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Abstract

Two interface techniques to solve the elliptic differential equations are considered. The
first is the Robin method. The second one is the penalization technique which is theorit-
ically attractive. our objective in this paper is to compute the performance of these two
methods for classical problem like the Poisson equation. Numerical comparison of these

two interface techniques are given.
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I. INTRODUCTION

Domain decomposition has proven an effective
means of partitioning the task of solving Differ-
ential Equation (DE) problem numerically. It
is mainly an algebraic approach and works by
splitting the discrete DE domain into subdomains
which can be coupled in many ways. The well
established additive and multiplicative Schwartz
methods are examples of typical domain decom-
position approaches that have been analyzed ex-
tensively. Interface relxation (IR) is a step beyond
domain decomposition. IR methods are charac-
terized by the fact that they can be easily formu-
lated as numerical procedure for solving differential
equation problems while all their actions involve
continuous data. They assume a splitting of the
domain into a set of non-overlapping subdomains
and consider the associated DE problem defined
on them. These subproblems are coupled through
relaxation mechanisms on the interfaces. IR meth-
ods naturally apply to multi-physics problem when
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the DE may change from one subdomain to an-
other; we do not consider this applicatoin here.
For a general introduction to the IR methodology
the reader is refereed tol:2.

The convegence of these schemes depends, as ex-
pected, on the differential operator, the geometry
of the original domain, an in addition on the ge-
ometry of the subdomains chosen. This makes se-
lection of ”optimum” values for the relaxation pa-
rameters a hard and challenging problem.

In this paper, we expose an averaging scheme based
on the domain decomposition method with over-
lapping introduced by Tomas Chacon Rebollo and
Eliseo Chacon Vera in®, see also® (denoted by PE-
NAL). We present a Robin-type IR scheme?® (de-
noted by ROB). We restrict ourselves to the Pois-
son problem.

The rest of this paper is organized as following. In
the next section we formulate the two IR schemes.
Section 3 presents results from an experimental
study. Section 4 contains our conclusion and per-
spective.
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II. TWO DECOMPOSITION METHODS

Let  C IR™(n = 2,3) be a simply connected
and bounded domain with Lipschitz boundary o).
We restrict ourselves to a simple decomposition
of Q into two subdomains ©; and Q, that may
not overlap and T' denote the common interface.
We assume that all of these boundaries are Lips-
chitz (n-1)-dimensional manifolds. We will denote
by n;; the outward normal vector on I' pointing
from €); into Qj, 0,,; the partial derivative with
respect to n;;. From any D C IR™(n > 1) and
u,v € L*(D) we set (u,v)p = [ u(z)v(z)dz and
lvll§,p = (v,v)p. We also consider the Sobolev
spaces:

X; = H'(Q;Ty)

={ve H (Q)stwl[; =0}, i=1,2 (1)

normed by [|uffg, = (Vu,Vu)g,, define
(w,v)1,0; = (Vu, Vu)g, and set X = X; x Xo.

We introduce the domain decomposition method
in the particular case of the Poisson problem in 2
with homogeneous boundary conditions:

subject to homogeous boundary conditions.

In the variational formulation, we look for u €
HL(Q) such that:
(Vu, Vo) = (f,v)a ®3)

for all v € H}(Q).

A. The ROB method

The ROB scheme is defined, for the model prob-
lem under consideration, by the following algo-
rithm:

—Auttt =f in O
upt' =0 on 00 NON (4)
n41 n

Bu + ’Ylun+1 Bun2 + '71“3 on T

and

—Auitt = f in Q,

"+1 =0 on 003N 60
n41

6"2 + youhtt = aul +yul™ on T

()

where 9 is given, and v; and +, are non-negative
acceleration parameters satisfying v1 + y2 > 0.
For the sake of parallelization, in (3) we could also

c0n51der u? instead of uf*!

also u.

Along tha same lines, we mention the following
iteration-by-subdomain algorithm that has been
proposed by Aghoskov and Lebedev*:

Given u§ and u9, for each k > 0 we have to solve

, assigning in that case

“ATP = f in o
W =0 on 90, NN (6)
n41
Bul +pnun+1/2 8u2 +paul on T
and
uft =l + o W =) om0 (7)
—AuTY 2= in qQ,
u?"_l/z 0 on 090:N00
n41/2
_qnau +u n+1/2— qnalgn +u?™ on T

(8)
and

n+1/2

ud ™ = ul + By (u] —ul) on Qo (9)

in the above procedure, p, > 0, g, > 0, a1 and
Bn+1 are free parameters.

B. Decomposition method with a penalty term

The basic idea of the method introduced in%2 is
the following:
For any € > 0, we pose the problem (P,) of finding

(u1,us2) € X such that for all (vy,v5) € X

(P){ (VUI,V’UI + fr U da—(f:”l)(h
1 (Vuy, Voy)g + L (u fuzda = (f,v,)q,
(10)

This problem is the variational formulation of the
following coupled partial differential equations:

—Au1 = f m Ql
ur =0 on 00NN (11)
871172’111 = —%(ul — ’ILQ) on F

—AUQ = f m QQ
ur =0 on 00NN (12)
6n2,1ul = —%(UQ - ul) on T

where n; ; is the outward normal vector on I" point-
ing from €2; and Oy; ; denotes the partial derivative
with respect to n; ;. It is easly seen that when we
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set u = wu; in ; we recover the solution of the
original Poisson problem provided that the trans-
mission conditions:

Uy =us on T (13)

Bnl,zul = —0Op2,1U2 ON r (14)
are satisfied. As in our method (14) is always true,
we observe that the role of € is to enforce (13) as
e— 0.

To see this, one define for u = (u1,u2), v

(v1,v2) € X the scalar product and norme on X

2

1
=D _(Vui, Voo, + —(un —ua,v1 = v2)r,

((u, u))e,

where (u;,u;)r = fr usujdo. Then, the problem

(P.) is:
Findu® € X such that
((u¢,v))e = F(v) for allv € X

where F' is the ||.||e-continuous linear form on X
given by F(v) Zle(f, v;)q;- Therefore, via
Lax-Milgram Lemma, problem (P,) has a solution
u® = (u$,us) € X unique for each € > 0. Next, for
the true solution of problem (3), u € Hg(f), we
write u = (u|Qq,u|Qs) and define the consistency
error by

=

l[ull? = ((u (15)

(16)

E(v) = (4, v))e

for all v = (v1,v2) € X.

As the solution u¢ of problem (P,) satisfies
((uf,v)) — F(v) = 0, we have ((u — u)). = E(v)
for all v € X. One can easily shown using the
integration by parts on(17) the following result:

= / Onu(vy — ve)do
r

where n is the normal vector on I' pointing (.
Therefore, the error is bounded by:

— F(v) (17

(18)

|E@)| < l8nullo,rllvr — v2llo,r (19)

Moreover, if 0,u = 0 on I" we have that u§ = u|Q;,
1=1,2for all e > 0.

Then we have the following theorem:

Theorem 1. Let C = ||Opullo,r, then for all € > 0
the following estimates hold

llui —us|l < Ce,

2
D lu—ufl o, < V20ye (20)
=1
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Proof. The result follows from the last result about
the error E and the fact that

B(u—uf) = |lu— w2

1 € €
;||U1 - U2||(2),r (21)
i=1

The iterative procedure that we propose (it may be
seen as an iterative substructuring method, see®)
is the following:

Starting from an initial guess u{ and uJ, generates

two sequences of functions {u}} and {u3}, for n >
1, such that:

Ayt = f in

ut™ =0 on T (22)
c'inl puftt =L@t —uf) on T
and
Au;’Jrl =f in Q
ud™ =0 on Ty (23)
6n2 qugtt = —L@itt —u7) on T

For n large enough and ¢ — 01, we show in®

that the solution u;" and u5"™ will converge to the
global solution of the Poisson problem (3).
In the framework of the finite element approxima-
tion, we assume that the domain 2 is polygonal
and takes for h > 0 an admissible and regular tri-
angulation T}, of Q formed by polygons (d = 2) or
polyhedra (d = 3) elements such that I' is formed
by faces or sides of elements K in T}. One consider
a family of finite element subspaces of H}(Q), de-
noted by V}, and the approximed solution uy € V},
to the discrete version of (3) posed on Vj. For
k > 1 we assume that when u € H*1(Q) N H} (Q)
the error commited with uy, € V3 is O(h¥), i.e
|uh — u|179 < Cohk, (24)
for some constant Cy = Co(u). We say that uy, is
the finite element approximation of degree k of u.
Let T} = T, N Q;, be triangulation of Q; and use
finite element subspaces of X;, denoted by X;,
(i = 1,2). These triangulations of Q; are com-
patible on I', i.e. they share the same edges on
T". One could use the restriction of the spaces V},
to each of the ;. It is standard to show that
each h,e > 0 the discrete version (P, ) of (P. on
the space Xj, = X1, x X3 5, has a unique solution
up, = (U p,u5p) € Xn
The following result gives error estimates with re-
spect to € and h.
Theorem 2.
Let u € HF1(Q) N HL(Q), (k < 1) be the solution
to problem refpois) and uy € V}, the approximated
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solution satisfying (24). Now for each €, h > 0 let
(uf p,us ) € Xp solve (P,p). Then, the following
bounds hold:

i lun = ug 0, < C(hF + o),
E?=1 lu —us pl1.0; < C(h* 4+ Ve)
llug p, — us pllor < C(\/eh* +¢€)

(25)

where C = C(u) is a positive constant that just
depends on u. In terms of the relation of € and h
the choice e = O(h?*) gives

it lun = uf |10, < ChE,
2

ici lu—uf pli0, < ChF

llus = us pllor < CH?F.

(26)

Proof. The idea of the proof of this theorem
is the use of the consistency error of the discrete
problem and to do some classical bounding using
the Young’s inequality. See” for more details.

For n = 0,1,2.., given u} and u§ we compute
uptt = uPht and wftt = wgh ™ such that, we
drop € and h for simplicity,

{ (Vuit, Vg, + ?(U?H —uf,v1)o,r = (f,v1)a

(Vus™, Vo), + 2 (us™ —uft,v)or = (f,02)0

(27)
for all (vy,v2) € Xp. In®, the following problem is
proved:

Theorem 3.

When the true solution w is smooth enough, u €
H*1(Q) N HY(Q) for k > 1, then given e,h > 0
there exists a constant C = C(u, f) only depending
on u, f such that for all n > 1:

1

2

2
1

u—uon ! <Ok + +

;' i,h |1791 = ( \/E 6(]. + 200€)n/2)

(28)

where u} is the Py finite element approxima-

tion for the solution ugp, obtained in the itera-
tion process starting with u?:,j = 0. Therefore,
for e = O(h?* and n large enough one can obtain:

2

Z lu—uiy| < Ch*

i=1

(29)

IIT. NUMERICAL EXPERIMENTS

The purpose of the numerical experiments per-
formed in this study is twofold. First to verify and
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elucidate the theoritically determined penalty pa-
rameter values and compare the two methods.

In this test 2 =]0, 1[x]0, 1[ and the boundary con-
dition is u = 0 on the boundary 9 of 2. The
second member f is identically equal to 1.

We consider the interface I' as the line y = 0.5 and
then €1 =]0,1[x]0,= .5] and Qs =]0,1[x]0.5,1].
A uniform triangular mesh of mesh size h is con-
sidered and € = h2. Finally the error is eu(h)
(X2, fo IV (un — uip|?dz)' /2 and must be lower
than 1075. The wuy, is computed the IP; finite el-
ement approximation. The initial guess is identi-
cally null.

Our iteration results shows that n x h?/(—log(h))
is constant where n is the number of iterations
as theoritical analysis had forecasted. The Robin
method converges with the same precision but
lower number of iterations (factor of ten). The
factor v is taken equal to 0.5.

The algorithm (6-9) is also numerically tested.
This algorithm gives a good solution in compar-
ison with the analytical one but the ratio of the
number of tests and the good choice of the free pa-
rameters pn, ¢n, @nt+1 and B,y lets the use of this
algorithm in a general case more less attractive as
the Robin method.

IV. CONCLUSION AND PERSPECTIVE

We have presented a numerical comparison
of three subdomain methods: Robin method,
Aghoskov and Lebedev method and the method
based penalization technique (PENAL). The
Robin method is proved to converge weakly® but
the PENAL is proved to converge strongly in H'%.
Concerning the rate of convergence, the theoritical
result is well respected numerically by the PENAL
method but this one is very slow in comparison
with the Robin one.

The extension of the PENAL method to solve the
Stokes problem is proposed in®. The theoritical
analysis gives a L? strong convergence of the pres-
sure consequently this technique must give a good
quality solution (velocity and pressure).

Our present work is the good management of the
ratio quality and slownes to obtain the solution
of the Stokes problem and we want to extend the
same technique to solve the Navier-Stokes equa-
tion.
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