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Abstract

The aim of this paper is to introduce the “Magnetic Laplacian” 0% ,; v > 0 acting on

v,p

differential p-forms, p = 0,1, 2, of the hyperbolic disc D, of radius p > 0 and to give the
asymptotic behaviour of its point spectrum when p — 4oo0. For p = 0 we show that it
leads to the Landau Levels of the free Hamiltonian of a spinless electron moving on the plane
under the action of a uniform magnetic field. For p = 1, we recover the point spectrum of

1

the so-called Pauli-Schrddinger operators for a particle 5-spin moving in the plane under a

constant magnetic field of magnitude 4v.
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1 Introduction and overview

On the upper half plane P with rectangular coordinates (z,y), € R, y > 0, A. Comtet (see [C])
had considered, up to a constant, the following geometrical and differential items parameterized

by p > 0 and summarized as follows!:

P={(zy) R’ / y>0}

Metric
Scalar Curvature

Volume form
Potential vector
Magnetic field

Hilbert space

Hamiltonian

S(p) = s
du(p)(w,y) = £zdady

A (p)=vp?e;, v>0
By (p) = 4vdu(p); v >0
L*(P, %;gdxdy)

2 2 2 .
H,(p) :4{7;—2(59—905—}- ;—y;) —2ivy 2 —u2p2}, v>0

4;4% (d:z:2 + dyz)

Y

Table 1
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and he had shown that the point spectrum of H,(p) in L(P, éda:dy) tends to the Landau levels
—4y(21 4+ 1); 1=0,1,2,---

that constitute the point spectrum in L2(R”, dzdy) of the following Schrédinger operator H,, (o),

s 0? 0 0 9, 9 9
H,(0) = (ﬁ + 3_112) +4\/—11/(y6—x —:ca—y) —4v*(x* +y°)

where the plane R? has been viewed as the Wick rotated form of two dimensional space-time over
which a constant external magnetic field was acting.
The Hamiltonian H,(p),

2/ 52 2
H,(p) =4{i—2(%+63—312) —2i1/y%—1/2p2}; v>0 (1.1)

describes the movement of a charged particle on P when a uniform magnetic field B, (p) is per-
pendicularly applied to the z-y plane (with B,(p) a fictitious third dimension (0,0, 4v)). Here the
magnetic field should be thought of as a 2-form B, (p) = dA,(p). Hence, when A,(p) is linear,
B, (p) is the magnitude times the volume form.

According to Comtet’s result, one can ask that what the connection (at least formal) there
exists between the Hamiltonians H,(p) on P and H,(cc) on R?. In this context, we note that
a part of the scalar curvature S(p) (see Table 1), there is no apparent formal convergence when
p — +oo of all other items on P to those on R®. But using Cayley transform C, : w — pﬁ;j,
one can get an immediate formal convergence by transforming all structures on P to the hyperbolic
disc D, of radius p > 0 (see Table 2 in section 2).

The purpose of this paper is to introduce the Magnetic Laplacians OF (resp. OP ), v >0

acting on differential p-forms of the complex disc D, (resp. complex plane C = ]Rz) and to give
explicitly their expressions (Proposition 1 in Section 2). In addition, we will establish the analogous
of the Comtet’s result in the case of the differential 1-forms by giving the point spectrum of O}, ,
and studying its asymptotic behaviour when p — +00 (see Section 3). Finally, we conclude this
introduction by mentioning some remarks:

Remark 1.1 For p = 1, one can note that the metric ds*(1), up to the factor 1/4, is exzactly
the usual Poincaré metric on P. Also the Schridinger operator H,(1) has been studied in the
Literature of both Mathematics and Physics by many authors (see, e.g., [A-H-S 1; A-P; C; C-H;
Gr; I-M]). Further, it can be rewritten in the form

8 v\ 2 62
2 2
—4y (\/—1—+—) +4y* —

and it is the same operator as the Maass Laplacian D, given by

0? 0? 0
—2(% 1+ 9 N _o/q., 2
D,=y (6;c2 + 8y2) 24/ lyyax

which plays an important role in several fields of Mathematics. Needless to say there has been much
work on it (see, e.g., [E; F; M; PJ).

Remark 1.2 The operator H,(o0) is in the form
0? 0?

+ _2) FdvLy — 42 (22 + y?)

H,(o0) = (@ By
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where Lz is the 3-angular momentum. Further, it can be rewritten in the compler coordinates
z==x+iy € C as follows:

0? o _0 21 12
4{8,282: + I/(z$ — Z&)} — 407z (1.2)

and has Landau degeneracy which, following [A-H-B 2], is a characteristic of any system of a
non-zero total charge in a constant magnetic field.

Remark 1.3 Concerning quantum mechanical magnetic bottles in the sense of [A-H-B 1], one can
note that the gauge A,(p) = 1/p2‘§/—z (resp. Ay (o0) = 2v(ydz — zdy)), canonically associated to the

metric ds®(p) (resp. ds?(oo) = dxdy), is a magnetic bottle of second kind.

2 Magnetic Laplacians on differential p-forms, p=20,1,2

In this section, we will introduce a family of differential operators of magnetic Schrédinger type
that we will calling here Magnetic Laplacians. To do this, the following table regroups some basic
notations, that we need, on geometrical elements of the complex plane C and the complex disc
D,={z=z+iy € C/|z|? = 2? + y? < p?} of radius p > 0.

onD,;p>0 on C
Hermitian metric | ds; = (1 — |%|2)_2dz ®dz ds?, = dz @ dz
Scalar curvature | S, = —I;% Seo =0
Volume form dp,(z) = 51(1 - |2[)~%dz A dz oo (2) = Y5 dz A dz
Potential vector | Ay,,(2) = vv/=1(1 = |2*)"N(zdz — 2dz) | Av0(2) = vv/~1(2dz — 2dZ)
Magnetic field B, ,(2) = —4vdp,(2) By o (2) = —4vdp,(2)

Table 2.
At once, one can note that dA, ,(2) = B, ,(2) and dA, «(2) = By,0(2). Also the magnetic fields
on D, and C have the same magnitude and same direction (perpendicular to the plane). In addi-
tion, we will consider the following spaces

onD,, p>0 on C
Space of p-forms C*(D,, AP) C>(C, AP)
Hilbert space L*(D,, AP) L?(C, AP)
Table 3.

Here we recall that a differential form w on D, (resp. on C) can be written in the following

general form
0—form 1—form 2—form

—N— Ve st ~ —T—
w(z) =foo(2) + fio(2)dz+ foa(2)dz + fia1(2)dzAdz
with f; ; are in C*°(D,) (resp. C*(C)).
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However, the Hilbert space L%(D,, AP) (resp. L?(C, AP)), p=0,1,2 is obtained as the comple-
tion of C2°(D,, AP) (resp. C°(C, AP)) the C*®-differential p-forms that are compactly supported
with respect to the natural norm ||| induced from the metric ds> (resp. ds2)) given by:

(aB)) = /D aAxB; o B €C(D,yA) 2.1)

{(a; B))

/Ca/\*ﬂ; a,B € CP(C,AP) (2.2)

where % denotes the Hodge star operator? associated to dsf) (resp. ds%)) and acts on 1, dz, dz,
dz A dZ by:

onD,, p>0 on C
—2
Xl = YA (1-12P) Tdzndz Y=Ldz A dz
*dz = v—1dz v—1dz
*dZ = —v/—1dz —/—1dz
(dz A dZ) = 2v/—1 ( H ) 2v/—1
Table 4.
Hence we have
onD,, p>0 on C
Hermtian scalar product
0-forms ((f,9)) = I, f JL—12P)72dA(z) | Jo f(2)3(2)dA(2)
1-forms ((, B)) = 2fD fa ( )dA(z)+ 2fc fa )d>\( )+
a = fadz + gadz +2fD 9a(2)75(2)dA(2) +2fcga gp(2)dX(2)
B = fsdz + gpdZ
2-forms

({(fdz Ndz,gdzNdz)) = | [, [(2)3(2)1 = |21)%dN(2) | [c f(2)(2)dA(z)

Hilbert Spaces

0-forms L*(D,, (1 — |§|2)_2d)\) L2(C,dx)
1-forms L*(D,,d\)dz & L?(D,,d\)dz | L*(C,d\)dz @ L*(C,d\)dz
2-forms L*(D,, (1 — |§|2)2d)\)dz Adz | L*(C,d\)dz Adz

Table 5

where d)\ denotes here the usual Lebesgue measure.
Now one can construct the following differential items:

2For the definition and some properties of this operator see for example W]
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onD,,p>0 on C
Exterior multiplication | (extA, ,)w = Ay, Aw (extAy 0)w = Ay oo AW
Coderivation Vy=d++v-14,, Vi, =d+v-14, «
Magnetic Laplacians O, = (Vy)*Vy + VIV | Opeo = (V5,)*' Vi + VL (VL)

Table 6.
Here d is the usual exterior derivation and the adjoint operation * is taken with respect to the
Hermitian scalar products given in Table 5.

Remark 2.1 The above operators O , and OF . are self-adjoint and elliptic second order dif-

ferential operators. Furthermore, they are invariant by some action of the appropriate group of
motions on C*°-differential forms (see [G-I 1]).

Remark 2.2 The above Laplacians corresponding to v = 0 (“no magnetic Laplacian”) reduce to
the the usual Laplace-Beltrami operator d*d + dd* acting on differential forms.

Remark 2.3 For p = 0, the Laplacian 09 , 18 unitary equivalent to H,(p) (that given on P by
(1.1)). More precisely, we have

— - sz .
w—1 f w—1
(w + z) (p ‘w+ z)
Moreover, H,(p) can be rewritten in the form —(V 4,())*V a,(p) whereV 4, () = d+v/—1ext(A,(p))

(A, (p) is as given in Table 1) with respect to the inner product

[Ds,pf](z):—zx(“""')_ H,(p) . fec™(D,)weP

w+ 1

(f.9) = /P £)ae) Lsdady: f.9€ C2(P)

Therefore, the analogous of Comtet’s result, mentioned in the introduction, holds for El?,, o

Remark 2.4 In high dimension, the intrinsic definition given to the Magnetic Laplacian (in one
dimensional see Table 6) works well. In this case the L2-Spectral theory and its asymptotic be-
haviour of such Laplacian acting only on functions (p = 0) has been completely studied by the
authors in [G-I 1] and [G-I 2]. Also for p =1, a Selberg trace formulae for heat and wave kernels
of such Laplacians “shifted” on compact forms had been established in [A-I].

Remark 2.5 By using some elementary properties of the Hodge star operator, one can establish

that x0% 4 = Dzjlf’.*. Thus the study of OF o reduces further to p = 0,1 and v > 0. More ezactly,
one can get by a straightforward computation that

02 (fdz Adz) = |(1— |§|2)*2D2,p <(1 B |§|2)2f)]dz/\d2

and
02 o(fdz Adz) = [0 fldz A dz

Hence and in view of Remark 2.3, we will concentrate to the study of the case p = 1.

Now the following proposition gives the explicit expressions in the z-complex coordinates of the
O, , and O} . (p = 1) viewed as matricial differential operators.
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Proposition 1 Let v > 0. Then the action of the Magnetic Laplacians O and O. __ on dif-

v,p v,00

ferential 1-forms w = fdz + gdz of D, and C respectively, identified here to the vector column

( g ), are given explicitly by:

f AP 0 f 1 0 i
oL (5)= (2707 sl ) (506 5)(5)

where Al®0) = —4(1 — |%|Z) { (1 - |§|2) 8222 +azl — bi%} + 4ab|z|?,  fora,be R.
i)

e (5)= (%0 &) (5) (o ) (5)

with A” = —4{8%2 + I/Z% —vz } + 402 |2|?.

i)

Sketch of the Proof. First note that O], , and O], , can be rewritten in the following forms

0, = [4dv/=1([d" entdy,] [(eatd,,)" dy ) + [estdy,, (entd,,) ]+

ol = [dd]vV/1 ([d*, extAy o] [(ext Ay 00)*, d]+) + [extAy oo, (extAy00) ]+
where [A,B]y = AB + BA is the anti-commutator operator between A and B. Second, by a
straightforward computation, using the results of Table 4 and the facts that d* = — x dx and
(extA)* = x(extA)*, we get the desired result of the proposition. (For more details see [G]).
Remark 2.6 According to Proposition 1, the matriz ( é _01 =: o3 1is the third spin-Pauli

matriz. In addition, the operators D,l,,oo give rise to the so-called Pauli-Schrédinger operators for
a spin particle in the plane C = R? moving under a constant magnetic field.

Remark 2.7 Adding to the fact that the Hilbert space L?(D,,A') (resp. L*(C,A%)) splits as
L*(D,,A') = L?>(D,,d\)dz & L*(D,,d\)dz (resp. L*(C,A') = L2(C,d\)dz @ L?(C,d)\)dz), see
Table 5, the above proposition shows that the Magnetic Laplacian D},’p (resp. D,l,’oo) can be also
splited in terms of usual differential operators acting on functions. More exactly, we have

Ok, (fdz + gdz) = [D(V{;” f] dz + [Dg?;}) g] dz

and
O} o (fdz + gdz) = [0 fdz + [0 g |z
with
D,(};)O) = A("’"+p%) —4v  and Dl(lo;)l) = A(pr%’y) + 4v
and

EI,(},ég) =A"-4v and D.(/(,)c’i)) =AY + 4y

Now, with the help of the above explicit expression of D}a 0 (resp. D}}’OO), one can do a concrete
spectral theory of such operators acting on 1-forms (for further results see [G]). We limit here to
give only its point spectrum and then to show that the analogous of Comtet’s result (p = 0) holds
also for p = 1. Namely, our main result is the following;:
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Proposition 2 Let O}, , (resp. O, ) be the Magnetic Laplacian on D, (resp. on C) as given in
Proposition 1. Then, we have

i)- The point spectrum of O, , is given by  o4(A] ) = ad(D,(,f,’,O)) U Jd(D,(,?,’,l)) with

I(l-1) 1
1,0y _ 1 } 2
oa(@0) = {81/l—4 . :1=0,1,2,--;0< I <wp +5}
1 2 . 3
(=) {8V(l+ 1) —4%; 1=0,1,2,--50<1<vp+ 5}
it)- The point spectrum of D,l,po s given by

04(000) ={8v1; 1=0,1,2,..}

1
v,p

1

i4i)- The point spectrum of O  converges to that of 0, oo when p goes to infinity.

For the proof of this proposition, we proceed as in [G-I 1] for the case of the Magnetic Laplacians
acting on functions. Essentially, it is based on the resolution of some partial differential equations
and on the computation of some integrals of special functions as Gauss hypergeometric function
and the confluent hypergeometric function (as main reference we cite [N-O]).

Remark 2.8 The point spectrum of O,  is in the form oq(0} ) = Jd(D,(,{(;g)) Uad(D,(,?(;lo)) where

0a(00D) = {8v; 1=0,1,2,..}
oa(@OY) = {8v(l+1); 1=0,1,2,---}

Remark 2.9 For p = 1 the study of L2-Spectral theory of D,l,’l can be done directly by decomposing
Dll,’l in terms of Maass Laplacians A, g that studied concretely in [B-I].
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