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Abstract

The main aim of this work is to investigate the non—commutative differential geometry
of matrix algebras Ms(C). Firstly, we give a presentation of these algebras viewed as
cyclic Manin planes M3. Then, the table of the Hodge-star operator on the invariants
is computed. Finally, the quantum group G3, its associated quantum algebra Gs and the
Wess—Zumino complex Qw z (M3;d) corresponding to Ms3(C), viewed as a cyclic Manin
plane, are constructed.

I. INTRODUCTION

In non—-commutative differential geometry, the role of the C*-algebra Ay = C°(M) of smooth complex
functions on a smooth manifold M is played by an abstract associative (not necessarily commutative)
C*-algebra A as analog of functions on non—commutative spaces,’.

From this point of view, that originates from quantum mechanics?, where the Hamiltonian vector fields
are replaced by derivations®, it is natural to consider that the non—commutative generalization of the
notion of vector field is that of derivation and that the analog of the differentiable structure is encoded in
the Lie algebra of derivations. In order to define connections on A-modules, which generalize the notion
of connections on vector bundles, and consequently to define a non—commutative differential calculus,
one needs to define a non—commutative generalization of the graded differential algebra of differential
forms. Following Connes’ procedure!, modules of sections of vector bundles generalize in finite projective
A-modules. The fact that in this generalization the Lie algebra Der(A) of derivations of A is no more
an A-module, possibly justify the existence of several non—commutative generalization procedures in the
literature (1,%,%).

Furthermore, one finds in literature variours approaches to define the notion of quantum group, (6-1°),
and non-commutative differential calculus on quantum groups, (11-14).

In'®, a detailed review on Dubois Violette’s approch to non-commutative differential calculus is presented
and some applications are discussed. The most simple non—trivial example wich was treated in this
context is the case of the matrix algebra My (C),'®. Since all derivations of this algebra are inner, the
complex Lie algebra Der(My(C)) reduces to the algebra sl(N;C) and consequently, the real Lie algebra
Derp(Mn(C)) reduces to the algebra su(N).

It is also shown that there is an operation of the Lie algebra Der(My(C)) in the graded differential
algebra Qpe, (Mn(C)) of differential forms on My (C) in the sense of H. Cartan,'7.

Choosing a basis {1,V}} of My (C) consisting of Hermitian matrices, where {V}} is a set of N2 — 1
self-adjoint traceless N x N matrices, we can define a presentation of Qp..(My(C)) associated with this
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basis. This presentation is determined as follows :

a)— Setting the multiplication table of the matrices Vj,

b)- Stating that Qf,,.(My(C)) is a My (C)-module,

¢)— Introducing a Grassmannian structure on Qp.,.(My(C)) by defining an exterior product on differential
1-forms 6, and finally,

d)— Determining the relations between the differentials of the matrices V}, and the 1-forms 6.

In order to complete the study of the non—commutative differential geometry of the matrix algebra
Mn(C), it is necessary to define the notions of integration of p—forms and of canonical Riemmanian
structure for My (C). The simple case of M>(C) has been already treated in'®.

A non—commutative differential geometry of My (C) and particulary M3(C) was determined,®, by using
the fact that the matrix algebra My(C) can be viewed as the quotiented algebra Fun,(C™)/I (of
polynomials over the quantum hyperplane) generated by the elements x, y obeying the following relations:

Y = qyx
where the ideal I is defined by :
N —yN =1

which means that ¢ is a generic root of unity, i.e. ¢ = 1.

The resulting differential algebra is the smallest differential sub—algebra of the universal differential
algebra of My (C).

The main purpose of this work is to investigate some aspects of the non—commutative differential geometry
of Mn(C) following the Dubois—Violette’s approach. The resulting differential algebra is the biggest
differential sub-algebra of the universal differential algebra of My (C). The cases N =2 and N = 3 are
treated in details.

This work is organized as follows. In section 2, we describe the space My = My (C), and in particular the
cases N =2 and N = 3, as a cyclic Manin plane. In section 3, we give a presentation of Qpe,(My(C))
relatively to some basis for an arbitrary N. In section 4, we present respectively the notions of integration
of pforms and the canonical Riemannian stucture for My(C) for an arbitrary N. In section 5, we
determine the expressions of the fundamental invariants of My (C) for the cases N = 2,3. In section
6, we construct the quantum group G3 = Fun(GL,(2))/I as the symmetry group on the cyclic Manin
plane M3 and develop its Hopf algebra structure. Here, we give an explanation for an arbitrary choice
fixed in'® for the ideal I generated by:

a=d=1 , ¥=c=0

where Z 2 is a quantum matrix generating G3. In section 7, we define the dual G3 of the quantum

group G'3 as well as its Hopf algebra structure. In section 8, we briefly describe the Grassmannian Manin
plane M3 associated with M3 and in section 9, we present the Wess—Zumino complex Qy z(M3). Finally,
the section 10 is devoted to some concluding remarks.

II. THE SPACE My = My(C)

It is well known,2°, that the algebra M of N x N complex matrices can be generated by two elements
z and y obeying the following relations :

Ty = qyz (2.1)

N =yN =1 (2.2)
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and 1 is the N x N unit matrix.

The associative (and not necessarily commutative) algebra generated by abstract elements z, y satisfying
the relations (2.1) is called the quantum Manin plane C,, or more precisely the ”algebra of polynomials
over the quantum plane”, and is often denoted by Fun,(C?) or by C,[z,y],°. We shall just call it C,.
When ¢ = 1, this algebra reduces to the commutative algebra of polynomials C[z, y] over the usual plane,
z and y being the two coordinate functions. The dimension of C; is infinite since it is generated by the
infinite set {z"y®,r,s € Z}.

Now, My is generated by elements z, y satisfying the relations (2.2) in addition to (2.1). Its dimension is
then equal to N2 and it can be considered as the quotient of the associative algebra Cy, by the bilateral
Ideal I generated by the relations 2 —1=0 , y¥ —1=0:

My = Cylz,y]/1

and with
01 .. 1.
001.. . q
01. .q2
xr = , y:
0 .01
10 .0 gVt

Thus, we shall call My the cyclic quantum Manin plane.

It is well known that the algebra My of N x N complex matrices is generated by, say, the basis
{Eij,i,j =1,2,...., N} where E;; is the elementary matrix whose single non—zero entry 1 is in position
(¢,7) and is filled with zeros elsewhere. One can also generate My by 1nxn plus the usual Hermitian
traceless matrices {V;}, i =1,2,..., N2 — 1, that generate the Lie algebra su(N) such that :

< V@,V] >= tT’(VZVJ) = 251’]’

where <, > means scalar product on su(N) and the normalisation fixed here means that for su(2) the V;
are the Pauli matrices o; and for su(3) the V; are the Gell-Mann matrices \;.
We set:

1
ViV = Gy1+ (S + 5C{;)Vk (2.3)

fj, ij are to be determined.

Using the above relation, one may deduce the quantity G;; as follows :

where the quantities G;, S

1 2
Gij = tr(ViVy) = 16i-

From the relation (2.3), we derive the following defining commutation relation of the su(N) Lie algebra:
Vi, Vj] = ij Vi
where the structure constants ij are given by :
Cijk = %W([W‘G]Vk) = Cij 'ou

and satisfy the following relations :

C,'q pij 9= 4N5z'j = 2N2Gz’j

Cij pCmnp = %(6zn63m - Jim(sjn) + 4(Szn ijmp - Sz ijnp)
Cij PCpri + Cki PCpj1 + Cjy PCpit = 0

Ciu mij kap ‘= _ZNCUP

Finally, the quantities S;; k can be determined as follows :
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{Vi, Vi} = %041 + 25;; ¥V

- 2.4
Sije = 3tr({Vi, V;}Vi) = Sij Lok (24)

They also obey the following relations :

4

Si ¥ Sjm = (2 ) 6
Ci ™Sjkm + Cji " Skim + Cri ™Sijm =0
Spi chj "Crr P = —QNSijk
2
Spi 1545 "Cri P = (%) Cijk
2
Spi 1845 "Srk ¥ = (N2;112) Sijk
| Sip 7Cjp 7 = 0.

Furthermore, the bilinear Killing form K;; of su(N) is defined by :
K(VI,VJ) = tT’(AdV,AdV]) =C; lijkl

Since the Lie algebra su(NN) is semi-simple, then K;; is non—degenerate and so is equal to d;; up to a
factor. Then, it is easy to see that the quantities G;j, Sim "Sjn ™ and Ci, "Cip, ™ are all proportional
to the Killing form. Morever, from the relation :

1 1
(Sij P+ 5Ci5 *)Gpr = w5t (ViViVi)

it is clear that the quantities Sijr = Sij ™Gmi and Cyjr, = Ci; ™Gy, are respectively totally symmetric
and totally antisymmetric.

For instance, let us recall briefly the case of the algebra Ms. Any element of this algebra can be generated
by the matrices E;;, i,j = 1,2 whose only non-vanishing entry 1 is located in position (i, j) and is filled
with zeros elsewhere. One can also consider the algebra Ms to be generated simply by the 2 x 2 unit
matrix 1 and the Hermitian traceless 2 x 2 Pauli matrices o;, i = 1,2, 3, obeying the following relation :

0;.05 = (5@'1 +i€ij kUk.

Then, one easily deduces that :

Gij = 0i5
Cij k= 2i€’lj k
S B =0.

In other hand, we know that M, is also generated by {z"y®,r,s = 0,1} where z,y satisfy the following
relations :

TY = qyr
$2:y2:1

= (Vo) 0=(6 %)

Furthermore, the above matrices E;; and the Pauli matrices o; can be expressed in function of z and y
as follows :

with ¢ = —1 and :

1=FEj +Eyp=1>=y°
or=FEp+Ey=x

09 = i(—Elz + E21) = ZQJy
o3 =FE11 —Ex»n =y

Now, let us treats the case N = 3, the algebra M3 of 3 x 3 complex matrices is generated by, say, the
basis {E;j,4,j = 1,2,3} where E;; is the elementary matrix whose single non-zero entry 1 is in position
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(i,7) and is filled with zeros elsewhere.
One can also generate M3 by 15, 5 plus the usual Hermitian traceless Gell-Mann matrices A;, ¢ = 1,2,...,8
that generate the Lie algebra su(3) :

010 0 — 0 1 0 0
M=[100].,%=(io00],x=[0-10],
000 0 0 0 0 0 O
001 00 —s 000
M=[000],x=(000],x%=[001],
100 1 00 010
00 O 1 10 0
AM=00—i] x=—[010 |,
0i 0 V3 \oo0 -2
such that :
tr()\,-)\j) = 2(5”
The relations between the above two basis are as follows :
1= (Ei1+ Ez + E33) A =Ei2+ Exn A2 =i(—FE12 + Ea)
Az =Ey — Ep M =FEi3+ E3 As =i(—E13+ E3;)
A¢ = Ea3 + E39 A7 =i(—Fa3 + E32) Ag = \%(En + Eyy — 2E33).

Moreover,the algebra M3 as a vector space of dimension nine, is spanned by the basis {z"y*,r,s = 0,1,2}
where z and y obey the following relations :

Ty = qyz
P=y>=1
withg=j=e3 and 14+ j+;2=0and:
010 100
z=(001] , y=(0gqg 0 |,
100 00 ¢2

It is easy to see that the elementary matrices F;; and the Gell-Mann matrices themselves can be expressed
in terms of z and y as follows:

E11=%(1+y+y)
E12=§(x+q zy + %)
E13=§(w +aqz %y + ¢*z%y?)
E21=§(x + 2%y + 2%9?)
E22=§(1+q y+ay?)
Ey; = §(w+qﬂvy+qy )
E31=§(x+$y+qyx)
E32_§($ + ¢*2?y + qz?y?)
Es3 = 3(1+qy + ¢*y°),
and

1:$3:y3

A = 3(z 4 oy + yPx + 27 + 2%y + 2%y?)

Ay = %(—x - @xy — v’z + 2?2 + 2%y + 22y?)

A3 =z((1-¢*)y+(1—-qy?)

M = g(wQ +qz y+q"’962y2 +x+wy+q y’T) (2.5)

As‘%( z® — qr’y — 2’y + 7 + 2y + ¢°y’w)

Ao = 3(z + gy + qv’z + 2 + ¢°2%y + qz”y?)

A = 2=z — qoy — qy’z + 2% + @2y + qzy?)

As = —=(ay + ¢°y?).
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Moreover, since the set of 3 x 3 matrices is endowed with a usual Hermitian conjugacy, it results that z
and y are unitary elements satisfying :

st=a?=z"1 | yt=4¢ -1
Let us return now to the Gell-Mann basis and we set :
2 koL k
)\i)\j = §5ij1 + (S” + §C’,~j ))\k
Then, the defining commutation relations of the Lie algebra su(3) reads:
i, Aj] = Cij * M
where the non—vanishing structure constants ij are given by :

Cia3=2i
Cia "=C28=Co5 "=C34 > =-C15%=—-C36 " = —i
Cus 8 =Cor 2 =1iV3
and verify the following relations:

Ciq PCjp T = 12635

Cij *Crinp = 3(0inGjm — 0im0jn) + (Sin PSjmp — Sim P Sjnp)

Cij PCpri + Chi PCpji + Cjy PCpat = 0

Ciu mij ’“Ckp ' = —GCU,,

Finally, from (2.4) one can derive all the quantities S;; * as follows:

1
514625157252562—524725-

L ifk=1,23
1 . \/g Zf ) <y
3_J 3 if k=4,5 s_ ) Y01 e
Sk —{2—5 ifk=67 ° S =\ "z I E=456T
~ ifk=8

III. PRESENTATION OF Qpgr(My(C))

Consider the matrix algebra My (C) generated by the basis {1,V;} defined by (2.3). The aim of this
section is to define what we call a presentation of Qpe,(Mpy)(C) relatively to this basis. The procedure

used hereunder is valid for any arbitrary N.
Let us define a basis {e;}, j =1....... N2 —1, of Derg(Mn(C)) ~ su(N), such as :

e; = ad(V;)
em(Vn) = [Vm7 Vn] = Cmn ka
[em;en] = Cmn kek-

In order to construct the graded vector space Qper(Mn(C)) of exterior forms a;, defined as linear map-
pings :

Qp Ap(DerR(MN(C’))) — MN(C)

we must first choose a basis of 1-forms and then define an exterior product on this basis. The most
convenient basis of 1-forms is the one formed by the 1-forms §* dual to the real basic derivations ey, i.e.

28



A.E.F. Djemai African Journal Of Mathematical Physics Vol 2 No 1 (2005)23-42

0™ (en) = o'1
which also verify the following properties :

V™ = 6™V, (3.1)
0™ A O™ = —6" A O™ (3.2)

for any V}, € Mn(C).
Moreover, the differential ”d” of Qpe,.(Myn(C)) is defined as :

d*=0 (3.3)
d1=0 (34)
dV(em) = em(Vi) = [Vin, Vo] = Coun *Vie = dViy = —Coun, V20" (3.5)
1
df™ = —5C™ pgb” A6 (3.6)
An element 0 of Qpe,.(Mpy(C)) defined by :
6= Z Vi0* (3.7)
k

is invariant, i.e :
Ly(6)=0
for any x € Derg(My(C)), and any invariant element of Q%,  (Mny(C)) is a scalar multiple of . This

latter is called the canonical invariant element of Qp., *(Mxn(C)). The relations (2.3 ), (3.1), (3.2), (3.5),
and (3.6) for the generators Vi, 6™ and the differential ”d” give a presentation of Qpe.(My(C)).

IV. INTEGRATION AND CANONICAL RIEMANNIAN STRUCTURE
Firstly, let us notice that all the recipients presented in this section are valid for an arbitrary N.
2
As a left My (C)-module, Qp., N’ ~1(My(C)) is spanned by the unique generator 6 A 82 A ... A OV~
Let a € Qper V=1 (Mp(C)) given by:

a=V|gl0* N6 AGN T

with V € Mn(C) and g = det(G). Let us take g to be equal to 1 since G;; is proportional to d;; and so
the (normalization) factor is irrelevant. Then, one may define the integral of o by using the trace :

/a = %tr(V) (4.1)

The linear mapping [ : Qper N2_1(MN(C)) — C is a closed trace, i.e. in addition to equ. (4.1), one
has :

/da =0 for any a € Qper N2_1(MN(C))

/ap A By = (—1)M /ﬂq A ap (4.2)
for any o, € Qper P(Mn(C)), By € Qper {(Mn(C)) and p+ g =N? —1, and :

Ly(V/]gl 0 AG* A .8V 1) =0
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for any x € Der(My(C)).

The form of the volume element /|g|6* A 6 A .....0N -1 which depends only on the choice of the
orientation of the chosen basis {V;}, looks like the volume element of a metric.It suggests the introduction
of a flat metric defined by the symmetric 2-form :

G=Gpp " 0"

which is really the analog of an invariant Riemannian metric for My (C) and we will call it the canonical
Riemannian structure . The Hodge—star isomorphism can be introduced as usual, i.e. :

w1 Q8 (M (C)) — QN 722 (M (C))

such that :
- - VIl ' '
*(0“ AN /\01;,) = mG“ v jp+1....jN2_10Jp+1 Ao ANGINZ-1
where €, . j ,_, is the totally antisymmetric Levi-civita symbol defined as usual, with €5 (ny2_1) = 1.

One also has :
*(VOTA ... ANOP) =V % (6" A ... AOP) (4.3)
*(x(0p)) = (~1)¥"Pay,  for any a, € Qpe, P(My/(C))

Moreover, one can also define on the graded differential algebra Qpe,(Mpy(C)) a scalar product between
any two real exterior forms as follows :

(-|) : Qper (MN(C)) X Qper(Mn(C)) — R
such that :

0 otherwise (i.e. if not of the same degree).

(alf) = { Janx(B) ifa,B € Qper P(Mn(C))

In view of the graded trace property (see (4.2)), has :
(a@lf) = (Bla)

and this inner product is a real positive—definite bilinear form on the real sub—space of elements of
Qper(Mn(C)). This definition can be extended to the complex p-forms as follows :

<alf >=(a”[B)

where < .|. > is a positive-definite Hermitian bilinear form on Qp..(My(C)) and ”%” is the antilinear
involution defined on it , such that:

ap *(X1, - Xp) = [ap(x1 ™ e Xp ]
d(ay) = (day)”

P

and,
(ap ABg)* = (=1)PBy "Ny ™

for any a, € Qper P(Mn(C)), By € Qper 1(Mn(C)) and x; € Der(Mn(C)).
Define now an antidifferentiation :

0: QDer p(MN(C)) — QDer p_l(MN(C))
such that :

< da|f >=< aléf > (4.5)
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One easily verifies that :

Vi =0
56% =0

and
Say = (—1)N =D =" g

Let us notice here, that the sign in the expression of da, is adjusted such that all the eigenvalues of the
the Laplace-Beltrami operator A become definite positive (see below).
As usual, one can define the Laplace-Beltrami operator A on Qpe,(My(C)) as follows :

A=dj+dd
Using equ. (4.5) and the bilinearity of< .|. >, one obtains :
< a|lAa >=< da|da > + < dalda >

Then, it follows that A is a definite—positive operator on the Hilbert space (Qper(Mpy(C));—— < .|. >),
and that any element « of Qpe,.(Mpy(C)) is called harmonic, i.e. satisfy Aa = 0, if and only if it is closed
(da = 0) and co—closed (da = 0). The set of the harmonic elements forms the kernel of A and it results
an analog of the Hodge-De Rham decomposition :

QDer (MN(C)) = dQDeT(MN(C)) S5 KGT‘(A)

V. INVARIANTS

In general, the fundamental invariants of su(N) are given by :

Iy = tr[(0)% 1] = tr[V}, Voo Vi 1070 A G2 A ... A G201

for ¥k = 2,3,....,N and 6 is the canonical invariant element defined by (3.7). In fact, Asl(N)* C
Qper(Mn(C)) is stable under x and one always has :
N
H I;_1 ~ volume element (5.1)
k=2

with Y ,(2k—1) = N2 —1.
For instance, in the case N = 2, the algebra su(2) has only one fundamental invariant :

I =tr[6®] = 12i6* A 6% A 6° ~ volume element.
Therefore, in the case N = 3, we obtain two fundamental invariants :
I = tr[03] = tr[Vi. Vi Vi )08 AO™ A O™ = Crpn0® A O™ A O™
=6i {20 NO> N> —0' NG NOT + 6" NP AT — 62 AN NOS— 0 NGO NOT
—mAwAm+WAWAW+VﬂmAWAW+mANAm”

Iy = tr[0°] = tr[Vi.Vin Vo V. V108 A O™ A O™ A 6P A 61

= %Ckm “Crp °Sapg0" AO™ A O™ N GP A G1

= NP AOBCANOT NI —2 NP A NN +02NP N0 ANOT NGB

8
=— {26*
A1
—ANPAPANOITANE NP AT NN - NP NS AT NG

+ 01/\02/\04/\05/\08+\/§(01/\02/‘\63/‘\04/\05+01/\02/\€3/\06/\07)}.
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Using (4.3), we can easily verify that :

3iv3 4
*(I) = I, and () =—21
() == (B) = 5 7l
such that the relations (4.4) and (5.1) are fulfilled, i.e. :
Mr(I)=—L , *((D) =L

Ii=L AL, ~0"ANO> NP AO* NG AO® AT A B ~ volume element

VI. THE QUANTUM GROUP G;

Let us construct the quantum group G3 as the symmetry group on the cyclic Manin plane M3 generated
by = and y satisfying (2.1) and (2.2), (see?).
Let G3 be a free associative algebra generated by the quantum matrix ( Ccl Z ) coacting on the coordinate

function doublet by left and right coactions :
x' —s (%)= or(z)\ _f(ad of%) = a®zr+b®y
v ) \y) \ély) ) \cd y ) " \coz+day
b
(@ 9) =0 @ 1) = 6n(o) n) = e )0 (& ) ) =@eatyseasttyad.

These coactions extend to the whole of M3(C') using of the homomorphism property :
6r,r(f.9) = 6r,r(f)-6r,r(9) , f,9€ Ms. (6.1)

Furthermore, imposing to the quantities z’,y’, (and z”,y”) to satisfy the same relations (2.1) and (2.2)
as z and y, i.e. :

dr(zy —qyr) =0 , Or(wy —qyz) =0

one obtains the following non—trivial commutation relations of Fun(GL4(2)) :

ab = qba

ac = qca

ad —da = (¢ — q 1)be
be=cb

bd = qdb

cd = qdc

with ¢ = j = €'2™/3, In fact, one has :
or,r(x™y") = 0p,rR(z™).0L,R(Y")
with

1®1 for m = 0 mod[3]
o™ =0 ()" =< a®z+b®y form =1 mod[3]
a® @z —?ab®@ay +b* ®y? for m = 2 mod[3]

1®1 forn = 0 mod[3]
S(y") =[0L(y)]" =4 c®z+d®y forn =1 mod[3]
Ar?—¢?cd®ry+d>®y? forn =2 mod[3]
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1®1 for m = 0 mod[3]
Or(z™) =[0r(@)]™ = zQa+yQc form =1 mod[3]

?®a® —ry®ac+y? ®c form =2 mod|3]

1®1 forn = 0 mod[3]

dr(y") =[rW)]"={ 2®b+y®d forn =1 mod[3]

@b —rybd+y? ®d* for n =2 mod|3]

and one obtains the following table :

or, OR
z? a’? ® x? 7’ ® a®
—q?ab® zy —¢’zy ® ac
+b2 @ y? +y% ® c?
7 . 2@ 02
—qPcd ® Ty —q?zy ® bd
+d’®y° +y’ @ d
Ty ac @ x> 22 ® ab
+(1—bc) ® zy +2y ® (1 — be)
+bd ® y? +y% ® cd
1 11 1®1
zy? [ac® + bd*] ® 1 1 ® [ab* + cd?]
—c®2%y 22y @b
+d ® Ty? +ry?®d
%y [a%c+ b%d] ® 1 1 ® [a?b + ¢*d]
+a® xzy +ar2y ®a
—b® zy? -y’ ®c
T aRr+bRy T®a+y®c
Y cRr+d®y r®b+y®d
2?y?|  [a®c? —bd + ¢*V’cd| @ x T ® [a*b? — cd + ¢*bc?d)]
+[b?d* — ac + ¢*abc*| ® y y ® [c?d® — ab + ¢®ab’c]
+[a?d? + ¢*bc — gb*c?] @ 2y?|2?y? ® [a2d? + ¢%bc — gb*c?]

one can easily see that, under the coactions d;, g, there are three independent subsets : {z?,y% zy} ,
{1,2y% 2%y} and {z,y,2%y}.
Using:
5L(55'3) — $I3 =1 , 5L(y3) — y13 =1 , 5R($3) — y7:3 =1 , 6R(y3) — y7:3 — 1’
One obtains the following bilateral ideal I :
ad=a, =, d+v*=1
We impose the following choice for I :

d=d=1, B¥*=S=0. (6.2)

This choice will be argumented latter, when we will discuss the Hopf nature of this ideal. Our quantum
group is then defined as :

Gs = Fun(GL4(2))/1.
The element :
D = ad — gbc = da — ¢ ‘b

is central and is called the g-determinant. If one adds the condition :
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D=1

to the above relations, one obtains the quantum group Gs = Fun(SLy(2,C))/ I. From the above require-
ment, one finds :

d=ad*(1+¢gbc) , a=(1+ qbc)d®

so that d (or a) can be eliminated. The quantum group G3 can therefore be linearly generated, as a
vector space, by the elements :

{a"b*c" | r,s,t=0,1,2}.

Then, the algebra Gs is a finite—dimensional quotiented Hopf algebra Fun(SL,(2,C")) whose dimension
is :

dim(Gs) = 3° = 2T.

Let us stress the fact that this very particular algebra G is effectively a Hopf algebra :
Product : It is the (associative) application :

m:G3®G3—>G3

mo (m®Id)=mo (Id®m) , (associativity)

defined by
m(f ® 9) = fg;
Unit : It is the application :
n:C — Gs
defined by
n(k) = k1,

mo(n®Id)=mo (Id®n) =Idg, = Idcga, = Idg,sc;
Co—product : It is the (co—associative) homomorphism :

A:G3 = G3RG;s

Alz) = X; () ® 2y
(Id®A)oA = (A®Id)oA (co-associativity)

defined by
Ala) =a®a+bQc
Alb)=a®b+b®d
Alc)=c®a+d®c
Ald)=cob+d®d
All)=1®1;
Co—unit : It is the homomorphism :
€e:G3 > C

(e Id)oA=(Id®€)o A =1Idg,
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defined by
ela) =1
eb)=0
e(c)=0
ed)=1
e(l) =1;
Antipode : It is the anti-homomorphism :
S G3 — G3

mo(S®Id)oA=mo(Id®S)oA=noe

defined by

| &
Q\

_
S8

[T | I
= |

<

)

We can easily verify that the two-sided ideal I is a Hopf ideal, i.e. :

A(I) € I ® Fun(SL,(2,C)) ® Fun(SLy(2,C)) ® I
eI)=0
S(I) cI.

In fact, from the following relations :

A@)=a*®a+P0c  €a®)=1 S@)=d=ad
AP =a® @b+ ad  eF)=0 SO)=—b=—c
AR =ced+d 3 e(c®)=0 S(®) = —c® = -b?
Ad@) = ol +ded dd)=1 () =d=d,

one can easily see, for instance, that :

0@ -1)=(@® - edode@@-No@@-1)eleole @ -1) a2’

belongs effectively to I ® Fun(SLy(2,C)) @ Fun(SL,(2,C)) ® I, and

e@®—-1)=0 }
S@-1)=d*-1=a®*-1€1.

At this level, one can explain the choice (6.2) for T by the following :
P+ =158+ =a®-=51)=1-a*>=d=1, ¥ =c=0.

Furthermore, M3 is a left and right comodule algebra over the quantum group G3, i.e. a corepresentation
space of G'3. This means that the right and left coactions :

or : M3 — G3 @ M3
O0r : M3 = M3 ® G3

must satisfy, in addition to the homomorphism property (6.1), the following extra conditions :

(Id®6L)oL(f) = (A Id)oL(f) , (e®Id)or(f)=f
(6r ® Id)6r(f) = (Id® A)Or(f) , (Id®€)dr(f)=f
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and

dr.r(l) =1g

Using one of these two coactions, one can build a set of generalized Gell-Mann matrices with entries in
the quantum group Gs, by replacing z and y by 6z r(z) and 61, r(y) respectively in the expressions (2.5).
For instance, one has :

(1-¢*)d+(1-q)d® (1-¢*)c+(¢* —q)de (1—q)c?
Ng=1/3 (1—q)c? (q—1)d+ (¢ —1)d® (1-¢*)c+(1-¢%)dc |,
(1-¢*)c+(g—1)de (1-g)¢ (@ —q)d+ (¢ — @)

qd + ¢*d* qc—dc g*c?
Ng=—1/V3 @ @d+qd® qc—qde
gc —¢*dec  ¢*c? d+d?

To obtain the matrices A\”; = dg()\;), it is sufficient to replace ¢ by b and vice-versa in the corresponding
matrices X'; = 61,(\;). In our case, where ¢ = 1, there is only one *-~Hopf structure on Fun(SL,(2,C))
given by :

a*=a , b*=b, ¢*=c , d*=d. (6.3)

VII. THE QUANTUM ALGEBRA G3

Let us now describe the quantum group Gs for which M3 is a module, i.e. a representation space.
Being the dual of the quantum group G3, it is clear that Gs is a vector space of dimension 27. So, G3
can be defined as a quotiented quantum universal enveloping algebra U,(sl(2)), the dual of the quo-
tiented quantum group Fun(SL4(2,C)). By duality, one understands the interchange of product and
co—-product and vice—versa. Let us recall that U,(sl(2)) is a complex associative algebra generated by
{HO‘XJF[BX_”’ ,a,B,v € Z}, where Xy, X_ and H are defined by duality by means of the following
pairing between generators :

<Ha>=q , <Hb>=0, <H,c>=0, < H,d>=¢*
<HYa>=q¢>, <HYLb>=0, <Hle¢>=0, <H 'd>=q
<X+,a>:0 , <X+,b>=a:1 s <X+,C>:0 5 <X+,d>:0
<X ,a>=0, <X ,b>=0, <X_ ,c>=al'=1, <X_,d>=0

where < Y,u >€ C means the evaluation of Y € U,(sl(2)) on u € Fun(SL4(2)). The second line of this
table can be obtained from the first one and the fourth column can be obtained from the others. The
c—number « is arbitrary, the only condition one finds is < X;,b >< X_,¢ >= 1. So, one can choose
< X_;,_, b S>S=a = 1.

Using this duality, let us now define the bilateral ideal J, dual to I, by :

H3=1, X.*=0.

Then, the Hopf algebra structure of Gz = U,(sl(2))/J is defined as follows :
Product: It is the (associative) application :

m:G3®Gs — G
X®Y = m(X®Y)=XY

mo (m®Id) =mo(Id®m) (associativity)

which, using the co—product A in (3, is defined by :
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<mX;®@Xs),u> = <XiXp,u> = <X1®Xp,A(u)> = Z<X1’“fl) >< Xp,ufy > -
3

This leads to the following defining relations :

HH™! = H'H =1
HXi = qi2XiH
X:tHfl — q:|:2H71X:|:
_g-1
X+X_ —X_X+ = I-é_'gl_l .
Unit: It is the application :
n C — Gs
k- fi(k) = k1

mo(f®Id)=mo(Id®7) = Idg, = ldcgg, = Idg,zc
which, using the co—unit € in G, is defined by :
<fi(l),u> = <l,u> = €e(u).

Co—product: It is the (co—associative) homomorphism :
A Gs — Q3 ® G3 _ .
X » AX) =3, X, © Xby
(Id® A)o A =(A®Id)o A (co-associativity)

which, using the product m in G, is defined by :

<A(X),U1®'LL2> = <X,uqus > = <X,m(u1®uQ)> = Z<X€1),U1 ><X(i2),u2>.
i

This leads to the following relations :

A(H) = H®H
A (Hfl) - g1 ®H71
AXy) = X4 @1+ He Xy
AX.) = 19X_+X " ®H_,
A1) = 1®1.
Co—unit: It is the homomorphism :
€:G3—~C

(€®Id)oA=(Id® &) oA = Idg,
which, using the unit n in G3, is defined by :
<X,1> = <X,7(1) > = &¢X).

This leads to the following relations :

—_ O O - =
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Antipode: It is the anti-homomorphism :

S:Gs— Gy

mo(S®Id)oA=rmo(Id®8)oA=fo¢

which, using the antipode S in (3, is defined by :

<S(X),u> = <X,S(u)>.
This leads to the following equations:
S(HY = H!
S(H™') = H
S(Xy) = —-H'Xy
S(X_) = -X_H
S1) = L

In addition, one has :

S’ (X) = HXH™! ,X€Gs
which means that :
S?(H) = H
52(H—1) — H—l
S%(Xy) = X4
S?2(X_) = q¢2X_.

Finally, Gs, as a vector space over C, is spanned by the 27 elements {H“Xf_XZ , o,p,y=0,1,2}.
Note also that the element D = X, X_ — %(q_lH + gH™1) is central and therefore plays the role of the
usual Casimir operator.

Now, let us discuss the action of G3 on Mj. In fact, since the quantum group G3 coacts on M3, there is
a natural definition of an action of the quantum algebra Gs on Mj. For instance, using the pairing and
the right coaction dg of G3 on Ms, the left action X of G3 on M3 is defined by :

Xr(2) = (Id® < X,.>)00g(z)
= (Id® < Xp,.>)(3; 2 ®uy)
= Ez < XL;ui > Ziy
for z,2; € M3, X € G3,u; € Gs.
This gives the following results :
Xr(l) = &Xgp)1
Xp(zr) = < Xp,a>z+< Xp,c>y
Xr(y) = <Xp,b>z+ < Xp,d>y

and then, one obtains the following table :

Teft| H [H T[X1 ] X_
1 (1|1 1]0]0
z |qgr|g®z| 0]y
y [@ylay [z [0

Using the pairing and the left coaction d;, of G3 on M3, one can also define the right action of Gz on M3
as follows :

Xg(2) (< XR,.> ®Id) o dr(2)
(< XR, . > ®Id)(zz u; ® Zz)

Zi < XRJu‘i > 24,
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with z,z; € M3, Xg € G3,u; € Gs.
This leads to the following equations :

Xr(1) = &Xg)1
XR(.’L') = < Xp,a>zx+ < Xg,b> Yy
Xr(y) = < Xg,c>z+ < Xp,d>y
and then, to the following table :
Right] H [H1[ X [X_
1 1100
z |qgz|qg®z|y |0
y [@Pylay [0 ] =

To obtain the (left or right) action of G3 on any generator x™y™ of M3, one may use the above definition
to deduce the following property :

Xi(f-9)
Xr(f.9)

(Ide < X1, >)0r(/)-0r(g) = ¥y, F-0F < A(Xp),uff @ off >
(< Xp,. > @Id)6(/)-01(9) = T,y < AlXn),ub @ vF > fF.gF

where f,g,fi(L’R),gJ(.L’R) € Ms, uEL’R),UJ(.L’R) € Gs, Xr,r €G3 and

Then, one obtains :

Xr(y"™) = <

= Zi sz®uﬁ ) 6R(g
([ €(X1)1

<Xp,a>z+ < Xr,c>y
<A(Xp),a®a>2>—

¢ < A(XL),a®c> zy+
| < A(X7),c®c>9y?

N

&(X1)1

<Xp,b>2+ < X, d>y
<A(XL),b®b> 22—

P <AXp),bod> zy+

<A(Xp),d®d>y?

7

-~

é(XR)1

< Xp,a>z2z+ < Xp,b>y
< A(XRg),a®a > z*—

@ < A(Xg),a®b> zy+
< A(XRg),b@b>y?

Ve

~

é(Xr)1

< Xp,c>z+ < Xg,d>y
< A(XR),c®c> 22—

® < A(XR),c®d > zy+

| < A(Xg),d®d > y?

and finally, one obtains the following tables :
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for m = 0 mod[3]
form =1 mod[3]

for m = 2 mod[3]

forn = 0 mod[3]
forn =1 mod[3]

for n = 2 mod][3]

for m = 0 mod|[3]
form =1 mod[3]

for m = 2 mod|[3]

for n = 0 mod[3]
forn =1 mod[3]

for n = 2 mod[3]
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(Left| HO [HHP] X | xP) | [Right] H#® |51 | x (P | x®]
; ‘ ‘

22 | ¢?2? qr? 0 [—@ay|| 2 |22 g’ —zy| O
v’ e’ | &y |y O v | &Y 0 |—=y
zy | wy Ty gz’ | qy? zy | wy Ty y? | o?
1 1 1 0 0 1 1 1 0 0
2% [ Pzy?| quy? %y | 1 % |z gy’ R ——y
2y g’y | P2ty | @1 [ —ay® | | 2Py [Py ]| P2’y x| 1
z qz ¢’z 0 y z qz ¢’z y 0
y | &y qy x 0 y | Py qy 0 | =z
227 22y 242 —qy | —qz 2297 | 22y 2242 —z | —y

As ¢ = 1, we stick to the Gz = Fun(SL,(2, R))/I case since it is the only one compatible with a complex
q (see (6.3)). We therefore define the star involution on M3 by :

r =T , Y =Y.

Finally, using the pairing between GG3 and Gs, one can obtain the corresponding involution in Gs. In order
to get a *—Hopf structure in the dual Gz of G, one should have,?! :

<X*u>=<X,Sw" >“ , X €Gs,u€Gs
where ”cc” means complex conjugate. This leads to the following star in G :

H*=H,H Y =H", X! =-¢X, , X* =—¢X_.

VIII. THE GRASSMANNIAN MANIN PLANE M3

We define the Grassmannian Manin plane M3 associated with M3 as the algebra generated over C' by
the element & and & satisfying the relations:

L+ 0766 =6b + 766 =0
§=6=0

It is clear that there is no need to introduce additional relations for £ and & corresponding to the ideal
Iin M3 (21).

The quantum group Gz and its dual Gz coact and act respectively on the left and on the right on Ms
exactly in the same way as they do on Mj3. The only difference is that M3 is now, as a vector space, of
dimension 3 since it is only generated by {&1,&2 and &1 &2}

For instance, one has :
5 & _(a R&E+DRE
P& c@&L+dO&

Xta) =6

IX. THE WESS-ZUMINO COMPLEX Qw z(M3s)

One constructs the universal differential algebra Q(M3) as follows. Let p be the multiplication map :
w(z1 ® 22) = 2122 , for z; and 2z € M3
and let ker(u) be the kernel of this map, i.e:

21 ® 29 € ker(p) => 2122 = 0.
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Then, the algebra Q(M3) of universal forms is the graded vector space defined by:
Q(M3) = B2,0P(Ms)

with:
QO(M3) = M3
Q' (M3) = ker(u) C M3 ® M3
QP(M3) = QI(M3) QO Ms ot (Mg) QMg weeeenne- R Ms Ql(Mg) (p times)

We shall write:
S=dr , &=dy
s0 M3 is defined by these two generators and the relations:
(dz)*=0 , (dy)*=0 , dzdy+q°dydz =0
Since Q! (M3) = ker(u), one finds that:
dim(Q'(M3)) = dim(M3 ® M3) — dim(M3) = 9> —9 =72

Hereunder, we present the Wess—Zumino complex Qu z(M3),!%. It is the only one differential algebra
on the quantum plane which is both quadratic and compatible with the coaction of the quantum group
Fun(SL,(2,0C)).

It is constructed as follows :

- Qwz = Q?;VZ @ Q%;VZ (S3) Q%VZ is a graded vector space

— QY,, = {functions on the quantum plane, i.e. the polynomials in z and y}
— Q7 = {ars2"y’de + brsz"y dy}

- 0%, = {crsa"y*dzdy}

M3 is the sub-algebra {Ago + Arodz + Ao1dy + Asadzdy} of Qw z where \;; belongs to the field of scalars.
Qwz is an algebra, and moreover a differential algebra. Indeed, setting :

dlz) =dz , d(y)=dy
d satisfy Leibniz rule
dl1=0

=0

one obtains the following relations between z, y, dz and dy are :

ry=qyr , ydz=qdvy

zdr = ¢?dex  ,  ydy = ¢*dyy
xdy = qdyzx + (¢*> — 1)dzy
(dz)?=0 , (dy)*=0

drdy + ¢*dydr =0

dimQ%/VZ (M3)

dimQ(I)/VZ (Mg)

9
18
9
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X. CONCLUSION

In this work, one has investigated the non—commutative differential geometry of My (C) and in par-
ticular M3(C).
In the last section, the dimension of Q(M3) itself is infinite (2?(M3) never vanishes)!
Moreover, it does not remember anything of the coaction of G3 on M3 (the 0—forms).
So, it is more convenient to build another differential algebra as the quotient of the universal one by
some differentiable ideal. In literature, one finds several types of these differential algebras, see??,23 24
and'®. To complete this study, it remains to give the general expression of the Laplacian A acting on an
arbitrary p—form belonging to 7, . (Mx) and then to compute the spectrum of A for an arbitrary N
and in particular for N = 2,3. we plane to treat this aspect in a future paper.
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