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Abstract

We introduce and study the basic notions of polarized Poisson manifold and the vectorial polarized Poisson
manifold which give a sense to the Poisson structure subordinate to a polarized manifold in the sense of P.Molino
and to a k-symplectic manifold respectively, and which generalize the classical case of the Poisson manifold.
And also, we show that for any vectorial polarized Hamiltonian mapping, the associated generalized Hamiltonian
system of Nambu and the polarized Hamiltonian system are connected by relations characterizing the mechanical

aspect of the k—symplectic geometry.

Keywords: Polarized manifold. Polarized Poisson manifold. k-symplectic structure. Vector polarized
Poisson manifold. Poisson manifold. Hamiltonian system. Generalized Hamiltonian system of Nambu.

M.S.C. (2000) : 53C12, 53D05, 58D12, 53D17, 538Dzz, 53205

I. INTRODUCTION

A polarized structure on an even dimensional
smooth manifold M is a pair (8, E) constituted by
a closed differential 2—form 6 of maximum rank
and by an n—codimensional integrable subbundle
E of TM which is Lagrangian with respect to the
2—form 6.

The notion of a polarized manifold plays an im-
portant role in theory of the geometric quantiza-
tion of Kostant-Souriau, see for example P.Molino
(8) and N.Woodhouse'?). Interesting properties
were putting in evidence by A. Weinstein, P. Da-
zord, J.M. Morvan, P. Molino, etc,...

The polarized Hamiltonian mappings of (6, E)
constitute a submodule #H (M,F) of C*® (M) of
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smooth real functions on M over the ring of ba-
sic functions for F. The Poisson tensor P associ-
ated to the symplectic structure 6 is, in addition,
zero on the annihilator E° of E and verifies the
following relation :

P (dH,dK) € H (M, F) for all H,K € H (M, F),

which led us to introduce in this work the notion
of polarized Poisson structure on a foliated mani-
fold, allowing to study the properties of these new
objects and to find a usual Poisson manifold in the
case where F is the trivial foliation of dimension 0
in which the leaf F, passing through z is reduced
to {z}.

Let us call back that one of the main motivations
which led to introduce the notion of k—symplectic
structure, as extension of the geometry of polariza-
tion (*), is to propose a geometric support of the
equations of Nambu (1°), in analogy with the well
known symplectic geometry as support of classic
Hamiltonian mechanics. Some properties of the
Poisson structure subordinate to a k—symplectic
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manifold have led us to put in evidence the no-
tion of vectorial polarized Poisson structure; for
a fixed finite dimensional real vector space V,
this last structure is defined on a foliated man-
ifold (M,F) by a pair (X (M,F),P), such that
H (M, F) is a submodule of the space C* (M,V)
of V-valued smooth functions on M, over the ring
of basic functions for the foliation F, and P is
C*> (M) —bilinear antisymmetric mapping

P: /\1 (M, V) x /\1 (M,V) — C>= (M,V)

allowing to find usual case for V = R.

In the last part of this work, we put in evi-
dence, some links between the Hamiltonian sys-
tem and the generalized Hamiltonian system of
Nambu associated to a same Hamiltonian map-
ping H € H(M,F),where (H(M,F),P) is the
Poisson structure subordinate to the k—symplectic
structure.

In all of the following, smoothness should be un-
derstood to mean C'°°. The manifolds considered
are Hausdorff and second countable.

II. POLARIZED POISSON MANIFOLDS

A. Definitions

Let M be a smooth manifold of dimension n
equipped with a foliation F of dimension m and let
FE be the m—dimensional integrable subbundle of
T M defined by the tangent vectors to the leaves of
F . We denote by I'(E) the set of all cross-sections
of the M—bundle E — M, A, (M) the space of
all differential r—forms on M and E° the annihi-
lator of E.

Recall that a smooth real function f on M is
said to be basic for F if, for each Y € I'(E), the
derivative Y (f) of f along Y is identically zero;
this is equivalent to, f is constant on each leaf of
F.

The set of basic functions for F will be denoted
by B(M, F). It is clear that B(M, F) is a subring of
C*> (M) of all real smooth functions, and C* (M)
is a module over B(M, F).

Let us begin with the case where M is of di-
mension 2n, equipped with a real polarization
(0, F), that is, € is a symplectic form on M and
F is a Lagrangian foliation. The Darboux the-
orem shows that every point of M has an open
neighborhood U with local coordinates system
(«',...,2™y,...,y"), such that 0 = dz’ Ady' +
...+ dz™ Ady™ and the foliation F is defined on U
by the equations dy' = ... =dy™ = 0.
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A Hamiltonian system X of the symplectic
structure @ is said to be polarized, if in addi-
tion, X is foliate for the subbundle E, that is,
for all cross section Y € T'(E), the Lie bracket
[X,Y] belongs to I'(E); locally, on an open
neighborhood of each point of M, there exists a
smooth real function H, such that i (X)6 = —dH.
With respect to an adapted coordinates system
(z',...,2™,y,...,y"), the mapping H takes the
form :

H=> ay',...,y"z" +b@',....y") (2.1)
i=1

where aq,...,a,,b are basic functions for F.

A smooth mapping H : M — R is said to be
a polarized Hamiltonian mapping if there exists a
polarized Hamiltonian system Xy € X (M) such
that i (Xg) 60 = —dH. We denote by H (M, F) the
space of all polarized Hamiltonian mappings.

Recall that, by the symplectic duality ¢ : X —
i (X) 0, between the tangent bundle TM and the
cotangent bundle T*M, we associate to 6 a non
degenerate bivector P (the Poisson tensor) defined
by :

P(a,f)=0(¢" (), ¢ (B) foralla,Be A\ (M),

and, we have an antisymmetric linear mapping P :
A, (M) — X (M), given by

(B, P(a)) = P(a,p)-

We observe here that we have the following prop-
erties :

1. H (M, F) is strictly contained in C*® (M),

2. H(M,F) is a submodule of C*® (M) over
the ring B(M,F) of basic functions. On
an open neighborhood U of M, en-
dowed with an adapted coordinates system
(zt,...,z™ 9t .. y"), H(U,Fu) is a free
submodule of C* (U), over B (U, Fy), of fi-
nite type of rank n + 1, spanned by the real
functions z!,...,2", 1. The associated Pois-
son tensor P is given by

P= A — 2.2
z-; oz " By 22
and we have P(dz') = a?ﬂ’ P(dy’) = _a?;i'

Let (M, F) be a foliated manifold, let # (M, F)
be a submodule of C* (M) over B(M,F) and
P: A, (M)x A, (M) — C> (M) be an antisym-
metric C* (M) — bilinear mapping. We say that
(H (M, F),P) is a polarized Poisson structure on
M, if the following properties are satisfied :
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1. for all o, 8 € E°, P(a,fB) =0,

2. for all H{K € H(M,F), P(dH,dK) €
H(M,F),

3. the correspondence (H,K) — {H,K} =
P (dH,dK), from H (M,F)xH (M, )w
values in H (M, F) confers to H (M, F) a
of Lie algebra,

é

4. each H € H (M, F) corresponds to a vector
field X g such that :

<dKaXH> =Xu (K) = {HaK}
for all K € H (M, F), this vector field is de-
fined by Xg = P (dH).

We observe that we have P (df,dg) =
f,9 € B(M,F).

Let (% (M, F),P) be a polarized Poisson struc-
ture on a smooth manifold M equipped with
a m—dimensional foliation F. Since the bivec-
tor P is zero on the annihilator FE°, then,
with respect to an adapted coordinates system
(z',...,a™,y',...,y"™™) defined on an open U,
we have :

P:; (9$’

0 for all

ZA”:vy ZB”:Uy

(2.3)

where A% = P (dzt,dz) {zi,27}, Bl =

P(dz',dy’) = {a',y’} and P(dy',dy’) =
{y*,y?} = 0. The Jacobi identity is equivalent
to :

DA™ DA™ B8A%

re At u— “ayv Bt’u + oz Anr

8At’l‘ BS’U —_ 0
- )

BBSt BT

Byv

yv
BA v 314 us __
s BT+ 5o A
BA™° put BB” ur
Yo B+ A

(2.4)

Bz" Aus + BB Bsv = 0

8B"° Aut _ us _
B™ gut _ OB pus — g,

B. Model polarized Poisson manifolds

Consider the real space R* = R™ x R*™
equipped with the p—dimensional foliation F
defined by dy! = ...dy"™ = 0, where
(«',...,a™,y*,...,y" ™) are the Cartesian here
the coordinates system.

Let (% (M, F),P) be a polarized Poisson struc-
ture on R™. The bivector P takes the form (2.3)
and satisfies the equations (2.4), and H (M, F) is
a submodule of C* (R") over the ring B (R™,F)
of basic functions. We give now some examples of
polarized Poisson manifolds.

6
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. Let H (R",

1. Let H (R",F) be the B (M, F) —submodule

of C* (R™) spanned by the constant func-
tion 1, thus H (R",F) = B(R",F). Then
the pair (# (M,F),{,}) is an abelian Lie al-
gebra.

. Let H (R",F) be the B (M, F)—submodule

of C* (R™) spanned by the real functions
1,z%,...,2™. Each element H of H (R",F)
has the form :

m
H= Zai(yl,...,yn_
i=1

™zib(y', ..., y" ™)

where a1, ..., an,b are basic functions for F.
One finds here the case of polarized Hamil-
tonian mappings for n = 2m.

F) be the B (M, F)-submodule of
C*® (R™) spanned by 1,z'z? (1<i,j<m).
Each element H of H (R",F) has the form :

m
H = Zaij(yl,...,yn_
=1

where a;; (1 <4i,5 <m),b are basic func-
tions.

C. Remarks

. If the foliation F has a dense leaf, then

only basic functions are constant, conse-
quently, H (M, F) is a real vector subspace
of C*® (M).

. The polarized Poisson structure subordinate

to a real polarization is the polarized Pois-
son structure defined on a polarized manifold
(M;0, E) by the space H (M,F) is formed
by the polarized Hamiltonian mappings, and
P is the Poisson tensor associated to 6.

. Let M be a smooth manifold equipped with

the trivial foliation F of dimension 0 whose
the leaf F, passing through the point z is
reduced to {z}. The ring B (M, F) coincides
with C* (M) of all smooth functions, conse-
quently H (M, F) is a C* (M)-submodule of

C>® (M) . Let us give here some fundamental
examples :
(a) H(M,F) = (0), this case corresponds

to the trivial Poisson structure,
(b) H(M,F) = C> (M) this case corre-
sponds to the classic Poisson manifold,
(c) H(M,F) is an ideal of C> (M).

PEELVTNIRT
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4. Consider now the case where M is connected
and equipped with the trivial n—dimensional
foliation,where n dim M. In this case,
the basic functions are constant on M, then
B(M,F) = R, consequently, H (M,F) is
a vector subspace of the real vector space
C>® (M).

III. VECTORIAL POLARIZED POISSON
MANIFOLDS

A. Vectorial polarized Poisson tensor

Let M be an n—dimensional smooth manifold
equipped with a foliation F of dimension m and
let V be a real vector space of dimension k.

Let us fix a basis (e,);.,«, of V with dual ba-
sis (W) < <y » and let A} (M, V) =\, (M) @V
be the space of V —valued differential forms of de-
gree 1, that is, the space of elements of the form
a=a'®e +...+a" ®e, where o', ..., " are
Pfaffian forms on M. Locally, on an open neigh-
borhood U endowed with local coordinates system
(z!,...,3"), each element a € A, (M, V) has the

form :

kE n
ay = Z Za?dwi ® e,

r=1 i=1

where o} : U — R are smooth mappings.

We denote by EY, the annihilator of the subbun-
dle E in A, (M,V), it is the space of V —valued
1—forms on M vanishing on the cross sections of
E.

Let H (M, F) be a submodule of C* (M, V) over
the ring B (M, F), and let

P: /\1 (M,V) x /\1 (M,V) — C= (M,V)

be an antisymmetric C*° (M) —bilinear. We say
that (H (M,F),P) is a vectorial polarized Pois-
son structure on M, if the following properties are
satisfied :

1. P(o,p) =0forall a,p € EY,

2. for all HK € H(M,F), P(dH,dK) €
H(M,F),

. the correspondence (H,K) +— {H,K} =
P (dH,dK) , from H (M, F) x 1 (M, F) with
values in H (M,F), confers to H (M,F) a
law of Lie algebra,

.each H € H(M,F) corresponds to a vector
field X g such that :
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(dKaXH) = {H7K};

for all K € H (M, F).

P will be called a vectorial polarized Poisson ten-
Sor.

Let us consider an open U of M en-
dowed with an adapted local coordinates system
(«',...,a™,y',...y""™) . Since P is zero on the
annihilator EY, of the subbundle E in A, (M,V),
then the tensor P has the form :

. o} o}
— Aiir P q
P = Al ((6$i®w)/\(axj®w))®er (3.1)
+BHT ( ( a. ®w”)/\(i Qw?) | ®e, (3.2)
Pg \ ozl Oyi "

where A¥T = P (dz'®ep,dzi ®e,), BT =
P (dz' ® ep,dy’ ® e4) and P" are the components
of P. The relation P (a,3) = 0 for all o, € EY,
implies that we have P (dy’ ® e,,dy’ ® e4) = 0.
The Jacobi identity is equivalent to

abr abr ber
g B + P Al — S BYIY =0,
Tk Bley + Y Alsy — S B
S A + S BT =0,
o Ally — Z5ue Bl = 0.

(3.3)

For each element o € A; (M,V) we can asso-
ciate a C* (M) —linear mapping

P(a,): \, (M, V) — C> (M, V)

such that P(a,.)(8) = P(a,B) for each 8 €
A, (M,V), the linear mapping P («,.) coincides
with the vector field P (a) for k = 1.

In the general case, we have a canonical linear

mapping

21 X (M) — Lewany (N, (M,V),C% (M, V))

defined by :

k

k
EX)(B)=(6,X)=) B (X)ey=) (8" ®e)(X)

p=1

for all X € X(M) and B = Yk proe, €
A, (M,V). The mapping = is injective and it is
an isomorphism if and only if £ = 1. In particular,
(dK,2(Xn)) = P(dH,dK) = {H,K} for each
KeH(M,F).
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B. Vectorial polarized Poisson structure
associated to a k—symplectic structure

Let M be an n(k 4+ 1)—dimensional smooth
manifold equipped with an n—codimensional fo-
liation F, let @',...,8% be closed differential
2—forms on M and let E be the subbundle of T'M
associated to F.

For
each £ € M, we denote by C,(6Y),...,C,(6%)
the characteristic subspaces of 81,...,8% at z, re-
call that C(6?) is the set of X, € T, M such that
i(X;)0? = 0 and i(X,)d0? = 0 where i(X,)6? is
the interior product of X, by the 2—form 6P .

And also, we recall that (6',...,6%: E) is a
k—symplectic structure on M if for each z € M,
the following properties are satisfied :

1. Co(8") N---NC,(8%) = {0},

2. 7(X,Y) =0 forall XY € '(E) and p =
1,....k.

The Darboux theorem shows that, for any point
of M, there is an open neighborhood U of M
containing this point, with a local coordinates sys-
tem (.’L‘pi,.'lii)lspSk’lgisn such that the differen-
tial forms 6P are represented on U by GfU

dzP! Adz' +. ..+ dzP" Adz™ and the subbundle E
is defined by the equations dz! .=dz" =0
(see for example!,? and*).

A vector field X on M is called a Hamiltonian
system if X is an infinitesimal automorphism for
F and for the 2—forms 67; that is, if X is foliate
for F and Lx0' =... = Lx6* =0.

The Poincaré lemma shows that around each
point of M, there exists a smooth mapping H :
U — R* whose components HP? verify i(X)§P =
—dHP.

A Hamiltonian system X is called strongly if
there exists a smooth mapping H M —
R¥ whose components HP verifie the relation
i(X)0? = —dH? on M. The mapping H is called
a Hamiltonian mapping and the associated Hamil-
tonian system X, denoted by Xpg , is called the
Hamiltonian system associated to H.

We denote by H(M,F) the subspace of
C* (M , IR{’“) formed by the Hamiltonian mappings.

With respect to an adapted coordinates sys-
tem (2%, 2%)1<p<k,1<i<n , the components H? of
H takes the form :

n

H? = ij(.’lfl,...

j=1

,x”)xpj + gP(zt,...,2")

where f; and g” are basic functions for Fj;; (*).
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Let H, K be two Hamiltonian mappings,

and Xg, Xk be the corresponding Hamilto-
nian systems. The Lie bracket [Xpg,Xk]
a strongly Hamiltonian system, and more pre-
cisely, the mapping {H,K} : M — RF given
by {H,K} = (QI(XH,XK),...,gk(XH,XK)) be-
longs to H (M,F) and satisfies to [Xu, Xk]
X{H K}

The space H (M, F) endowed with the bracket
{,} is an infinite real Lie algebra.

Let us consider the case where M is the
real space R***t1) endowed with the canonical
k—symplectic structure (6',...,6% E) given by
6P = daP' Adz' +...+dzP" Adz™ and E is defined
by da' = da" = 0. (2%,2")1<p<h,i<icn
being the Cartesian coordinates system.

In this case, the space H (M, F) is the submod-
ule of C* (M, R*) , over the ring of basic functions
for F, spanned by the mappings

b (P

i=1,...

. Li ki
ml)lspSk,lgign —zter + ...+ 2 ey,

, N

and by the vectors (e;);<,<, considered as

RF —valued constant functions z — e, (1 < r <
k), defined on M; (e;),<,«; being the canonical

basis of R*, and let
)) ® ep.

k n

P=>Y (5
p=1i=1

The pair (H (M, F),P) defines a vector polarized

Poisson structure called associated to the canonical

k—symplectic structure of R**+1)  For all H, K €

H (M, F) we have :

3}
P
WA (&fc" B

6:1:1%

P (dH,dK) :P(qu(X)eq,dKT@er)
ZZ OHP OKP 6Hp OKP
o oxPi Oxi Ozt Oxpi)
p=11i=1
={H,K}.

IV. MODEL VECTORIAL POLARIZED
POISSON MANIFOLDS

Let us consider the model space R* = R™ x
R"~™ endowed with the p—dimensional model
foliation F defined by the equations dy!

..dy™™™ = 0, where (wi,yj), with ¢ =1,...,m
and j = 1,...,n —m, are the Cartesian coordi-
nates system and let V = R¥ be the real space in
which one fixes the canonical basis (e,);,«, With
dual basis (w");< <}, - -
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Let (H(M,F),P) be a vectoriazl polarized
Poisson structure on R™. The vector polarized
Poisson bivector P takes the form (3.1 ) and sat-
isfies the Jacobi identity (3.3), and H (M, F) is a
submodule of C* (R", V) over the ring B (R", F)
of basic functions. We give now some examples
of polarized Poisson structures widening the space
of vector polarized Hamiltonian mappings subor-
dinate to the k—symplectic manifolds.

1. Let H (R™,F) be the B (M, F) —submodule
of C* (R",V) spanned by e;...,ex. thus
HR",F)=BR",F)x...x BR",F) (k
times) and it results that the associated Lie
algebra (H (M,F),{,}) is abelian.

2. For V = R? we  con-
sider the B (M, F) —submodule H (R", F) of
C*> (R™, V) spanned by the mappings :

X (z,y) — z'e; (i=1,...,m).
X4 (z,y) — ataley (i,j =1,...,m)
and by the vectors e;,e;. The components

H! and H? of each element H of B (M, F)
take the form :

= Elfi(ylaayn_m)mz +gl(y1,”.,yn—m)
i=
(i=1,...,m)
m ) B o
= Z fz](y 7"'7yn m)wzwj
ig=1

+9* (', .., ym™)
(i,j=1,...,m)

where fi, fij, 9*,9%> € B(M,F).

3. Suppose that m = lk. We denote by (z,y) =
CANTE "’yn_m)1<a<m 1<rei, the Carte-
sian coordinates system of R” and let
H (R™, F) be the submodule of C* (R",V),
over B (M, F), spanned by the mappings

k
X% : (z,y) — meer (a=1,...,1)
r=1
and by the vectors ey, ..., e. The component

H" of each element H of H (M, F) takes the
form :

l
= falyh,... g™
a=1
+9" (" ym™)

where f,,9" € B(M,F).

4. In the previous notations, we consider the
B (M, F) —submodule H (R, F) of
C* (R™,V) spanned by the mappings

X% (z,y) r—>2mm e, (a,b=1,...,])

and by the vectors ey, . . ., €5. The component
H" of each element H of B(M,F) has the
form :

l
H = Z {fab(y1; . ,ynfm)mramrb
a,b=1
H" Yty ™))
(r=1,...,k).

where fop,9" € B(M,F).

5. In the previous notations, we consider the
B (M,F) —submodule H (R, F) of
C* (R™,V) spanned by the mappings :

k
X% (z,y) l—)meeT (a=1,...,0)

r=1

Xt (z,y) l—>Z:Um e, (a,b=1,...,1)

and by the vectors ej,...,e;. The compo-
nents H" of each element H of B (M, F) take
the form :

!
=D falyh, -y
a=1

Ta

1
+ ) {faly!, .y
a,b=1
+br(y1: sty ynfm)} ’
where (r=1,...,k) and fq, for,9" €

B(M,F).

V. THE GENERALIZED HAMILTONIAN
DYNAMICS OF NAMBU ASSOCIATED TO
THE K—-SYMPLECTIC HAMILTONIAN
MAPPING

The equations of Nambu-Hamilton governing
the movement of the generalized Hamiltonian dy-
namics of Nambu in the 3—dimensional case are
given by :
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dz _ D(H,G) dy _ D(H,G) dz _ D(H,G)
dt — D(y,z) ° dt — D(z,x) ° dt — D(z,y)
(5.1)

where H and G are two real functions defined on
the phase space M described by the coordinates
system (z,y, 2).

In 1973, Y. Nambu proposed a mechanics, in
his paper on the generalized Hamiltonian dynam-
ics (19), which has so far only partial geometric
formuations. However, if we consider the vec-
tor polarized Poisson structure (% (M, F), P) sub-
ordinate to the canonical k—symplectic structure
of R*A+1) the submodule B(M,F) is strictly
contained in C* (M,R*), and it turns out that
for every polarized Hamiltonian mapping H €
H (M, F), the associated Hamiltonian system X g
and the generalized Hamiltonian system of Nambu
XL are related by :

L Xy (_1)k (f(z))k_1 Xy where f €
B(M,F), for M = RFHL,

2. XN =30, fi (2%, ..., 2") X where X§ =
X (29) % +XH(yi)3%z + Xg (79 %, for
each i = 1,...,n, for M = R3",
fi,---, fn are basic functions.

In the first stage, we consider the case where
M is the real space R® (n = 1 and k 2)
equipped with the canonical 2—symplectic struc-
ture (,60%; E) defined by 8! = drx Adz, 6° =
dy A dz and E kerdz. The components H!
and H? of each polarized Hamiltonian mapping
H € H(M,F) are given by H! f)z +
g*(z) and H? = f(2)y + ¢*(z), where f, g' and
g? are basic functions defined on this space M .
The integral curves of the associated Hamiltonian
system X g are given by the following equations :

where

de.  OH' dy  OH?

dt 9z dt 0z
L de _OH' _ oM

dt or oy

We deduct that the Hamiltonian system Xy and
the generalized Hamiltonian dynamics of Nambu
XN are related by :

X = f(2)Xn.

In the second stage, we consider the case
where M is the real space RFt! (n = 1)
equipped with the canonical k—symplectic struc-
ture (9',...,0%; E) defined by 6 dz' A
dz,...,0% dz* A dz and E is given by
the equation dz = 0, (z* k

soo o, @¥ 2 = zFF1) being
the Cartesian coordinates system of RFt!. The
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Hamiltonian mappings of this structure, that is,
the elements of H (M,F), are the maps H
M — R* whose components are given by H' =
fR)z' +g'(2),..., H" = f(2)z"* + g*(2), where
f, g ..., g% are smooth basic functions defined
on M.

The integral curves of the generalized Hamilto-
nian system of Nambu X% associated to H are
given by the following equations :

k+1

>

11,582,000 =1

OH*
"oz’

OH' OH?
Ejivia-.ik Goir iy

dz?

dt

where €;,i,. 4, is the Levi-Civita tensor. Then
we have,

dz OH' 0H?>  9H*
dt Sk G T B2 T Dk
= (-1)* (f(2))* .
and for each j = 1,...,k, we have
dz’ OH' 9H?> OHI  OH*
at = €12...(j—1)(k+1) (j+1)...k ozt 0z2 T 92
—1 (0f(2) 9g*(2) ko1
—(_1 k—1 1 )
R )

The integral curves of the Hamiltonian system
Xy, are given by :

dz’ _ (0f(2) ;  09g'(2) -
prai ( P ) + oz forj=1,...,k
and%:f(z).

We deduct that for each H = (H',... H*) €
H(M,F), the Hamiltonian system Xy and the
generalized Hamiltonian system of Nambu X% are
related by :

Xf = (D" (f() T Xa.

Finally, for M = R®", we endow this space
with the canonical 2—symplectic structure given
n

by 6! = Y dzxiAdzl, 0% =) dy'Adz' and E is
i=1 =1

defined by the equations dz! = --- = dz" = 0,
(2',y',2%), ;<,, being the Cartesian coordinates

system of R3”. The components of each Hamilto-

n .
nian mappings is defined by H! = Y fi (2)z® +
i=1

g' (2) and H? = Y fi (2)y* + ¢* (2), where z =
=1

fam
(2%,...,2") and fi,..., fn, g1, g% are basic func-
tions for F.
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The integral curves of the generalized Hamilto-
nian system of Nambu XJ associated to H are
given by the following equations :

det D(H'.H?) dy¢ D(H',H?)
dt D,z ' dt - D(d)
dz* D (H', H?)

" & T D)

and we verify that for each smooth function f :
M — R, we have :

D(f,H',H?)

gl 2
szy zl '(H ,H ,f)J
then,
(¢, H! H2)
D (a9, y7,29)
1 772
_Duua>=_ NV A
D (yi, %) = 921" 6zZ
dy' (yi, H H2)
dat "D (i, yd, 27)
1 772 n
:_2@251__ o8 5, 00,
D (zt, 2%) = 0zt ozt | 7"
n z Hl H2)
Z D g;] yJ z])
D H! H?
D (a*,y')

Whereas the integral curves of the Hamiltonian
system Xy are given by :

dz* _ _0H' _ 0fi ..

i = "o <28x+8z’ )
: n

dy* _ _8H®> _ Sfi ,j 99>

dt — ozt — ( 821 Y + ozt |

7j=1
dz' _ 9H' _ aH2 = fi.
dt — Bzt i

We deduct the following relation

XN = Zfz-(zl, 2") Xi
=1
where X} = Xpg(2%) 3% + Xu(y) v T
Xp (7') 5%, foreachi=1,...,n .

64

VI. REFERENCES

YA. AWANE k-symplectic structures. Journal of
Mathematical physics 33(1992) 4046-4052. U.S.A.
ZA. AWANE Introdution aus variétés
k-symplectiques. Africain Journal of Mathematical

physics Vol. 1 N°2 (2004) 125-135

3 A, AWANE, M.BELAM, S.FIKRI,
B.NAANANI and M.LAHMOUZ Systémes hamil-
toniens k—symplectiques. Revista Matematica Com-
pultence. XV, num.1 (2002) 1, 1-21 Espagne.

1A. AWANE - M. GOZE Pfaffian systems, k-
symplectic systems. Kluwer Academic Publishers.
Dordrecht/boston /London 2000.

5C. GODBILLON Géométrie différentielle
Mécanique Analytique. Hermann. Paris (1969).

5 M. GOZE - Y. HARAGUCHI Sur les r-systémes de
contact. CRAS, Paris, (1982), T294 SI 95-97.

" P. LIBERMANN et C.M.MARLE Géométrie sym-
plectique Bases théorique de la Mécanique classique.
Tomes 1, 2, 3, U.E.R. de Mathématiques, L.A. 212
et E.R.A. 944, 1020, 1021 du C.N.R.S. (1986)

8 PMOLINO Géométrie de Polarisation. et quatifica-
tion géométrique. Travaux en cours Hermann, Paris
(1984) 37-53.

?P.MOLINO Géométrie
riemanniens. Proc. Kon.
1,85(1982) 45-76.

10y NAMBU Generalized ~ Hamiltonian — Dynamics.
Physical Review D Volume 7, Number 8 15 April
1973.

M. PUTA Some Remarks on the k-symplectic man-
ifolds. Tensors. Volume 47 number 2. (August 1988)
109-115.

121 VAISMAN Lectures on the Geometry of Poisson
Manifolds. Birkhduser (1994)

13 N.WOODHOUSE Geometric quantization. Claren-
don Press Oxford (1980)

et

des feuilletages
Akad. Ser.A,

globale
Nederl.



