyp + 20y + 10, — 20,

Y = —20, — t0, + 20, + y0O;
7 = —td, + 20, — y0. + x0y,
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and the left invariant 1-forms are written:
a = —ydr + zdy + tdz — zdt
B = —zdx — tdy + xdz + ydt
5= —tdo + zdy — ydz + xdt.

Now, we recall the Lie-Poisson structure given on SU(2) (B%%,9). Since su(2) is simple, any Poisson

structure on SU(2) is given by a solution of Yang-Baxter equation, these solutions are of the form
Q=kXANY, EkcRL.

So any bialgebra structure of su(2) is written

p(X)=-2kZANX,

p(Y) =2kY A Z,

p(Z) =0.
Then, the Poisson Lie structure on SU(2) are given by

P(s) = Ro.Q - L.Q s€SUQ),

where R, (resp: Ls,) is the differential of the right translation (resp: right), for s in neutral element e
the group SU(2).
Then using a = x + iy, B = z + it and 22 + 3% + 22 + 2 = 1 one gets :

P(x,y,2,t) = P)YANZ+P,ZANX + PsX \Y,
then
Py, =2k(xz — yt)
Py = —2k(xy + 2t)
Py = 2k(y* + 2%).

Dressing transformation on SU(2)

In this section we recall the dressing transformation on the group SU(2) and we explicit its fundamental
fields.
As p is a Poisson tensor, the dual map of p gives a Lie algebra structure on su*(2). Recall that the
action of su*(2) in SU(2), namely dressing transformation, in the left invariant version, is a Lie algebra
anti-homomorphism :

A su®(2) — x (SU(2))
f — ng’

where E is the left-invariant 1-forme on SU(2) whose value at the neutral element e is £ and igP denote

the interior product of P by E
The Poisson action within the meaning of Lu-Weinstein is expressed by the following commutative dia-
gram (¥)XW.

su* (2) A (T SU(2)
;) . L,
AZsu* (2) AAA L T(AMT SU(2)
where, § is the transpose map of the Lie bracket on su(2) and [, ] denote the Shcouten bracket.

The fundamental vector field of the dressing action, generate the characteristic distribution of P are given
by :
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Uy =igP =PY — P, Z,
Up=izP =-P3X+PZ,
Uy = ixP = P,X — PY.

II. THE MAIN RESULTS
An algebra 1-cocycle

Our main results are given in the following theorem :
Theorem 1. There exists a linear mapping p : su*(2)) — C°(SU(2)) such hat
PAE), = u(€).P, €€ su'(2)
Let (o, 8,6) a base algebra of su*(2), p is given by :
wlaa + b6 + cd) = —2aP, — 2bP, — 2¢Ps,
with a, b and ¢ are reals.

Proof of Theorem 1
Let £ = aa + b + ¢, an element of the algebra su*(2). We have

[P,AS)] = Lae P
= aLx@) P+ 0Lx@) P + cLae P,
= G,LU1 + bLU2P + CLU3 P.

The proof of the theorem follows from:
Lemma 1. With the above notation, we have:
Ly,P=-2P,-P i=1,2,3
Proof. Using the commutative diagram (%) we get
Lo, P = [P,A@)] = A A A(8(a)),

As mentioned before, § is the transpose of the Lie bracket of su(2), then we have

5(0&) - 72’}/ A 57
thus
ANAO()) = AAN=27AB)

= =2A(7) AA(B)

= —2U3 AUy

= 2P, X — PY)A(=PsX + P, Z).
A simple calculation gives us A A A(6(a)) = —2P; - P, thus Ly, P = —2P; - P. Similarly we find
LU2P:—2P2-PandLU3P:—2P3-P. O

Now, seeing that the dressing transformation A give a representation of su*(2) on C*°(SU(2)) defined
by

su*(2) x C=(SU(2)) —s C®(SU(2))
(& f)— MO(f) =& f,

which defines a su*(2)—module structure on C*°(SU(2))
Let [, ]« denote the Lie bracket on su*(2) induced by d.P". We have
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Proposition 1. The map u is a I-cocycle of su*(2) with values in su*(2)—module, C*(SU(2)). i.e.
pl&snle) = Ep(n) —n-p(€), &m € su™(2).
Proof. For each &,m € su*(2), we have
Laemo P = Lo PLan P = Lo PLao P
this implies that

A([E,n]«) P = Ly ((A)P) — L (1(§) P)
= MEu(n)P 4 p(n) L) P — X)) p(§) P — (&) Layy P
= MEun) P + pn)p(§) P — A(m)u(&)P — u( )1() P.

A class of Poisson cohomology

The first Poisson cohomology group Hp(SU(2)) is the quotient of the space of Poisson vector fields
(i.e., the vector fields X such that Lx P = 0) by the space of Hamiltonian vector fields(i.e., vector field
of the type [P, f] =X_; ).

Let p* : SU(2) — su(2) the dual map of p defined by

VEesut(2), < ()€ >= u(€)(@).
This allows us to define the vector field X, associates to P by:

Xp(s) =R 1" (s), seSU(2).
We use the expression of p given in the Theorem 1, we find

X, = —2P,X —2P,Y —2PsZ.

We will be check that Xp does not be a Hamiltonian vector field, consequently, it defines a not trivial
element of H5(SU(2)).

Proposition 2. The vector field X,, defines a non trivial class [X,] € Hb(SU(2)).

Proof. In fact, for X, = —2P1)? - 2P2}~/ - 2P32, one gets

Lx,P=—-2Lp xP—2Lp P —2Lp, 7P.
We denote by X'p, the Hamiltonian field associated to P;, i = 1,2, 3, we have

Lpl)?p = P1L§P+XP1 /\:):(:
LP2)7P = PQLY,P-FXPQ /\z/
Ly 7P =PsLzP+ Xp, NZ.

Recall that for every left invariant field (7 L5P is a left invariant tensor, in particular we have

LgP=CLY NZ+CHhZNX +CHLXAY
L P 023YAZ+C§1ZAX+C XAY
—CRYNZ+CHZAX +CHLXNY,
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with, (CF)1<ijk<s are the structure’s constants of su*(2).
Secondly, the su*(2)—module structure allows us to write
Xp, = (.P)X + (B.P)Y + (6.P)Z, i=1,2,3,

with (a, 5,0) is a base of su*(2).

A simple calculation allows us to conclude that Lx, P = 0.

Now, we show that [X,,] is not zero. Recall that for a smooth function f € C*°(SU(2)), the Hamiltonian
field associated to f is expressed by :

X = UL(f)X + Us(f)Y + Us(f)Z.

We consider the local coordinates (u,v,w) = (y,&arctani) introduced in?%°, around the identity
e =(0,0,1), the equation Xy = Xp in this coordinates is expressed by
Uauf“i’vavfi i?(;j::j::) m&ﬂf = 2
) Py guav7wg 1 _
uuf + 00 f + B o=z Ouf = =2
udu f + 00, f = Bleny)
It is easy to see that this system didn’t solutions and then [X,] # 0 . O

A group 1-cocycle

Proposition 3. p* : SU(2) — su(2) is a 1-cocycle of SU(2) with values in su(2) i.e.,
w(sr) = Adsu™(r) + pn*(s), s and r € SU(2).
Proof. By Theorem 1, we have
wlaa + bB + ¢d) = —2aP, — 2bP, — 2¢Ps.
By definition of p*, we have
w(r) = 2P (2)X — 2Py (2)Y — 2P3(x)Z, =€ SU(2).
Recall that, the structure of algebra su(2) is given by
(Z,X] =2Y ;[Z,Y] = —2X; [X,Y] = 27,
thus
p(z) = Pu(2)[Y, Z] + P2(2)[Z, X] + P3(2)[X, Y].
We get x = exp(t£), with £ € su(2). Then, by derivative, we obtain
dep(§) = de PL(§)[Y, Z] + de P2)€)[Z, X] + de P3(€)[X, Y.

If we denote by L, the bracket on su(2), we conclude that depu* = —L o p.
On the other hand, it is easy to see that, for any &£, &2, &3 € su(2), we have

L(ad€1 (52 A 53) = ad§1 (L(£2 A 53))
It’s follows that d.u* is a 1-cocycle of su(2) with values in su(2) i.e.,

dep*([X,Y]) = adxdep™ (V) — ady dep™ (X).

since SU(2) is connected and simply connected, the proof is complete. O
As su(2) is semi-simple, by Whithead Lemma, we have
Corollary 1. There is a 1-cocycle S € su(2) such that
p'(s) =S — AdsS, seSU(2).
Indeed, we find
S=-2k.Z, keR".
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