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Abstract

Generalized KdV-type and mKdV-type bilinear equations are considered. Under certain

conditions, we show that the equations have one- or two-soliton solutions. Furthermore,
some special forms of mKdV-type equations are studied in some detail. The conditions
under which 3-soliton-like solutions exist are given. Some examples are illustrated.

PACS: 02.30, 03.40K.

I. INTRODUCTION

During the past twenty years or so, Hirota bi-
linear method has become a powerful tool to find
exact solutions of nonlinear evolution equations.
In literature, there are at least different five types
of bilinear equations which arise [1-6]. For exam-
ple, the so-called KdV-type bilinear equation is as
follows

F(D,,Dy,Dy)fef=0 (1.1)
where bilinear operator D, D7 D" is defined by [7-
9]

L pm e zﬁ_i)l o _2\"
D2 Dy Dy “'b—(am oz ) \ay ~ ay

9] a\" A
X <§ - W) a(mvyvt)b(x » Y 7t )|m’=m,y’=y,t'=t (12)

and F' is an even polynomial of D,, D, and D;.
Hirota proved [7] that if F'(0,0,0) = 0, then equa-
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tion (1) always possesses the following 2-soliton so-
lution

f=1+e™+e™+ A12e771+772

where 1; = k;z+piy+qit+n7, F(ki, pi, ¢;) = 0 (i =
1,2) and phase shift A, is given by

F(ky — ko,pr — 2,01 — @2)

Ajp = —
12 F(k1 + k2,p1 + p2,q1 + q2)

In [10], one of authors generalized (1) to the fol-
lowing form

!
> Hi(Ds, Dy, Do) [Fi(3z, 3y, ) £+ [Gi (02, 0y, 00) f] = 0

k=1
(1.3)
and showed that some special forms of this equa-

tion have two-soliton solutions. In [11], Liu and
Fokas consider the following generalized form

DyDifef = (0 )& f)

i3

(1.4)

or alternatively
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D.Difef = P(awaa;)f(m:t)f(mlyt’)lm’=w,t’=t:
P(a,y) =) aijz'y’ (15)
i,J

In the following, we will consider the special form
of (2) given by

F(DwJDt76w78t)f.f =0 (16)
where F' is a polynomial of D, D;,0,,0; such
that

F (0,0,04,0:) = 0,
F(—Dw, —Dt, 890,8,5) = F(Dz, Dt,a:cyat) (17)
and
mprakal aeb= (2 _ O ym 9 _ O
D'Di0:0c avb = (57 = 50)" (5t ~ o7
9] 9 x, 0 0 '
X (3—30 + %) at ﬁ) a(@,)b(z,t)|or=z,p=¢ (1.8)

This paper is organized as follows. In section 2,
the generalized bilinear equation (4) is considered.
The conditions under which 2-soliton solutions ex-
ist are given. Some examples are illustrated. In
section 3, a generalized form of the mKdV-type bi-
linear equations is presented. Furthermore, some
conditions are obtained which guarantee the equa-
tions under consideration pass 2-, or 3-soliton so-
lution test.

II. GENERALIZED KDV-TYPE BILINEAR
EQUATIONS

Before we discuss soliton solutions of (4), we give
some examples of equations which can be written
in form (4). For example, the Burgers’ equation

Wi + WWy + Wy =0

can be written as (D,D; + D20,)fef = 0
through the dependent variable transformation
w = (Inf),. Also the Thomas equation wu,; +
uzus + auy + Bug = 0 can be written as

1 1
[Echat + §D$Dt6 +aD? + BD,D;]fef =0

by making the transformation v = In f and the
The equation u; = uz + 2v, v; = —2uv can be
written as

(D} — D, D;8y)f o f =0

by setting u (In f)¢. It is well known that
the Burgers’ and Thomas equations can be trans-
formed into linear equations [12-14].
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Now we consider the conditions under which (4)

has the 2-soliton solution
f =14+eMn +e” + A12e771+772 (2‘1)

A direct calculation shows that (4) has a 2-soliton
solution (5) provided that

F(kl,Ql,kl + 2k2,91 + 292) =0
F(kQ,QQ,kQ + 2]{}1,92 + 291) =0

(2.2)
(2.3)
where 7; = kz.’E—f-Qlt-i-n?, F(k‘l, Q;, ks, Q,) =0 and

_F(k1 — k2, Q1 — Qo k1 + ka2, Q1 + Qo)
F(k1+ ka2, Q1 + Qo, k1 + k2, Q1 + Qo)

Ar = (2.4)

To illustrate this, consider the following examples.
Ezample 1.

[D — D3 + A(3D} + D202 — 2D28; — 2D, D;8,)|f e f =0

(2.5)

It is easily verified that (9) has the following 2-
soliton solution (5) with n; = k;z + k?t + 7 and
_ (1— A)(ky — k2)?

k% + ki1ks + k% — 2A(k1 -+ k2)2

A12

In particular, when A — o0, (9) becomes
[3D% 4+ D202 — 2D%9; — 2D,D;9,)fe f =0 (2.6)

which has a 2-soliton solution with phase shift

e (825)

which is the same as that of the KdV equation
D,(Dy — D3)fef =0 with m; = kiz + k}t + ).
By the transformation w = 2(In f),, (10) becomes

k1 — ko
k1 + ko

1 1 .,
Wat + -WWE + W0 Wi — Waza

2 2
5 1
- iwi — §wwm - Z'U)?wz =0 (2.7)

A further calculation shows (10) does not exist 3-
soliton solution. Thus (11) is thought not to be
integrable in the sense of having N-soliton solution.
Ezample 2.
[D¢(D¢ — D3) + a1 D3(D3 — Dy)

+ 2Dy (D} — D)dZ]fe f =0 (2.8)

By the transformation v = 2In f , (12) becomes

ug— (1 + o1 + 02)Ugeet — (34 31 + 02)UgeUat
+ (a1 + a2)ues

+ (1501 + Ta) gz sy + (1501 + 3as)u3,

+ o (—2UpUppt — Ui Uy + 6u2,, + 2u,us,

+ 12U U Ugzs + uiuu + 3uiuiw) =0 (2.9)
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It is easily verified that (12) has the following 2-
soliton solution
f =1+eM4+e™”+ A12€m+"2 (210)

with ni = kz.’E + k?t + 7]? and

)

In particular, we consider the following three
special cases:

14201 —2as

Fprp— kiks + k2

—1-207—2a9 2
Toar—as kiko + k3

2 k%+
K2+

k1 — ko
k1 + k2

Ap = ( (2.11)

(1) a1 = 1,02 = —2. In this case,
A12 (kl - k2)2 = AIB;oussinesq

TR+ kika K2

Boussinesq
A12

Here by we mean the phase shift of the

2-soliton solution
f —14ehn 4em +Alb;oussinesqem+n2
for the Boussinesq equation (D? — D2)fef = 0,

where n; = k;z + k2t + 1.
(2) a1 = —2,a3 = 0. In this case,
k1 — ko

Az = (kl +k2)

AGPGKS we mean the phase shift of the

2 ki — kiko + k3

— ACDGKS
k2 +kiko + k2

12

Here by
2-soliton solution

f=1+em4em+ AICQDGKSenﬁnz

for the CDGKS equation (D,D; — DS)fef = 0,
where n; = k;z + k3t +n.

(3) a1 = —%,a2 = —2. In this case,
Ao = kl - k2 2 — AKdV
12 k1 + ko -2
Similarly, by AK4V we mean the phase shift of the

2-soliton solution
f=1+eM+em 4 ARV emtm

for the KdV equation (D, D;—D2)f e f = 0, where

ni = kiz + k3t + ). Furthermore, a direct calcu-

lation shows that the equation (12) in these three

special cases does not pass 3-soliton test.
Example 3.

(D28, — D}0; + aD2 + BD,D; +vD?)fef =0
(2.12)

It is easily verified that if @ + 8 + v = 0, then
(16) has the following 2-soliton solution (5) with
ni = kix + kit + 79 and arbitrary A;;. By the
transformation w = 21n f , (16) becomes
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(Wit — Waz)t = —(Wet — Wag) Wi + QWzg
+ Bwzt + ywy (2.13)

A direct calculation shows the equation (17) fails
to pass Painleve test if |a|? +|8]|% +|v|*> # 0. When
a=p3=+v=0, (17) can be transformed into

—w

Wy — War = c(T)e (2.14)

where ¢(z) is an arbitrary function of z. Further-
more (18) passes Painleve test iff ¢(z) =constant.

To sum up, (17) is thought to be integrable iff
a=f=v=0 and ¢(z) =constant. In this case,
(18) is just the Liouville equation.

So far, we have only considered solutions of the
form (5) for equation (4). Naturally, we can also
consider other types of solutions.

For example consider the equation

[D? + A1 D20, + A3 D, D;0,
+ A3D? + A,D23%fef=0 (2.15)
If we seek a solution of this in the form

f=e"+e™+ 14126"1+"2

with n; = k;z + k7t +n?, Ajs is arbitrary, then a
direct calculation shows that A, = As = —1, A3 =
A4 = § In this case, (19) becomes

(D} — D20, ~ DuDid. + 3 D} + L D22 f o f =0
(2.16)
(ln f)z: v =

Through the transformation u
—1(8¢ — 82)f/ f (20) becomes

Up = Ugp + 2UUy, — 20,
V¢ = Uggp + 2Uz

which is just first equation of the so-called two-
truncated KP hierarchy[15]. Now we consider so-
lution of the form

f —=en +e7lz +A126%(U1+ﬂ2)

with n; = k;z + k2t +n), Aja is arbitrary. A direct
calculation shows that Ay = —1,A4; = —2,A435 =
1,As = 2. In this case, (19) becomes,

1 3
[D} — D30 — 2D, D10, + 5Dy + 502051 f o f =0

(2.17)
which can be transformed into
Ut — SUggt — UggUy — 2Ugily
+ 2ugy + SUplagrs + Jul, + éumui =0 (2.18)

2

by the transformation » = 21n f.
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III. GENERALIZED MKDV-TYPE
BILINEAR EQUATIONS

In this section, we will consider the following
generalized mKdV-type bilinear equations

Pl(Dz7Dtaaw76t)F.G = 0
Py(Dy, Dy, 85, 8)F e G = 0

(3.1)
(3.2)
where P, and P, are polynomials of D,, Dy, 9,0,
and
P;(—Dy,—Dy,8x,0:) = (—1)'Pi(Ds, D, 0:,0:) (3.3)
P;(0,0,0.,0:) =0, i =1,2 (3.4)
Equations (23,24) with (25,26) have one-soliton
solution F = 1 4+ ae’”, G = 1 — ae" with n =
kx + Qt +1°, P (k,Q,k,Q) = 0. Futhermore, a
direct calculation shows that (23,24) has 2-soliton
solution

F=1+em 4™ + Aentm
G=1—¢eM —¢eM 4+ BeMmtnz (35)
with n; = ki.’L‘—I—Qit—}—’l]?, Py (ki, Q. k;,Q;) =0 and,

_ Py(ky — ko, Q1 — Qo k1 4 ko, 4 4 Qo)
Py(k1 + k2,21 + Qa, k1 + k2, Q1 + Q)

provided that

A=B

Py (k1,0 k1 4 2k2, Q4 +20Q5) =0

Py (k2,Q2, ks + 2k1, Q0 +20;) =0

In the following, we give some examples.
Ezxample 4.

{ (Dz)taz —3D3 —1iD,02+ D,0,)FeG =0
DwFOG = 0

(3.6)

has 2-soliton solution (27) with n; = k;z +k?t+n)

and
ki —ko\”
A:B:
<k1+k2>

By the transformation v = In (f/g), (28) becomes

1 _ _
Uyt — Eutaz 1(“3) - uwaz Q(Uwuwt)
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has 2-soliton solution (27) with n; = kiz + k2t +
7Y and A = B = 0. By the transformation u =
In(F/QG), v =In(FG), (30) becomes

1 1
Ugtt -UtVg + UVt — Ugzy

2 2 - §uzvzm
3 1 1
- Zui - Zuwi ~ SUsa¥s = 0 (3.9
Vgt —VUggz T UgUt — Vgz Vg
— u2v, — gy, = 0 (3.10)

In the following, we consider P;(D,, D¢, 0y, %)
= Pi(D,,D;). In this case, equation (23,24) be-
comes

Pl(Dw,Dt)FoG =0
P2 (Dm, Dt, 6$, 8t)FoG = 0
which have 2-soliton solution

F=1+¢™ +e™ 4 Aemtm
G=1—eMm —em + Bem+n2

with
N = kix + Q;t + 77?, Pl(ki,Q,') =0, (Z = 1,2)

_ Po(ky — ko, Q1 — Qo Ky + k2, Q1 + Qo)

A=B=
Py(k1 4 k2, 0 + Qo k1 + k2, 0 + Qo)

Furthermore, for special P, and P» , we have the
following results.
Proposition 1: For equations

(Dy — D3)FeG =0

Py(Dy, Dy, D,)F oG =0, Py is even, 11

if there exists a positive integer n € Z; such that

Py(ki — kj, k2 — k3, k2 — 2)

Jjo i
Py(k; + kj, k3 + k2, k2 + k2)
ki — kj) (kP — k7
:i( i) ]),i§i<j§3 (3.12)

(ki + kj) (k] + K7')

then (33) has the following so-called 3-soliton-like
solutions

F=1 + em + eTI2 + eTIS + A12e771+712
+ A13e"1+"3 +A23e"2+"3 +A123en1+n2+n3 (3.13)
G=1—eM —¢eh — ¢ 4 A12eﬂ1+n2

1 7 1
— Ugge + —umaz_l(ui) + - — 7z (Q;lui)Q =0 (3.7)+ Aj3eMT 4 Ayze™T _ A 5eM T4 (3 14)

2
Ezxample 5.

(D40y — 3D3 —1D,82 + Dy8)FeG =0
(DD — D20,)FeG =0

4 T

(3.8)

with 7; = kiz + k3t + k2y + 1 and
Py(ki — kj, K} — k3, k2 — k?)

32

U7 Pk + ky kP TR R A ED)
A123 = A12A13A23

A

(3.15)
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Proof: direct calculation.
Example 6.

(DyDy — DY)FeG =0

In this case,

2
Aij = (k, _kj>
ki + kj
therefore (35) has 3-soliton solution (34) with

ni = kiz + k3t +n) By the transformation u =
In(F/Q), v=In(FG), (35) becomes

Ut = Uggy + SUgVps + ’U/z (317)
Vgt — Uppow — 3viz — SUpUggy — 3u§vm =0 (3.18)

Example 7.

(D, — D3)FeG =0
{ (D? — D,D3)F G =0 (3.19)
In this case,

(ki — kj) (K} — k)
(ki + k) (k] + k)

Aijz—

therefore (38) has 3-soliton solution (34) with
ni = kiz + k3t +n? By the transformation u =
In(F/Q), v=In(FG), (38) becomes

Ut = Uy + SUgVsy + US (3.20)
Vit — Vpzat — MVagVst — SUgUgzt — 3U§th =0 (321)

Remark: Equations (35) and (38) are included in
the list of equations passing 3-soliton solutions[5].
Ezample 8.

{ (Dy — D3)FeG =0 (3.22)

(D,D; + 1DY)FeG =0

T

In this case,

LAY
v ki +k;
therefore (41) has 3-soliton-like solution (34) with
ni = kiz + k3t +n? . By the transformation u =
In(F/Q), v=In(FG), (41) becomes

3
Ut = Uggg + IUgUgy + Uy

Proposition 2: If F' is a solution of the KdV
equation

(DyDy — DY)FeF =0 (3.25)

and G is another solution of (44) which is related
to F' by the following Backlund transformation

(Dy — D3)FeG =0 (3.26)
D2FeG =0 (3.27)
Then (F,G) is a solution of (41).
Proof: Using bilinear operator identities
(DyDaea)b® +a’DyDibeb = 2abD,Diaeb
— Q(Dwao b) (Dta (] b)
b2 Diaea+a’Dibeb = 3D%(D2aeb)eab — abDiaeb
+3(D2aeb)? — 2(D3aeb)(Dyaeb) (3.28)
We can easily obtain from G2(D,D; — D)F+F +

F?(D,Dy — D3)G«G = 0 and by use of (45,46),
that

1
(D, Dy + 5D;)F.G =0

Therefore we have completed the proof of Propo-
sition 2.

Using this result, we can constitute some other
solutions of (41) just from solutions of the KdV
equation (44). For example, we know that the fol-
lowing solution pairs of the KdV equation (44)

(z,2° —12t), (2 —12t,2°% — 6023t — 720t?),
(z® — 602t — 720¢?, 20 — 18027t + 302400xt%) (3.29)

and
(" +e ", (1 —px)e”+ (1+px)e "),

where = pr +4p3t +n° satisfy (45,46). Therefore
they are all the solutions of (41).
FExample 9.

(D, — D3)F«G =0
(D? + 1D,D3)FeG =0

T

(3.30)

In this case,

PR
U7 o+ k) (0 + D)

therefore (47) has 3-soliton-like solution (34) with
ni = kiw + kit +n) . By the transformation u =
(828)G), v = In(FG), (47) becomes

1 3 3
Vgt + §’U$;tmx + iviz + 3uzlzys + GUiUmx + §Ui =0 (324»75 = Ugpg + SUgVpg + U:; (331)
1 3 3
Equation (41) was first considered in [5]. Here Ut + 5 Va0t + 50 Vst F 5UaUsat + 5Utlsze
we obtain the following result, 3, 9 3,
+ Euwth + Eumutvm + §uwut =0 (3.32)
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It is noted that (47) was first given by Hietar-
inta [5]. Concerning (47), we obtain the following
result,

Proposition 3: If F' is a solution of the Ito equa-
tion
(D} —D3D,)FeF =0 (3.33)

and G is another solution of (50) which is related
to F' by the following Backlund transformation

(Dy — D3)FeG =0
D,D;FeG =0

(3.34)
(3.35)

Then (F,G) is a solution of (47).
Proof: Using the following Hirota bilinear oper-
ator identities

(D?aea)b® + a’>D?beb = 2abD?aeb — 2(D;a e b)*
b¥’D3Diaea+ a*D3Dibeb = 3D%(D,Diaeb)eab

—abD3D;iaeb+ 3(D2a«b)(D;Diaeb)
- 2(Dga . b) (Dtao b)
We can easily obtain from G%(D? — D3D;)F «F +

F?(D? — D3Dy)G«G = 0 and by use of (51,52),
that

1
(D} + 5DED)F+G =0

Thus we have completed the proof of Proposition3.
Using this result, we can also obtain some other
solutions from the Ito equation (50).
Ezxample 10.

{

In this case,

(Dy — D3)FeG =0
(D2 + D8 — 2D3D,)F+G =0

Az’j:<

therefore (53) has 3-soliton solution (34) with ; =
kix + k3t +n?
Next, we consider the following type of equations

{

Concerning (54), we obtain,

(3.37)

k;j

ki — ki \’
)

ki +k

(Dy — D3)Pi(D,, D;)FeG =0, P, is odd
Py(D,,Dy)FeG =0, Py is even

(3.38

~—

Proposition 4: If P, and B, satisfy the follow-
ing conditions
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Pi(ky + ky + kg, k5 + k3 + k3) (k1 — ko) (k2 — k3) (ks — ki)
+ Pr(ky + ko — ks, kS + k3 — k3) o

(k1 — k2) (k2 + k3) (ks + k1)
+ Pi(ky — ko + k3, k3 — k3 + k3) (k1 + ko) (ko + ks) (ks — k1)
+ Py(—ky 4 ko + ks, -k + k5 + k3)
X (ki + ko) (ky — k3)(ks + k1) =0 (3.39)
and
Py(k; — kj, k} — k3, k7 — k7 e\ 2

2( ARG R b 2)=j: ki — k; L 1<i<j<3
Py (ki + kj, k3 + k3, k7 + k3) ki + k;

then (54) has the following 3-soliton-like solutions

F=1+e"+e"4e" 4 Ajpe™+m

+ A13e771+773 +A23e772+713 +A123e771+712+773 (3‘41)
G=1—¢M" —e” —e™ + Ajpemtn

+ A13e771+773 + A23€"2+n3 - A1236m+"2+"3 (342)

(3.36) with n; = k;z + k3t + 19 and

4 Py(k; — kj, &} — k’f,kf k2)
97 Py(ki + by, K2 + k3, k7 +K3)
Araz = A12A13A23 (3.43)

Proof:direct calculation. B

It is easily verified that Pi(D,Dy)
D2, D% D,D, satisfy (55) and P:(Dg,Dy)
D2,D,D, — D%,D,D; + +D? satisfy (56).Thus,
using Proposition 4, we can constitute some equa-
tions which have 3-soliton-like solution (57).

Finally we consider following-type equation

{

We have the following result,

(Dy — D})FeG =0

Py(Dg, Dy, D¢, )F e G = 0, Py iis even (3.44)

Proposition 5: For equation (58), if P, satisfies

Py(k; — k,,kf’ k;,kf k3)

Py (ki + kj, k§ + k3, k3 + k3)
k

=+ (> 1<i<j< 4
k+k) <i<j<3 (3.45)

then (58) has the following so-called 3-soliton-like
solutions

F=1+e"+e"+e™+ Appemt™ + Ajgemtms
+ A236172+713 +A123e711+n2+773

G=1-—em—e® —e™ 4 Appe™tm 4 A 3eMnt7s
+ A23e"2+"3 _A123e771+712+na (3.46)
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with m; = kiz + kPt + k}ts + 1 and

_ Po(ki — Ky, K} — k3, KD — kD)
U Po(ki 4 Ky B KR+ D)

jo i
Ajg3 = A1 A3 453 (3.47)
Proof: direct calculation.
Ezxample 11.
(Dy —D3)FeG =0
{ (DyDy + 1D8)F 4G = 0 (348)

In this case,

a = (kY
v k; + k‘j
therefore (60) has 3-soliton-like solution (59) with

ni = k,$+kl5t+7]?
Example 12.

{ (Dy — D3)FeG =0

(D? +1DD3 + LDy PG =0 49

In this case,

g (kimk 2
v ki + k‘j
therefore (61) has 3-soliton-like solution (59) with
n; = kix + k?t‘f'n?

IV. CONCLUSION

In this paper, generalized KdV-type and mKdV-
type bilinear equations are considered. We show
that the equations have one-soliton solution. The
conditions under which 2-soliton solutions exist are
given. Furthermore, some special forms of the
mKdV-type bilinear equations are considered. Un-
der certain conditions, we show that the equations
have 3-soliton-like solutions. Some examples are
illustrated. It is known there are some other types
of bilinear equations to be available. It would be
interesting to consider generalized forms of these
types of bilinear equations.
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