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Abstract

The higher - order supersymmetric quantum mechanics is very important because that
involves to differential operators of order greater than one. We use the iterations of first
- order supersymmetry transformation which are simple way for obtaining to the higher
- order case. We use the higher order supersymmetry and obtain the corresponding part-
ner hamiltonian for infinite well potential. In order to obtain the hamiltonian partner we
introduce the supercharges which are corresponding to the raising and lowering operators

for higher order supersymmetry.
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We should stress that supersymmetry in quan-
tum mechanic by factorization method is based
upon the framework of shape invariance . If one
quantum mechanic problem obtains supersymme-
try framework , we must then factorize hamilto-
nian equation quantum states in terms of a mul-
tiplication differential operator equation order one
as the shape invariance equation. In this approach,
hamiltonian is decomposed once in successive mul-
tiplication of raising and lowering operators and
also again in successive multiplication of lowering
and raising operators. In such a way that corre-
sponding quantum states of successive levels, are
eigen - states corresponding to them. These hamil-
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tonian are called partner and supersymmetry of
each other. In fact, the three sperate subject of fac-
torization method, supersymmetry quantum me-
chanic and shape invariance nowadays converged
at one point. Also we know that the most of
exactly solvable problems can be dealt with the
factorization method. Initially the factorization
method have suggested by Darboux [1], and later
the application of this method was provided by
Schrodinger in quantum mechanic [2]. Infeld and
Hull in their review article [3] showed a large va-
riety of second - order differential equations with
boundary conditions set in six different types of
factorization.The idea of supersymmetry in con-
text of quantum mechanics were first studied by
Nicolai and witten and later Cooper and freedman
et al[4]. The resulting supersymmetric quantum
mechanics revived the study of exactly solvable
hamiltonians [5]. An additional step was Mielnik’s
factorization through which the general supersym-
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metry partner for the oscillator for a certain fac-
torization energy was found [6], this method imme-
diatly applied to the hydrogen potential[7]. Mean-
while Nieto [8], Andianov et al [9] and Sukumar
[10-14] put the method on its natural background
discovering the link between supersymmetry, fac-
torization and Darboux method [15-22] for recent
review see [23]. These procedures can be recov-
ered from a general setting in which a first - order
differential operator intertwines two hamiltonians
[24]. This so - called first - order intertwing method
suggests further generalizations, the most obvious
one involves a k-th quantum mechanics .It can be
achieved by iterations of first order supersymme-
try transformation . Now we are ready to apply
those method in infinite well potential.

Let us start with two Schrédinger hamiltonians
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and suppose the existence of a first order differen-
tial operator A} intertwining them
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1 d
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From equation (1), (2) and (3) we obtain obviously
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By using equation (4) and evaluating the coeffi-
cient % and also integrating , one obtain the fol-
lowing expression

Wll + le = 2(V0 - 61). (5)
We express the explicitly form of superpoten-
tial in terms of the factorization energy € in the
wayWi(z,e1). If a function ¥(®(z) such that

Wi(z,€) = LAC used, we finally have the fol-
lowing,
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As we know ¥(¥ is a solution of the initial sta-
tionary Schrédinger equation associated to €. The
equations (1) (2) ,(3) and(7) lead us to factorized
the Hy and H; ;

HO = AlAii_ + €1 H1 = ATAI + €1. (8)

Now we are going to use the iteration method
partner for the infinite well potential and also ob-
tain the higher - order supersymmetry for the cor-
responding potential. In order to obtain the higher
- order supersymmetry , we consider the following
potential,

Vo (.Z') =0

=0

0<z<L

otherwise,

(9)

and the wave function and eigen value for the
above potential are;
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where n = 0, 1,- - -, and for simplicity we take h? =
2m = 1.

In here we want to obtain the higher order po-
tential Vi(x), Va(zx),---, so we need to know the
W and € (which are superpontial and energy spec-
trum respectively). The superpotential is very im-
portant because it will be correspond to laddering
operators AT and A.

From equations (6) and (7) we first obtain the

Wi(z,€e1) , €1 and Vj respectively
Wi(z,e1) = %cot%
q_;Q)<Em
N(@) = (1) ese? 2, (11)
and also Hy, Hy, A} and A, are;
1 d?
=322
me L e
1
= a(wrier)
A1:%<%+%ct%>. (12)
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Now we are going to higher - order wave function
and we also use the following expression;
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In order to obtain the Wy we need to know the
1119) as following,

W, er) = (15)
T,€2) = —F,
2 2 \I;§1)
we obtain
X
Wa(z, €2) = 2% cot(%). (16)

In here we also obtain the corresponding potential
Va(z)

Va(x)

Vi(z) — Wa(z,e2)'

3(%)2 cscz(%).

(17)

According to following relation one can obtain the
€2

Ho¥\? (z) = &0 (2), (18)
so we have
e =2(7)7, (19)

We note that in this case the WW; can be function
of both €; and e which obtain the following form,

79 () = exp (— /0 Wi, el)da:)
9 (2) = exp (— /0 " (m,62)d$>

In fact Wi (z,€1) is known before as function of ¢;
but we also need to obtain the Wi (z, €2).

From equation (20) we obtain the Wy (z,€3) and
the corresponding hamiltonian as the following,

(20)
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27 21z
Wl(m,ﬁg) = f cot T, (21)
and
1 d? Ty o
H2 = —5@ + 3(E) CSC (EIIJ) (22)

For the continue to do process we first to calculate
the higher order wave function which is obtained
by the rasing operator as a following

1

U2 (z) = AT T (), (23)
n — €2
where
1 d 2w T
At = — [—— 4+ Zcot = ]. 24
2 ﬁ(dm+LC°tL> (24)

In here by using the g2 (z) we also obtain the W3

)

by obtaining the W3 we can write the clear form
of V3(x) which is the following

v (z)
o) (2)
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W3 (CE’,€3) = ( (25)

6(2)2 s T2

Va(a) = 6(7)* cse? =

(26)
If we continue this process we obtain the general
form of potential which is the following,

™

T
L)2 esc? 2 + Vo1

Va(z) T

=n( (27)
And also one can obtain the operators 4,,, A} and
W, which are helping us to obtain the higher order
operators. So we are going to discuss the higher
order of supersymmetry and supercharge which is
obtained by

Bf = Af...Af

as we know the A4,, and A} in case of infinite well
potential

A= L (4 rmo T
"2 \dr L L

1 d nmw T
At = — (—— 4+ —cot = 2
f= s (catFe) e

and
™ ™
Wn(.’ll') = ’n/z cot T, (30)

by using equation (29) one can obtain the
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These operators lead to the higher - order super-
symmetry quantum mechanics and also we have to
introduce the supercharges Q and QT which is the

following,
) ). @

o~

In this treatment these supercharges give us the
standard supersymmetry algebra with two genera-
tors,

00
B, 0

[Qi7Hss] = 07 {QHQ]} = 5z'jHSS7 7'7.7 = 1727
(33)
where
_@+Q _;@-0")
Ql - \/§ ) QQ =1 \/i . (34)

By using the equation (33) and operators B, and
B} one can obtain the supersymmetry quantum
mechanics hamiltonian,

).

Hss:<

and the higher order hamiltonian also obtain as
the following

B,tB,
0

0

where
H, = A:An + €n, (37)

and the €, will be obtain by following formula,

HoU(z) = €, (), (38)
where
1 ™
€n = 5”2(5)2 (39)

From equation (37) and (39) we also obtain the
n-th hamiltonian,

1

d2

" da?

+(n+ l)n(%)2 s

7). o)

by using the hamiltonian one can obtain the higher
order hamiltonian for the infinite - well potential,
(¢ &)

HY =1\ " H,

(41)
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ZA]]so we conclude that the mentioning to this kind

higher supersymmetry method in non - linear
equation in mathematical physics will be good
p%ééﬂess in future and also very fruitful along the
research. Also by using this method we can solve
the other system as non-linear differential equation
which is corresponding to non - linear potential.
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