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Abstract

We introduce and develop the notion of almost k-complex manifolds in analogy with the
well known almost complex structure. In terms of G-structure, the integrability of this
structure is equivalent to the vanishing of the Bernard-Chern tensor.
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I. INTRODUCTION

An almost complex structure on an even dimen-
sional manifolds M is a tensor on M of type (1,1)
such that J2 = —idra. We say that J is inte-
grable if, around each point of M , we can find a

local coordinates system (z?,y%), . such that
0 0 0 0
Wow) = (o) =0

The theorem of Newlander-Nirenberg proves that
J is integrable if and only if the Nijenhuis tensor of
JNYY)=[JX,JY]|-JJX,Y] - JX,JY] -
[X,Y]) is vanish.

On a symplectic manifold (M, 6), there exists a
Riemannian metric g and an almost complex struc-
ture J such that :

f(X,Y)=g(JX,Y).
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For the canonical k—symplectic structure
(6,...,6% E) defined on the model space R*(k+1)
by the two forms 7 = dazP! Adz' +. .. +dzP" Adz™
and the sub-bundle given by the equations dx! =
... = dz™ = 0, there exist k canonical tensors
fields J*,-- -, J* € T} (R**+1)) such that

0" (X,Y) = (JPX,Y),

where (,) is standard inner product. With respect
to the coordinates (zP%,2%),1<p<k, 1<i<nm,
we have

n

Jp:z<%®

i=1

daPt — % ® d:ci) . (1)

And also there exists an analog structure defined
by k canonical tensors fields J!,---,J* of type
(1,1) on the manifold of all 1—jets of mapping from
an n-dimensional manifold M into RF with target
0 € R* and take the same form (1.1) with respect
the natural coordinates system.

The study of these examples have led us to intro-
duce and study the notion of k-complex structure,
which is equivalent to G-structure where G is the
subgroup of Gl (n(k + 1), R) formed by matrices of
the form :
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A0 -0
0

where A € GL(n x n,R).

For k = 1, we obtain an almost complex struc-
ture J on a 2n—dimensional manifold with a sub-
bundle E of TM of dimension n such that TM =
EqJ(E).

An almost k-complex structure on an n(k + 1)-
dimensional manifold is integrable if and only if
about every point of M we can find a coordinate
neighborhood U with a local coordinates system
(mpi, $i)1§p§k,1§i§n such that

(5o 57)
Oz 0x' ) | <pera<isn

is a cross section of the bundle of frames over U lie
in the G-structure.

In this case, an almost k—complex structure is
integrable when and only when the Bernard-Chern
tensor is vanish, or equivalently, the manifold M
possesses an adapted connection whitout torsion.

II. K-COMPLEX STRUCTURE OF
VECTOR SPACES

A. k—complex structures

Let V be an n (k + 1) —dimensional real vector
space, let J',---, JF € TH(V) be k tensors of type
(1,1) of rank 2n, let E be an n—codimensional
subspace of V and Let EP be the subspaces of V
given by

EP = ﬂ ker J19.
a#p

By convention, for k 1, E! E is an
n—dimensional subspace of V' such that V = E &
J(E).

Definition I1.1 In the previous notations, we say
that (J',---,J* E) is a k—complex structure on
V if, for each p(p = 1,...,k), the following condi-
tions are satisfied :

1. the system {Jl,---,Jk} is non degenerate,
that is, ker J' N ... Nker J* = (0),

2. ker JP is contained in E,

3. JYEY) = -.. = JNE*) = F, and J? (F)
E? for each p,
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4. for each p, Im JP = EP ® F and the restric-
~ N2
tion JP of JP to EP & F wverifies (J”) =
—idEp@F.
Proposition II.1 If (Jl, N LE E) s o
k—complex structure on V', then :

1. dim F = dim EP = n,
2 E=E'®---®E*

Definition I1.2 A 1—complex structure on a
2n—dimensional vector space V is a pair (J, E')
such that J is a complex structure on V and E'

is an n—dimensional subspace of V' such that V =
E'e J(E").

remark IL1 If (J',---,J% E) is a k—complex

structure on 'V then JP gives a 1—complex struc-
ture on EP @ F'.

examples II.1 1. The canonical
k—complex structure on R**+1),
We endow the space R™*+1) with its canon-
ical basis (epi, €i)y<pcp1<icn - Let E be the
subspace of R™* 1) spanned by the wvec-
tors (epi)i<p<pi<icn and let J- TR €
TH(RMKk+1)) defined by :

Jp (eqi) = (5pq€z', Jp (e,) = —ep,-.
We verify
that the (k+ 1) —tuple (J*,---,J* E) is a

k—complex structure on R**k+1)

2. Whitney sum of several 1-—complex
structure.
Let Vi be a 2n—dimensional real vectors

space, (j, E') an 1—complex structure on Vi,
and m : Vi — j(E') = B the mapping de-
fined by

™ = Prien) © ¢

where ( is the canonical isomorphism ( :
E' @ j(E') — E* x j(E') and prjg the
canonical projection prjgy : E' x j(E') —
B = j(E"). Thus we have kerm = E*.

Let V' be the vector subspace of V1 x --- x Vp
(k times) defined by :
V={(ur, i) € Vi -+ x Vi |y (ur) = -+ = m1 (wn)}

={(z1+Yy,--,zk+y) | 71,..., 7 EE" andy € B }.

This space is called the Whitney sum of V1
(k-times) and will be denoted by :
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V=Vi®p...0p V.

The linear mapping ™ : V. — B = j (E')
such that

™ (ul,...,uk) =T (ul) = =T1 (’U.k)

for each (uy
isfies

kerm = E' x

ug) € V, is surjective and sat-

- x E'(k — times).

It not difficult to see that the space V is con-

ically isomorphic to E* x --- x E' x B :
Va~E'x---x E' xB.

Let (epir€i))<p<r, 1<icn @ basis of 'V with
dual basis (wP?,w?)

For

1<p<k, 1<i<n’

n
= Z (epi ® W' — €; ® WPY)
i=1

then the (k + 1) —tuple (Jl’ e
a k—complex structure on V.

Jk;kerm) is

Proposition I1.2

Let (Jl,---,Jk;E) a k—complex structure on V,
then there exists a basis (€pi, €)1 < pcp 1<icn of V
such that : T

1. for each p =
spanned by (e
is spanned by

1,...,k, the subspace EP is
) and the subspace F

\./»—t

€pi
(€)1<i<n
2. foreachp,q—l ki

J? (€qi) = Opges

Proof. Let (ez)1<l<n be a basis of F. For each

=1,...,n, we have
= —€p;-

pilp=1,...,k, i=1,...,n), we take

€pi = —JP (6,) .
It is clear that we have JP(ey,) = dpe; and
JP (e;) = —eyp;, the vectors ep, ..., ep, are inde-

pendent and consequently constitute a basis of E?
for each p.

Now, let A Y M eR (¢g=1,...,k,j=1,...,n)
verifying :
)\qjeqj + )\jej =0,
then, for each p=1,...,k, we have,

JP (Neq; + Nej) = Alej — NMep; =0
Consequently,
N =X =0forallp=1,...,

This shows the proposition.

kandj=1,...,n

corollary I1.1 In the previous hypothesis and no-
tations we have o direct sumV = E'@®---®E*&@F.

B. The group of linear invariants of the
canonical k-complex structure

Let Gk, (V) be the group of automorphisms of
V leaving (J',---,J* E) invariant, that is :

_ [ uweGV)|uwE)=E
Gk,n(V)—{anduojpzjl’ouforallp )

In terms of matrices, the group Gy, (R) is formed
by matrices of the form :

A0 -0
0

where A € GL(n x n,R).

It is clear that Gy, (R) is a Lie group, the Lie
algebra Gy, (R) of this group is formed by matrices
of the form :

A0 -0
0

0
0 0 A4

where A € M (n x n,R) .

III. ALMOST K-COMPLEX MANIFOLDS
A. Almost k-complex manifolds

Let M be a smooth manifold of dimension
n(k + 1). We say that M is an almost k-complex
manifold if for every z € M the tangent space
T,M is equipped with a k-complex structure of
vector spaces:

(), s (%), ).

Of course, we assume that this structure is smooth,
that is, for every 9 € M there exists an open
neighborhood Uy of g in M and a smooth cross-
section (€pi; €i); <<y 1<i<p Of the bundle of frames
of M such that we have on Uy :

1. for each p = ., k, the subspace E? is
spanned by (ep; (%)), <;<, and the subspace
F is spanned by (€; (2));<;<n

2. for each p,q = 1,...,k
we have (JP)_ (eqi(x)) =
(JP), (ei (z)) = —epi () -

Such a cross-section of the bundle of frames of M

is called adapted to the almost k-complex structure
of M.

i = 1,.
Opgei () and
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B. k-complex manifolds

An almost k-complex structure
(J',...,J5 E)

on M is called integrable, or it defines a k-complex
structure on M, if, about every point of M we can
find a coordinate neighborhood U with a local co-
ordinate system (2P, z%)1<p<k,1<i<n such that

0 0
P -5 2
T (630‘1") = 95 ozt

0 0
P - _
J (61}" ) Oxpt

at each point of U.

examples ITI.1 1. Canonical almost
k—complex structure on R*k+1)
Consider the

real space Rr(k+1) equipped with its Carte-
sian coordinates (:U”’,:U’)1<p<k 1<icn: Let E

be the sub-bundle of TR™*+1) defined by the
equations

and let JP(p=1,---

M given by
0 0
P Y
T (8&:‘”) Oa oxt

%) 0
P -
J (8.7:2' > dxp

The (k+1)—tuple (J',---,J* E) defines
an almost k—complex structure on R™k+1)
called the canonical almost k—complex struc-
ture. This structure induces a natural almost
k—complex structure on the torus T™(*+1),

k) be the tensor field on

2. Almost k—complex structure on the
bundle of k—(1—covelocities)

Let M be an n—dimensional manifold. We
denote by Ty M the tangent bundle of
k— (1—covelocities) of M, that is, the mani-
fold of all 1—jets of mapping from M to RF
with target 0 € RF,

i J
For each coordinate system (x )1§an
we associate the local coordinates

on M

(xi’;y},...,azf)ISiSn

on Tyn M defined by

! (Jw,Olf) =z ('T) )

o (Lo f) = (55 ) @)

where J, o1 f is the 1—jet at © € M of the
map [ = (fl,---,fk) : M — RFsuch that
f(@)=0.

We have Tp1 M is an n (k + 1) —dimensional
vector bundle with standard fibre type R™ ;

the canonical projection is the map w
Tipn M — M defined by

T (J$’01 f) = z.

For eachp(p=1,---,k) we take

- 0 ; 0 ;
JPZZ(awm. ®d$z—%®d$pz>.

i=1

The (k+ 1) —tuple (J',---,J% kerm,) de-
fines a almost k— complex structure on Ty M.

C. Integrability of an almost k-complex
structure

Let M be a smooth manifold of dimension n(k+
1) equipped with an almost k-complex structure

J',...,JE).

A linear connection m on an almost k-complex
manifold is adapted to the almost k-complex struc-
ture if, with respect to an adapted cross-section of
the bundle of coframes of M, the connection form
(r%) takes its values in the algebra Gy, ,, (R); that
is, the components of the connection

ps

AR )

with respect to an adapted cross-section satisfy

na, = T =0,
ps _ 5
Tos = 0if p#gq,
T = 7J
Tp; .

The components Q% of the torsion Q of the lin-
ear connection 7 are related to those of the con-
nection form (7%) and the fundamental form w*
of the frames bundle by the relation
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Q¥ = dw* + ZW}L/\wf.
f

An almost k—complex structure on an n(k +
1)—dimensional manifold M is equivalent to a
given G-structure with G = G, (R). Such
a Gp,n (R)-structure is integrable if this almost
k—complex structure corresponds to a k-complex
structure.

Consequently we can return to the calculation
of the Bernard tensor in order to integrate this
G-structure. But the vanishing of this tensor is
equivalent to the existence of an adapted connec-
tion without torsion. Therefore we are going to
study the problem of the existence of such a con-
nection.

Note that the integrability of a G-structure im-
plies the vanishing of the Bernard tensor; the re-
verse is false in the general case. In the case of
an almost k—complex structure there is an equiv-
alence between the integrability and the vanishing
of this tensor (or the existence of an adapted con-
nection without torsion).

The almost k-complex structure is integrable if
and only if about every point of M we can find a
coordinate neighborhood U with a local coordinate
system (27!, 2%)1<p<k,1<i<n Such that :

o} o}
2 — -
T (B:U‘li) Oq ox?

0 0
P - _
J (63}’) - Ogpi

at each point of U.

Proposition II1.1 The almost k—complex struc-
ture (J',...,J*; E) is integrable when and only
when the manifold M possesses an adapted con-
nection whitout torsion.

Proof. Let m be an adapted connection
whitout torsion, then for any adapted cross-section

pi i
(wPi,w )ISpSk,lsiSn we have,
pi _ _ Pl pj
dw T Awh,
dw' = —m; Aw’.

It results from the Frobenius theorem, that
the sub-bundles E?, E, and F = J!(E') =
... = J*¥(E*) are integrable, thus, around each
point of M, there exists a coordinates system
(Pt xi)lgpgk,lgign defined on an open neighbor-
hood U of M such that
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0
ElpU:Vect{—., lgign}, foreachp=1,...

Oxpi

F]U:Vect{i., lgign}.
ox'

Foreachp=1,...,k we can write

d ;0 0
P — A P
g (aw’) = Aigg 7 (axqi) =0

0 .0
P _ Api
7 (axi) = Ai OxvI

We must determine an adapted coordinate system
that is

and

Pt 0
(W7 9") 1 <perasizn

yPi= fPE (2P P and yf = gf (2} ..., 2")
such that

0 0 0
2 — P —
/ <8y”i> oy’ J <3yq") 0

B B
14 [
/ (W’) oyPt’

In these conditions we have,
OxPI

d d
P 14
d (5y”"> B ay”iJ (333” )

_OzP 0
= Gyri i gt =
oxPi

0
— P
Oyt T ((%W')

pJ
_ 0 0 =0forp#q

T oy P dz!
Ozt

8
— 2
= oy’ (axl)

_ 8$l pj 0 _
Byt Gari

and

(3.1)

ol o
Oyt oz’

B
P
/ (631‘“')

(3.2)

(3.3)

B ozPi 9
ByP Dari”

This proves that we have,

axpj 1 8.’13’
oyri Pyt
OPI

Byt Aéj =0for p#gq

ok
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OxY

Byr =0for p#q
and

ozt i _ _B:UW:

8yz’ l 8ypz

Consequently the matrices (Ai,j) and (A;’l) are
invertible and

(4) == (42)”

and also

Pt ) i '
( 8ypj> (47 j) = (8—yf> (product of matrices).

We take y* = z?, then we have :
OzxP i
(W) (4p;) = In

aym' _qi
oxPi Apj

then,

Finally,

€T
yl’i:/ A;;j (:1:”1, v, aPUmD) g pltl) ,:U”") dt.
0

It is not difficult to see that (y*%,y¢) is a coor-
dinates system satisfying to :

0 0 0
P — P —
/ (W’”) oyt / (021‘”') 0

B B
4 [
/ (&ui) oyr¥’

foreach p(p=1,...,k), EP is spanned by

0
the derivatives — (i =1,...,n)
oyP?
and

0
F is spanned by the derivatives 5 (i=1,...,n)
Y

this proves the proposition.
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