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Abstract

The notion of k-symplectic structures was introduced by A. Awane in his dissertation in
1984 (,'*). Here we are interested by the classification of Lie algebras provided with such
a structure. We introduce also the notion of affine structure associated to a k-symplectic

structure on a Lie algebra.
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I. INTRODUCTION AND DEFINITIONS

Let G be a Lie group of dimension n(k +
1). A left invariant k—symplectic structure
(8,...,60%,E), is given by an integrable left-
invariant n—codimensional subbundle E of TG
and 6',...,60% left-invariant closed 2—forms on G
vanishing on the cross sections of E with transver-
sal characteristic spaces®. The left-invariance con-
ditions show that we can define a such structure
on the corresponding Lie algebras.

defi 1.1 Let G be a n(k + 1)—dimensional Lie
algebra over K (K=R or C), 0',...,0% closed
2—forms of A%2(G) and H a Lie subalgebra of G
of codimension n. We recall that (8',...,0%F;H)
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is a k—symplectic structure on G if the following
conditions are satisfied :

1. The system {6',---,0%} is non degenerated,
that is

A NN ABY) = (0)

where A (6P) is the associated space to 67 :

A(#7) = {X € G such that i (X)6? =0 }

2. H is a totally isotropic subspace of G rel-
ative to the system {0%,---,0%}, that is,
0?(z,y) = 0 for all z,y € H and p =
1,... k.

We recall also, that G is an exact k-symplectic
Lie algebra if in addition, the following properties
are satisfied :

(i) H is an ideal of G,
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(ii) the 2-forms defining the k-symplectic struc-
ture are exact : 0' = dw',..., 6*
dw®, where w!,... ,wF are independent lin-
ear forms on the Lie algebra G,

(ii) G = H + (ker w! N--- Nker w¥).

In this paper we complete study presented in?
on the k—symplectic Lie algebras; and one gives
some properties, existence theorems and clas-
sifications of the k—symplectic Lie algebras in
1—codimensional case.

In the second part of this work, we introduce
and study the left symmetric k—symplectic Lie al-
gebras that is k-symplectic Lie algebras provided
with an associated affine structure.

Let us remind here that the introduction of
k—symplectic structures was led by the local
study of Pfaffian systems and Nambu’s statistical
mechanics? and® By the Heisenberg group of rank
k in the sense of Goze-Haraguchi (* and?), we see
that the k—symplectic geometry is related to the
k—contact systems in analogy with the well known
relationship between symplectic and contact struc-
tures. Let us note also that Kostant-Souriau’s ge-
ometric prequantization is obtained in the context
of these structures'4. Also, we recall that the left
symmetric algebras appeared for the first time, in
the literature, in the works of E.Cartan, they were
used in the bounded homogeneous domains by J.L.
Koszul and in the convex homogeneous domains by
E.B. Vinberg . The left symmetric algebras were
the object of the thesis of D. Burde (7, and M.Goze
and E. Remm (11,!%) studied these algebras with
the operads point of view.

II. (K + 1)-DIMENSIONAL K—-SYMPLECTIC
LIE ALGEBRAS

We will call a Lie algebra G provided with a k-
symplectic structure a k—symplectic Lie algebra.
The general classification of k—symplectic Lie al-
gebras in a given dimension is still hard (the sim-
plest case corresponding to k = 1 is not completely
solved® or'?). We propose in this section to classify
real or complex k—symplectic Lie algebras when
the dimension is equal to £ + 1. Thus the codi-
mension of the subalgebra H is equal to 1.

A. Case H abelian

Let G be a n(k + 1)—dimensional Lie algebra
over K (K=Ror C), #1,...,60* closed 2—forms of
A2(G) and H a Lie subalgebra of G of codimension
n.
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Theorem IL.1 Let G be a (k + 1)-dimensional
Lie algebra provided with a k-symplectic structure
(01,...,9’“;7{) with dimH = k. If ‘H is abelian
then G is an extension by derivation of a k-abelian
Lie algebra.

Proof. Let (Xi);<jcpy1 be a basis of G and

(t,u")1<i<k+1 its dual basis. We suppose that the
subalgebra # is defined by the equation w**! = 0.
In these conditions the Maurer-Cartan equations
of G are written :

k
dw? = (Z ahw?) A LA <p<k)
q=1

k+1 _

k
and dw (Z byw?) A whtL,
g=1

As the forms 6, ... 8% vanish on H, then

k
6P = (ZAfl’wq> AL p=1,. k.

g=1
The exterior system{f',...,0F} is nondegen-
erated which implies that the determinant
det (Afl’)1< is non zero. As the 2—forms of
<p,q<k

the system are closed, we have

k
(Z Alq’wq> Adwttt =0, forp=1,..,k.

g=1

But det (Ag)1<p,q§k # 0 implies that dwkt! = 0.

We have proved that the Maurer-Cartan equations
of G are

k

() o = (Z aé’f»") AL 1< p <k, doft =0
g=1

and the k-symplectic structure is given by

k
6P = (ZA{;M) AWl 1< p<k,

g=1

with det (A7), #0

and H =kerw®*+!. This proves that adXj; acts
as an external derivation on H. O

Corollary I1.1 With the previous hypothesis, the
subalgebra H is an abelian ideal of G.
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Let f be a derivation of H of matrix A = (a;;).
Then the structural constants of the Lie algebra G
defined as a 1-dimensional extension of H by the
derivation f are given in (x).

On the algebra M}, (K) of matrices of order k we
define the equivalence relation :

ARB < Ja € K*,3P € GL; (K) | B= aPAP™,
VA,B € M (K).
For A € My (K) we note by G4 the Lie algebra
defined by the structural equations :
wl A whtt
=A :

wk A wk—‘,—l

k

> agw?

g=1
= A wht?

k
> a’;wq
g=1

dw?

dw*

and dw®t =0.

Proposition I1.1 If ARB then the Lie algebras
Ga et Gp are isomorphic.

Proof. It is clear that if B = a4 with a € K*,
then G4 and Gp are isomorphic. It is sufficient
to consider the change of basis : X; +— X;
(]. << k) and Xk+1 — CMX]H_l. If B= PAP_I,
with P = (pij),<; j<, € GLk (K), then the iso-

morphism whose matrix is is an isomor-

P
01
phism of Lie algebras between G4 and Gg. O

The following proposition, which is the converse
of theorem 2.1, ends the description of this family
of k-symplectic Lie algebras.

Proposition I1.2 Fvery one-dimensional exten-
sion by derivation of a k-dimensional abelian Lie
algebra ‘H

0-H—->G>K—=>0
is provided with o k-symplectic structure.

Proof. Let f be in Der(H) and G the correspond-
ing extension of H. The Maurer-Cartan equa-
tions are given by (x). For every regular matrix
M = (m]), the 2-exterior forms given by

k
07 = (mel’wq> Ak p=1, .k,

g=1
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and H =kerwF*t! define a k-symplectic structure
on G associated to H. In particular, if A, the ma-
trix of f is nondegenerated we take M = A and
in this case the k-symplectic structure constructed
on G is exact. O
Remarks

1. The Lie algebra G is nilpotent if and only if
the matrix A is nilpotent. In fact, the matrix A
is the matrix of the derivation associated to the
one dimensional extension of the abelian lie alge-
bra. The extension is nilpotent if and only if the
derivation is nilpotent.

2. The classification of the (k + 1)-dimensional
k-symplectic Lie algebras is reduced to the classi-
fication of the endomorphisms of K* .

B. Case H non-abelian.

Let us begin by an example. Let G be the
4-dimensional Lie algebra whose Maurer-Cartan
equations are :

dw! =0,
dw? = W' AwP, p=2,3,
dw* = —w! Awt

(From the previous calculus, this Lie algebra ad-
mits a 3-symplectic structure, the correspond-
ing subalgebra H being abelian and generated
by Xa,X3,X4. A such Lie algebra admits also
another 3-symplectic structure given by 6;
Wl Awt, 0y == W2 AWt B3 == WP Aw! and
H = {X, Xc, X5}. In this case the subalgebra H
is non abelian. We will wee that this example is
generic.

Lemma II.1 There exists a basis {w!,... ,wk*t!}
of G* such that :

1. the k-symplectic structure of G is given by :

k
gP = (ZA{;M) AL 1<p<k,

g=1

with det (AP) 0

1<p,q<k #
and H = kerwk+?!,

2. The Maurer-Cartan equations of G are :

4 k .
dwP= (— 21 katrllw’) AwP
i=
k .
+ (Z C’fkﬂwz) Awk+1
=1
,for 1<p<k
k .
dw* ! = (Z Cfﬁﬁw’) Awht1
\ i=1
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with . .
1 v o
(@) Xtz Ciktlc;‘kﬂ =0ifj #p,
k+1 k1 . .
() 'Cz'k—:-lcfk-',-l - lej+1cfk+1 = 0if i #
P, J#D

Proof. Let (X;);<;<py1 be a basis of G and
let (w?) be the dual basis. We suppose

1<i<k41
that the subalgebra H is defined by the equation
w*t1 = 0. Then we have
k k
dw? = — Z Clw' Aw — (Z ka+1wi> Akt
1<i<j<k i=1

for 1 <p<kand
k

dw*tt = —(Z

i=1
As H is in the kernels of the 2-forms 87 and as the

exterior system {6',...,6%} is non-degenerated, we
have:

k
67 = <2Agw<I> AWl 1 <p<k,

q=1

k1 i k+1
Ciptiaw') Aw™ ™.

and det (Ag)lsp,qgk #0.

At last let us prove that C}; =0if [ #iand | # j
and C}; = CiHL,.
Koo
The 2-forms 67 = (Z Afw’) A w*tl are closed,
i=1

then for all p we have :

k
ar=— Y (S Arch)

1<i<j<k I=1
pk+1 P k+1 i j k+1
+(A] i — ASCR))w' Aw? Aw

=0
which implies :

ALCY + o+ AT (Cly = CBEL) + ..

Ck+1 —

+A? (Cg'j + ,.Hl) + ..+ ANCE =0

forall 1 <i < j < k. But det (Af;) # 0. Thus

CL=0ifl#i,1#jand C; = Citl,.
These relations give :
k )
- (Z katllwz) Aw?
dwpz iil
- (E Czpk—f—lwi) AwhF
i=1

k
k1_ k+1 k+1
dw" " = (.Elcik-i-lw ) AWTTE,
=

The Jacobi relations imply :
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k ; .
(a) (Z;ﬁ’{ kati Jl'k+1) +le'clj_-i}105k+1 =0ifj #

7

_ Ck+1 CI’

k+1 ~p
C C Jk+1Yik+1

ik+1jk+1
pand j #p.

P _ k+1
As Civr = Ciitem

lemma. O

(b) 0 ifi #

= 0, we have proved the

Consequences.
1. The subalgebra H is solvable (D? (H) = {0}).
If it is non-abelian then it is non nilpotent.
2. H is an ideal if and only if it is abelian.
In fact, from the previous lemma, we have :
[Xi, Xj] = Cjith Xo — CREL X,
forall1<i<j<k

and H is solvable. Moreover the equations

(X, [Xi, X5]] = Oty [Xe, X = CREY (X, X
=-ClHl X, X;]

show that # is not nilpotent. O

Theorem I1.2 Let G be a real or complex
(k + 1)-dimensional Lie algebra provided with a
k—symplectic structure (91,...,0k;7{) where H s
a non abelian subalgebra. Then G is isomorphic to
sl(2) or is a one dimensional extension by deriva-
tion of an abelian k-dimensional Lie algebra. In
this last case, it admits another monisomorphic
k-symplectic structure whose associated subalgebra
H, is abelian.

Proof. From the lemma there exists a basis
{X1,...; Xp41} of G satisfying :

_ k1 3
—Cjk+1Xz

k ,
[Xi, Xp41] = 3 Ol Xj + Ot Xign, 1 <i < k.
j=1

[Xi, X;] —CiHL X, 1<i<j<k

Let us put a; = Clit! and b} = CJ,,,. As H is
non-abelian, we can suppose that a; # 0. If we

note

X
~“Land Y, = X; +a;V1, 2<i <k,
ay

Y

then, in the basis {Y1,..., Y%, Xt1}, the brackets
of G are given by

Vi,Yi] = Vi, 2<i <k
[Yl;Xk-H] = Oz%Yl + ... +afYk —Xk+1

Vi, Xpra] = alVi + .+ bV + T X, 2<i < ke

The matrix of ady, is written :
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00 0 Oéllc_,_l D. Classification in dimension 4
1

: If a 4-dimensional Lie algebra is provided with a
1 ok 3-symplectic structure then G is solvable. From the
0 0 _k1+1 classification of Levy-Nahas (1), such an algebra

) ) is isomorphic to one of the following one :
Let Y;41 be a nonzero eigenvector of ady, associ-

ated to the eigenvalue —1. We have : 1. (G1)* the abelian algebra

{ Vi, Vil =¥, 2<i<k 2. (G1)? x Go defined by : [X3, X4] = X4

3. G1 x Gs3,1 defined by : [X2, X3] = X4

[Y17Yk+1] = _Yk+17
and the Jacobi identities give [Y;, Yi+1] = a;Y7, ,

2 <i <k If the dimgn'sio‘n of G is equal to 3, then 4. G x G5 (a) defined by : [Xa, X3] = X3 and
we have the two possibilities as # 0 or az = 0. The (X5 X4’] = aX,, with || > 1
first case corresponds to sl(2). If the dimension is ’ ’ -
greater than 3, then the Jacobi conditions imply 5. G1 x G3 3 defined by : [X2, X3] = X3 + X,
that the constants a; are null, then G contains a and [X2, X4] = X4
1-codimension abelian ideal and H is an abelian
subalgebra. This case concerns the first part of this 6. G1 X 3,4 (@) defined by : [X2’X.3] =aX; -
study. But the associated k-symplectic structure Xy and [X5, Xy] = X3 + aXy, with a >0
is not isomorphic to the given one. O 7.Gus defined by : [X1,Xs] = X and
Remark : a 2-symplectic structure on sl(2) [X1, X3] = X4,

We have proved that sl(2) admits a 2-symplectic
structure. We describe briefly this structure. Let 8. Gs,4 defined by : [X;,X5] = X3 and
{X1,X52,X3} the classical basis of sl(2), that is [X1, X4] = X4,
satisfying 9. Gas(a, ) defined by : [Xi,X] = X,
[Xl,XQ] = —2X2, [Xl,Xg] = 2X3, [XQ,Xg] = X]_. [Xl,X3] = Ong and [Xl,X4] = ﬂX4, with

Letws,ws,ws the dual basis. The two-forms (;1< ;gal)gorﬂ(0<<0ao§r ﬂ(;l 1)5 a < 0 and

01 = wy A\ wiq, 0 = wy A ws
10. G4 6 () defined by : [X1,X5] = aXo,

are closed and define a 2-symplectic structure with X Xal= Xu 4 X d1X: Xa = X, with
‘H generated by X, X3 which is not abelian. L ;’0 3] 3+ Xy and [X1, X4] 4w
11. 94,7 defined by : [Xl,XQ] = X2 + )(37
C. Classification in dimension 3 [X1, X3] = X3 + X4 and [X1, X4] = Xy.
Let G be a real or complex 3-dimensional 2- 12. Gas (@, B) defined by : [X1, X5] = aXo,
symplectic Lie algebra and let (6%,0%;H) be its [X17X3J = BX35 — Xy and [Xy, X4] = X3 +
2-symplectic structure. If A is an abelian subalge- BXy, with a >0

bra then, from the previous results, it is an abelian
ideal and G is solvable. But every 3-dimensional
solvable Lie algebra admits a such ideal. Then ev-
ery 3- dimensional solvable Lie algebra admits a
2-symplectic structure. If A is not abelian, from
the previous theorem G is isomorphic to si(2).

We have seen that every (k + 1)-dimensional Lie
algebra which has a 1-codimension abelian ideal
admits a k-symplectic structure. From the above
classification we can deduce :

Proposition I1.4 A 4-dimensional real Lie alge-
Proposition I1.3 Fvery 3-dimensional complex bra G which has a k-symplectic structure is isomor-
Lie algebra admits a 2-symplectic structure. Ev-  phic to one of the following : (91)4, (G1)” X Ga,
ery 3-dimensional real Lie algebra non isomorphic G1 X331, Gi X G32(a), Gi X G33, Gi X G34(a),
to s0(3) is provided with a 2-symplectic structure. Ga,3,04,4,Ga5(0,8),Gag (), Gaz and Gag (e, B),

We can note that it does not exist classical
symplectic structure on semi-simple Lie algebra.
On other hand sl(2,R) is provided with a 2-
symplectic structure but it is the only one which is
n-dimensional and endowed to a (n—1)-symplectic
structure.
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IITI. LEFT-SYMMETRIC K-SYMPLECTIC
LIE ALGEBRAS

A. Affine structures on Lie algebras

Let A be a vector space on the field K
(K=R or C). A bilinear mapping V : (X,Y) +—
VxY = XY, of Ax A & with values into A is
called left-symmetric product if it satisfies :

(X-Y)-Z-X-(Y-Z2)=(Y-X)-Z-Y-(X-2),

for all X,Y,Z € A. In this case (A, V) is called a
left-symmetric algebra or a Vinberg algebra.

If V is a left-symmetric product then the bracket
[X,Y] = X .Y -Y - X, satisfies the identities of
Jacobi, that is (A, [,]) is a Lie algebra subordinated
to the left-symmetric algebra (A, V).

Let us consider a Lie algebra G. We say that G is
endowed with an affine structure if there exists on
the underlying vector space of G a left-symmetric
product V such that (G, [,]) is the Lie algebra sub-
ordinated to the Vinberg algebra (G, V).

B. Affine structures associated to a
k-symplectic structure

Let us recall that if G is a symplectic Lie alge-
bra, then there always exists an affine structure
associated to the symplectic form :

(Y, [X, Z]) = —6(VxY, Z).

Here we study the analogous existence problem for
the k-symplectic case.
Let G be a n(k + 1)-dimensional Lie algebra

on K, provided with a k—symplectic structure
6, ...,6%H).

defi I11.1 We say that an affine structure V on
the k-symplectic Lie algebra G is compatible with
the k-symplectic structure (0',...,0%;H) if it sat-
isfies the following property :

6” (VXY, Z) =—6" (Ya [Xa ZD
forallp=1,....k and X,Y,Z € G.

We denote by j the mapping of G with values in
Hom (G,K*) given by :

i(2)

Let be fx,y € Hom (G,K*) defined by :

(i (2)6",---,i(Z)06%).

fX,Y (Z) = - (01 (Ya [XaZ])a"'aek (Y7 [XaZ]))
VX,Y € Gand Z € G.
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As the k-symplectic system is a nondegenerated
exterior system, the map j is injective. Thus the
following properties are equivalent :

1. V is compatible with the k—symplectic
structure (',...,0%;H),

2. ](ny) = fX,Y- for all X,Y S g,

Theorem III.1 Let G be a n(k + 1)-dimensional
k-symplectic Lie algebra. We suppose that there
exists on G an affine structure compatible with the
k-symplectic structure. Then if k > 2, we have the
following properties :

1. H is an abelian ideal for the Lie algebra
structure of G.

2. M is an ideal of the Vinberg algebra (G, V).
3. V'HH =0.

Proof. Let us suppose that V is an affine struc-
ture compatible with the k-symplectic structure
(6,...,6%;H). From the classification theorem®
there exists a basis (ep;, ei)lSpSk,lSiSn of G, called
the k-symplectic basis, such that

n
0”:prif\wi, p=1,...,k)
i=1
and
H =kerw' N...Nkerw™,

\<p<hi<i<n 19 the dual basis of

(epi, ez’)1§pgk,1gz’§n - g

where (w??,w?)

Lemma II1.1 If k > 2 then the subalgebra H is
abelian.

Proof of the lemma. For all p = 1,...,k, let
be H, the subspace of G generated by the vec-
tors (epi)i<i<n- As H = P, H, we can show that

[Hp, Hq] = {0} for all p,q. As the affine structure
is adapted to the k-symplectic structure we have
for all p and for all r # p :

ep(veuej; ers) =0= _ep(ej; [eli7 ers])-

Then w([ey, ers] = 0 for all li and rs with r # p.
This is equivalent to

[Hpqu] = {0}
with p # ¢q and
[Hp, Hp] C Hp-

Now consider ep; € H, and ey; € Hy. We have
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O(Ve,.er eqj) = 0=—07(Ve,, ex, epi).

Thus V., .er € H and

eq(vfiqz‘ €k, eqs) =0= _eq(eka [eqja eqs])'

As [eq;, eqs] € Hq, the previous identity shows that
[egj5€qs] = 0 and

[anHq] = {0}

Lemma IT1.2 The following properties are equiv-
alent :

1. H is an ideal for the structure of Lie algebra

of G.

2. H is a left ideal for the structure of Vinberg
algebra (G, V).

3. V is trivial on H.

Proof. Let us suppose that 7 is an ideal for the
Lie algebra structure and let h,h' € H, z € G.
We have 67 (x.h,h') = —6P (h,[z,h']) = 0. This
shows that x.h € H, that is H is a left ideal for the
Vinberg structure..

Conversely if H is a left ideal for the Vin-
berg structure given by V, then 67 (h.h',x)
-7 (K, [ha Z‘]) = 67 (W, [.’E, h]) = 0P (z.h',h) = 0,
for all h,h' € H, and x € G. Thus V¢ H = 0.

Now if we suppose that V is null on H, thus
6? (h.h',z) = —6° (h',[h,z]) = 0, for all h,h' € H
and z € G, that is [h,z] € H.

We prove by similar arguments :

Lemma ITIL.3 The following properties are equiv-
alent :

1. H is a Lie abelian subalgebra.

2. H is a right ideal for the Vinberg structure.

Let us take again the proof of the theorem. Using
the previous lemmas, it is enough to prove that H
is an abelian ideal for the Lie structure. As H is an
abelian Lie subalgebra, let us prove that C’Iln-,-
0. But for p # ¢, we have 0 = 64 (ej.eql,e,,ig =
=07 (eq, 65, €pi]) = Céi,j' o
Remark. The case k = 1.
In the theorem we consider k > 2. This hypothesis
is fundamental and the theorem is false for k =
1. For example let us consider the 2n-dimensional
solvable Lie algebra G given by the Maurer-Cartan
equations :

dw' = w' A w?,
dw™t = w? AWt
dwi=0for i#1and n+1
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and H the Lie subalgebra of G defined by the equa-
tions w™tt = ... =w? =0, {w!,...,w?™} being
a basis of G*. We verify that the pair (8, ), where
0 =w Aw™! 4+ ...+ w™ Aw?™ is a 1-symplectic
structure. Then G admits an affine structure com-
patible with the symplectic structure and # is not
abelian.

Example.
1. Let G be the solvable 6-dimensional Lie algebra
given by the Maurer-Cartan equations:

dw' = W' A w® + WP AW
dw? = W% A w® 4+ wt A Wb
dw? = w? A Wb
dw* = w* A Wb
dw® =0
dw® =0,
{w!,...,w®} being a basis of G*. Let us consider

0! = dw! = w Awd 4+ wd AW

0? = dw? = W? Aw® +wt A WS
and H =kerw® Nkerw®. Then (',0% H) is a 2-
symplectic structure on G. It is also provided with
a compatible affine structure defined by :

(( X1. X5 =X,

Xo.X5 = X

X3 X5 = Xs

X3 X = X,

X, X5 = X,

X, Xe = X»

X. X5 = Xs

X, X = X,

| X5.X5 = Xo.
where {Xi,...,Xe} is the basis of G whose dual
basis is {w!,...,w®}. We can note that G is not

a symplectic Lie algebra.

C. Affine structures on (k + 1)-dimensional
k-symplectic Lie algebras

Suppose that G is a (k + 1)-dimensional Lie
algebra provided with a k—symplectic structure
(8',...,6%;H). If there is an affine structure
adapted to the k-symplectic structure then H is
an abelian ideal. From the description of these Lie
algebras proposed in the previous section, G is a
one dimensional extension by derivation of H. Let
(e1,...,ex+1) a basis of G such that # is generated
by (e1,-..,ex). Let (wi,...,wks1) the dual basis.
Then, if we put 6" = w; A wyy1), the system

6,...,6%,G)



A.Awane et al

African Journal Of Mathematical Physics Vol 2 No 1 (2005)77-85

is a k-symplectic system on G. Let us put

e;oe;=0,1<4,j<k
ei®err1 = [ej,epp1], 1<i<k
epr10e,=0, 1<i<k

€k+1 ® €41 = OCf41-

This product satisfies
ejoe; —ejee; = [e;e;l.

If we denote by (z,y, z) the associator of the prod-
uct e concerning the vectors z,y, z, we have

(eia €5, ek+1) = (eia €k+1, ej) = (ek-i—l; €4, ei) =0
for all i, j < k. Moreover
(€k+1;€k+1,€i) = (€k+1,€is€k41) =0

for all ¢ < k, and

(€isery1,err1) = alei, epr1] — [[€s exy1], €xt1]-

If the product e is left symmetric, we can have o =
0 and ad(er41)? = 0 or ad(er41)? = aad(ey1)-
In the last case, if a # 0, then ad(eg1) is diagonal-
izable and a = 1 or —1. Then a such Lie algebra
G is provided with an affine structure. Moreover

07 (e; ® ext1,erv1) = 0P ([€i, €xt1], €xt1)
= —0P(ex+1, [€i) ert1])
and
07 (ext1 @€ ept1) = 0= —0(e;, [exy1,er41))-

At last

(ep, a€pi1)

07 (ert1 @ exy1,6p) = OF
a=—6(ert1,[ep, ert1])-

Then the affine structure is associated to the k-
symplectic structure.

Theorem III.2 Fvery (k + 1)-dimensional k-
symplectic Lie algebra which admits an affine
structure associated to the k-symplectic structure
if it is isomorphic to a one dimensional extension
by derivation of a k-dimensional abelian Lie alge-
bra such that the derivation is nilpotent and it is
not nilpotent and satisfies f = Id.

Proof. Let (6',...,0% H) the k-symplectic
structure on G. If H is abelian, we have con-
struct above the corresponding affine structure. If
‘H is not abelian, if G is not isomorphic to si(2),
then it is a one dimensional extension of an abelian
ideal and G admits another k-symplectic structure
(9, ...,9% H') with H' abelian. In this case e find
again the first case. O
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