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I. INTRODUCTION

It is well known that Pauli-Hamiltonian HIeul
for the plane R? = C is given in the matrix form

e (1) o

HPauli — (
where H, is the usual Landau Hamiltonian that
given by

H, 0
0 H,

1 0
0

) — div(

ox

and which can be rewritten in the complex coor-
dinate z = = + iy as
3]
)= 1.

H,,=—4{ —Z4=

0z
The above Pauli-Hamiltonian describes the mo-
tion of a non-relativistic electron with spin % on
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the plane R? in the presence of the external uni-
form magnetic field of strength “42”

B =4vdzx N dy
associated to the gauge vector potential

a, = —2v(ydx — zdy); (B =da)

and applied perpendicularly to the plane R? = C.
Such Hamiltonians H*“! have been extensively
studied by many authors in different contexts of
both mathematics and physics. There has been
much interest works on them (see, e.g.,>,6, 11 and
the references therein). Some needed L2-spectral
properties of HF?% are recalled in Section 2.
Further they can be realized as differential
operator® by considering

(d + ivextd)™ (d + iwextd) + (d + ivextf)(d + ivextd)”

acting on differential 1-forms, where d denotes the
usual exterior derivative and extf is the exterior
multiplication by the real 1-form

0(z) = i(zdz — zdZ) (—vf = a).
Here * stands for the formal adjoint of the oper-
ator d + ivextf with respect to the natural Her-
mitian scalar product (.,.) induced from the Eu-
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clidean metric |dz| on the space C°(C; AL C) of C*°-
differential 1-forms that are compactly supported.
That is

(@, B) ::/a/\*,@, a,B €C®(CANC). (1.2)
C

In the integrand a A %3, * denotes the Hodge star
operator canonically associated to ds* and which
acts on differential forms of C as follows

)

*xdz = 1dZ;
*xdz = —idz;

*(dz A dz) = 2i. (1.3)

Then it is easy to see that the Hilbert space
L?(C; AY), of L2-differential 1-forms w = fdz+ gdz
w.r.t. (1.2) and which is obtained as the comple-
tion of C°(C; A1 C), consists of the couple of func-
tions (f,g) on C that are square integrable with
respect to the Lebesgue measure dm. That is,

L*(C; A') = L*(C; dm)dz & L*(C; dm)dz.

Furthermore, it is well known that the above
Pauli-Hamiltonians H'**¢ on the plane can be re-
alized as the square of a first-order differential op-
erator D¢ called Dirac-Hamiltonian (or Dirac
operator). They go back to the physicist P.A.M.
Dirac* and appear in the framework of the con-
struction of a relativistic electron theory. Further
they had received a considerable amount of atten-
tion. See for example!!, 13112 2,
Such Dirac-Hamiltonian on the plane R? associ-
ated to a gauge field

a = a1dz + asdy; diva = 0,

is defined as a selfadjoint operator by

DPiree = 5 (=i, — a1) + oo(—i0y — az), (1.4)

where o7 and o- are the selfadjoints 2 by 2 Pauli
spin matrices that obey to the anti-commutation
rule

00 +0po; = 25jkl.

As usual, d;;, is the Kronecker symbol and I is the
2 x 2 identity matrix. A complex formulation of
such operator will be presented in Section 3.

In the present work, we will derive some ele-
mentary spectral properties for the Pauli-Diarc op-
erator DDir2¢ realized as the square root of the
Landau Hamiltonian HF*“? and so associated to
the potential vector a, (Section 4). For this we
need to recall those of its square, i.e., the Pauli-
Hamiltonian H}Fau,
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II. SPECTRAL PROPERTIES OF THE
PAULI-HAMILTONIAN HPAULL,

In this section we consider for fixed » > 0 and
A € C the following eigenvalue problem

HPwwiy = M\, w e L*(CAY). (2.1)
Then, since (2.1) leads to the scalar case, it is well
established that such eigenvalue problem can be

described concretely. Namely we have

Proposition 1 Let v > 0 be fized and HE*" bpe
the Pauli- Hamiltonian acting on 1-forms. Then we
have

i) The spectrum of HF* in L2(C; A') reduces
only to the Landau levels, which occurs with infi-
nite degeneracy. More explicitly we have

Spec(HF*) = {\ = 8vl; 1=0,1,2,---}. (2.2)
it) Any smooth differential 1-form w = fdz +

gdz solution of HE*iw = Aw in L?(C; Al) can be
expanded in as follows

(2)
()

for some | € 7" with the convention that ¢”
Here the function ¢}, 1 € Z*, is defined by

w(z) = 6 (2)dz + 61 (2)dz = (

()= A
+o0 )
A= Zalel(—l;j + 1, 2V|Z|2)ZJ
=0

1
+ ) briFa(k— Lk +1;20|2%) 2"
k=0

(2.3)

such that the complex numbers a; satisfy the fol-
lowing growth condition

+oo N2
(4"

E @) '|aj|2 < +o00.
i=0 '

G0

Therefore in contract of the scalar case (i.e., the
Landau Hamiltonian on functions), one can see,
trough Proposition 1, that the spectrum of the
Pauli-Hamiltonian H?% starts at zero. And so
the L2-harmonic eigenforms of degree 1 of such
Pauli-Hamiltonian is constituted essentially of the
(1,0)-eigenforms fdz where the component func-
tion f is given by

f2)=e S a2,

j=
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where the coefficients a; in the holomorphic func-
+oo

tion Y. a;27 satisfy the following growth condition
Jj=0
400 j'
e
Z @) la;|* < +o0.
Jj=0

Now, for every fixed integer | € Z™ let denote
by As,/l paui(C) the L2-eigenspace of HY*u!¢ asso-
ciated to the eigenvalue 8vl and defined by

Paulz

AZ;J';,PG.’UJ’L {wu wE L ((C A ) = Slllw}

1=0,1,2,--.

Such Hilbert space is invariant by the action T2 of the
semi-direct group G = U(1) x C. That is

TV( o Paulz((c)> C AG pauii (O)-

This holds since the Pauli-Hamiltonian is invariant by
the action 77, i.e.,

(2.4)

v rrPauli Paulimqv
TYHP M = HPevh Ty

Above the action T, v € G, of the group G =
U(1) x C on smooth differential 1-forms w of the plane
C is defined by

[T w](2) := ju (v; )Y " w](2),

where the automorphic factor j,(v; z) is given by

z €C, (2.5)

2ivSIm(zy—1.0)
e )

Ju(y;2) =

and where v*w is the pull-back of the 1-form w by the
mapping z — 7.z with
a b
v = ( 01 ) €aqG.

Reproducing kernel of the Pauli Hamiltonian
HEP*#  Added to the invariance property (2.4), such
Hilbert spaces ABU, Pawi(C) can be spanned as

foryeG, zeC (2.6)

Y.z =az+b,

oot pauti(©) = A4u(21+1)(c)dze9~44u(21 »(©dz (2.7)
with the convention that A”Y(C) = {0} and where
AZ¥(C) is the L’-eigenspace of the (scalar) Landau
Hamiltonian H, associated to the Landau level y; =
4v(20+ 1) Therefore, it follows that the above Hilbert
space Asyl Pawi(C) admits reproducing kernel. More
exactly, we have

Proposition 2 The reproducing kernel of the L2-
eigenspace Ag;,"l,Pau“(C), where | # 0, is given by

2_Veu(zw—2w)e—u\z—w\2

s
p O
(5 9).

’CPaulz( ,U)) —
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with
p=1Fi(=l1;2v|z —w|?)
g=1Fi(1—-1;1;2v]z — w|®)

For 1 = 0 the reproducing kernel of the L*-harmonic
etgenspace Agzypau”(C) 1s reduced further to be equal to

Pauliy/ . _ 2v v(zw—Zw) —v|z—w|? 10
Kol (zw) = e e 00 )

The above proposition holds by the use of the ex-
plicit expression of the reproducing kernel of the Lan-
dau Hamiltonian H, on functions® keeping in mind
the fact (2.7). Here the reproducing kernel is taken
in the vectorial sense. That is for any L2-eigenform
w = fdz + gdz € A} p,,.;(C) we have

Y@ = [ kPetiw) (1) (wdmw)
g C g
(55 8) (1)

Jo K f (w)dm(w)

Jo K 19(w)dm(w)

where we have use the notation

Kf 0
Pauli _ v,l
K, """ (z;w) = ( 0 K- ) .

v,l

III. COMPLEX FORMULATION OF THE
DIRAC-HAMILTONIAN.

In this section, we make use complex formalism to
introduce the so-called Dirac-Hamiltonian. For this
one consider instead of the g-matrices the matrices 7;
defined by

1 i 1 .
= 5(0'1 —i02), T2 = 5(0'1 + i02)

that given explicitly by

(01 (00
'“\oo0o)> ?"\10)

Such matrices generated the same Clifford algebra as
o1 and o2, and satisfy the following useful identities

T = T2
i = 0;
12 + o1 =1

1Ty — T2T1 = 03 = diag[1, —1];
T1T2T1 = T1,
(r1+712)”

ToT1T2 = T2;

1
=71+ T2.

The gauge vector field a = a1dzx + a2dy can be written
in the form a = Aidz + A2dz =: Q with
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1
Az = Z(a1 + ia2).

1
A= (a1 —i
1 2((11 laz), 2

Finally, let consider the Wirtinger operators

0 1 . 5 0 1 .
6—5—5(630—139), 8—$—§(6x+16y)
and then set
Va=10+ Ax; Vi =id+ As.

With these data and since

—i0; — a1 = —{(i0 + A1) + (i0 + A2)}
= —{Va+Va}

and
—’Lay —as = —{(18 + Al) - (7/5 + Az)}
= —{VA - 614};

one can note that the usual scalar Schrédinger operator
H

H=H, = (—laz — (11)2 + (—’iay — (12)2
can be rewritten as follows

H=Hjs= 2{(23 + A1)(i(§ + AQ) + (15 + Az)(ia + A1)}
= 2{VA§A + ﬁAVA}
= 2[V,€A]+.

Furthermore, we can note also that we have

VaVa = (i0 4 A1) (i + As) = Aa + iAo,
VaVa = (0 + A2)(i0 + A1) = A + iAyz,

where
Aq=—00+ 1(A20 + A15) + A1A,

and where As, := 0A, and A;; := 8A;. Hence it
follows

[Va,Val. =VaVa—VaVa =i(Az, — A1z)
[Va,Vals =VaVa +VaVa =284 +i(Ass + Arz).

Here we note that 2i(A2; —A1z) =: Beomplew is the mag-
netic field, written in complex notation, derived from
the vector potential a = A. While 2i(A,, + Aiz) =:
diveompiex (A) is the divergence of a = A. Therefore
with the gauge condition on the vector potential A,
i.e., diveompiez (A) = 0, we get again

H=4A4 = —4{68 — z(A26 + Alé) — A1A2}.

Above i(A20 + A10) represents the angular momenta.
At this level one can write the Dirac operator D%
(1.4), in the complex notation as follows

D=-2{rn(0+ A1)+ (i0 + Az)}
- 0 0+ A,
- 0+ Ay 0

180

African Journal Of Mathematical Physics Vol 1 No 2 (2004)177-183

and then

D2 = 4{7’1(i5 + Az)Tz(’ia + Al) + Tz(’ia + Al)Tl(ig + Az)}
= 4{r172(10 + A2)(i0 + A1) + 7271 (30 + A1) (10 + A2)}

=4{(nm + 1m1)As +i(n1T2A2, + 211 A12)}
_ AA 0 . A2z 0
(5w )Hi (5

But since A1z = —A,, we conclude that

w38 (3 4)

which can be written out for the particular gauge vec-
tor potential

A, (z) = —w(Zdz — zdZ)

as follows

_ H, 0 10 _ Pauli
DZ_( 0 HV>—41/(0 _1)_H,, ,

where H, = 4A4, is written in the complex coordi-
nates z = x + 1y as

~ o o 0. s

Thus one can note that instead of the Dirac operator
D,

v ER,

D = —2{72(i0 + A1) + 71(i0 + A2)},

one can work with its equivalent, the Dirac operator D
defined by

D= —2{m1(i0 + A1) —I—Tz(ié—l—Az)}, (3.1)

_ 0 10 + Ay

- 10 + As 0 ’

Indeed we have D = (11 4 72)D71 +72) and D? = (11 +

72)D? (71 + 72). Thus the eigenvalue problem Dy = p)
. +

for D with ¢ = Z ) as eigenspinor is equivalent to

the eigenvalue problem
Dy = )

with the same eigenvalue p and associated eigenspinor

(3.2)

In the next section we will mainly be interested
by related spectral properties to the above eigenvalue
problem (3.2).
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IV. SOME SPECTRAL PROPERTIES OF
THE DIRAC-HAMILTONIAN

The Dirac-Hamiltonians DP"%¢ := D, as defined
above by (3.1), are elliptic first-order differential op-
erators. Also, they are densely defined on the Hilbert
space L?(C; A') and admit a unique selfadjoint real-
ization on L?(C; A') that we will denote also DY"%°,
Furthermore, they are invariant by the action of the
group of motions G of C. Indeed we have

Proposition 8 (Invariance Property).
The Dirac-Hamiltonian DP¥ ¢ is a T -invariant op-
erator. More ezactly we have

irac v a0 v irac
Dx? T'y = (0 a>T7Dz?

forallv >0 andv:(ﬁ llj)GG.

Proof. Firstly let recall that the action T2y, v € G,
of the group G = U(1) x C on differential 1-forms, is
reduced to the scalar case as follows:

T (w) = [Tf;( fdz + gdz)]
= @)1z (n]d=+ N [T (9)]dz
=a [T,’,’(f)] dz+a [T,',’ (g)]dz

which can be rewritten in the following matricial form

[T;(fdz +gdz)] = ( “? agy” ) ( g )

where we have identified the differential 1-form fdz +
gdz to the vector column (‘;) and where 7 =

a b
(20)ee

Secondly, noting that

D Do [T (fdz + gd)|

=<5fuz 3—0'/5><a€1f 63’4’)(‘{;) (4.1)

a(0 - v2)[T;(9)]

I
—

-~

Do
=

a(d+v2)[T(f)]
and using direct computation we get
8[T,',’(g)] =a? [T,',’ (Bg - Vﬁg)]
vz [Tf: (g)] =a’ [Tf,’ vzZg — u%g)] (a2)

(
5[1";( f)] =a’ [Tf; (5f + uabf)] (br)
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Hence by combining (a1) with (a2) and (b1) with (b2),
we see that the result in the above proposition holds.
Indeed

; Y0 0 0—vz
iracqv __ ~y B
D T"_(O Tl,’)(a—l—z/z 0 )

= ( g g ) TYDRiree. (4.3)

Remark 1 It is clear that, when we have restricted to
the particular subgroup Lo,

n={(31): =g

the invariance property given in the above proposition
reads simply

D) Ty = TYD. ", Vy € To. (4.4)

Now let p € R and consider the following eigen-
value problem in L?*(C; A') for the Dirac-Hamiltonian

irac
DY , L.e.,

Dy = wp, € L*(G AY). (4.5)
By AZ’,”Dimc(C), we will denote the space of such solu-

tions. That is
Zinac(© = {#; weL (G A, DYy =py}.

The equation in (4.5) is written out for ¢ = ( g ) as

{ (0 —vz)g = puf
with f,g € L*(C; dm). (4.6)

(O+v2)f =pg
For instance, one can point out some immediate facts.

Lemma IV.1 '
1) 0 s an eigenvalue of DP9 with infinite multi-
plicity.

2) The  L*-eigenforms of the  Dirac-
Hamiltonian DD of the form (g) are necessarily

in Ker(DD"o°) := {'(ﬁ € L*(C; AY); DPiracy = 0} .
3) Ker(DY"%°) = Ker(H}**'"). More precisely, we
have

+o0
Ker@P) = (1) f2) =Y a2
=0

with

4) There is non L*-eigenform for the Dirac-
Hamiltonian operator DP%¢ of the form ( 2 )

4’) If (g) is a L2-eigenform of the Dirac-
Hamiltonian DD gassociated to the eigenvalue p with

u # 0, then we have necessarily f #0 and g # 0.
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The assertions 1) and 3) holds since
. 2 . . .
‘Dlll)u"ac,lpH — (D,/Dzracw’DyDzracw> _ (Hf’aulzw,w).

While 2) is immediate by substitution in (4.6). 4) and
41) can be deduced from (4.6)and 3) easily.

Furthermore, it is easy to see that if ( ch ) is a L2-

eigenform of DP""*° with p as eigenvalue, then ( ; )

is also a L2-eigenform of HY**¥ with, this time, p? as
eigenvalue. In spite of, one can not decide for the sign
of u. The following lemma shows that both signs are
possible®. In fact, we have

Lemma IV.2 Let A be in Spec(HF**), X > 0, and
¥ a corresponding L?-eigenform of HE*, Then

i) The form DP"° 4 + /A is a L*-eigenform of
D2 with +v/\ as eigenvalue.

i) The form DD — /Ay is a L?-eigenform of
DR with —/X as eigenvalue.

Whose the proof follows immediately from the facts
that

(Dfirac )2
(Df)irac )2
As first comment, the above lemma gives a tool of con-

structing the L2-eigenforms of the Dirac-Hamiltonian
DPe¢ from those of the Pauli-Hamiltonian HFa%!,

— A= (D’IDirac + )\)(D”Di'rac _ )\)
A= (D’?i'rac _ )\)(DuDi'rac + )\)

Hence, according to the assertion i) in Proposition 1
and the above lemma, we get the following proposition
given the spectrum of the Dirac-Hamiltonian DZ"%¢.
Namely, we have

Proposition 4 (Spectrum,).

The point spectrum of the Dirac- Hamiltonian DD ¢
in L*(C; AY), with uniform magnetic field on the plane
C, is given explicitly by

Spec(D)*¢) = {+V8ul; 1=0,1,2,---}.

At this level and according to the above remarks,
one can note that for | # 0 we have the following de-
composition

g;lyl,Pauli((C) = i,r/m,Dirac(C)
2,v
®A—M,Dirac(c) @Ea (47)

where E is a non trivial space of infinite dimension. In-
deed, it contains at least the eigenforms of type ( ¢?;, ) ,

where ¢; is as given in Proposition 1.

*In*! Shigekawa had considered a general operator
Dy = DP9 + mo3, m €R.
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Furthermore, a part of the L2-harm0nip eige-
forms of DY for which we have Ker(DP"%¢) =
Ker(HF**%) we can show that for a L2-eigeform

<‘; ) of the Dirac Hamiltonian DP*"%¢ associated to

the eigenvalue pu; = £V8vl, | # 0, we have f = ¢/
and g = ¢;_;, where ¢; is as given in Proposition 1.

Thus characterizing (i; ) turn out to find the rela-

tionship between the Fourier coefficients of f and g
this will be reads in g = p; (0 + vz)f. Keeping in
mind this relation between f and g and using the har-
monic oscillator approach, instead of the resolution of
the resulting hypergeometric differential equation, one
can give a concrete description of such L*-eigenforms
involving Hermite polynomials. Indeed we get (see” for
details):

Proposition 5 (L2-eigenforms)
+V8ul for 1 # 0. Then (g) s in

A%V (D) if and only if g = p; (0 +vz)f and f can be
expanded explicitly in L*(C; dm) in terms of the Her-
mite polynomials Hy ,(2),

Let

H{ ,(2) :=

(=1)* o2V oi*e

—2u|z|2 +
@v)? gaom ) bPEZ

as follows

+oo
f(z) =Y " anHiy(2),

p=0

aip € C,

where the coefficients a;, satisfy the following growth
condition

= I'p! 2
2 e ol <+ee
j22

CONCLUSION

In this paper we have presented some spectral prop-

erties of the Pauli Hamiltonian HZ*“"*. We have seen
that 0 is the bottom eigenvalue of H*“!". Further we
have described concretely their L?-eigenforms and we
have given the explicit expression of the corresponding
L2-eigenprojector kernel. Some other spectral quanti-
ties such as the the resolvent kernel or Heat kernel can
also be given.
Furthermore we have determinate the L?-spectrum of
the associated Dirac Hamiltonian D2:"%¢, realized as
the square root of HF%*% And we have characterized
the associated L>-eigenforms. Further concrete results
on the Dirac operator, like reproducing and resolvent
kernels can be found in”

Finally let note that all previous results can be gen-
eralized to higher dimensional space easily. Also let
mention that we can proceed similarly for the case of
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the hyperbolic disc for a square root of the Pauli Hamil-
tonian ”if it exists”. But this time one must take in
account the conformal metric of the disc h™?(2)|dz|.
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