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Abstract

We study the discrete spectrum of a general class of Born-Oppenheimer Hamiltonians
of the type:

H=—h’A, + P(z,y,D,) on L* (R} x RY) ,n,p € N*

when h tends to 07, here P (x,y, D,) is a pseudodifferential operator on L? (RP). In the
case where the first eigenvalue A1 (z) of P (z,y, D,) on L? (RP) admits one non degenerate
point-well, we obtain WKB-type expansions for all order in h/? of eigenvalues (in the
interval [0, Coh], Co > 0) and associated normalized eigenfunctions of H, and this for all
orders in h/2.

AMS classifications: 35P15, 35Q20, 35P99, 35599.

I. INTRODUCTION

The Born-Oppenheimer approximation is a method introduced in? to analyse the spectrum of molecules.
It consists in studying the behavior of the associate Hamiltonian when the nuclear mass tends to infinity.
This Hamiltonian can be written in the form:

P=-h*A, — Ay +V (z,y)

where z € R™ represents the position of the nuclei, y € RP is the position of the electrons, h is proportional
to the inverse of the square-root of the nuclear mass and V (z,y) is the interaction potential.

In the last decade, many efforts have been made in order to study in the semiclassical limit the
spectrum of P ( see e.g.t,6,7 8910 ). These authors have shown that in many situations it is still
possible to perform, by Grushin’s method, semiclassical constructions related to the existence of some
hidden effective semiclassical operator.

It has been proved, both for smooth potentials’ and for the physically interesting case of Coulomb
interaction potentials (see ,%?), the existence for the operator P of asymptotic expansions for eigenvalues
and associated eigenfunctions of the types:
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where 1 (z) is the Agmon distance between x and the potential well.

Here we plan to give a unified version of the two results in” and®, which can be applied to the general
class of operators of the type H = —h%*A, + P(z,y,D,), where P (z,y,D,) is a pseudodifferential
operator on Hy = L? (Rg) (the so-called electronic Hamiltonian and its eigenvalues are the so-called
electronic levels).

By using the h-pseudodifferential operators with operator-valued symbol and the general Feshbach
reduction scheme (see™!!), the spectral study of H on L? (R} x RP) is reduced to that of a matrix of

h-pseudodifferential operators F (\) on (L? (R,’:))@m (the so-called effective Hamiltonian) with principal
symbol the diagonal matrix diag (52 + A (x))1 <j<m where m > 0 depends on the energy level and
(Aj (#))1<j<m are the electronic levels. In particular, we obtain the following equivalence:

A€ Sp(H) <= A€ Sp(F(N)

(here Sp stands for the spectrum).

The general theory of Helffer and Sjostrand in® can be applied to the operator F () and shows the
existence of formal WKB-type expansions for eigenfunctions of this operator. This finally gives the formal
WKB-type expansions for the operator H itself.

The argument of Martinez in” gives a justification to the formal WKB-constructions by showing that,
modulo an error of size O (h*®), the formal eigenfunctions approximate correctly the true eigenfunctions
of H.

The plan of this paper is the following. In the first section we introduce our assumptions and give
preliminaries. The spectral reduction of the problem is given in the second section. The third section is
devoted to state our main result and apply the reduction theorem obtained in the section 2 to establish
the proof.

II. ASSUMPTIONS AND PRELIMINARIES

On the pseudodifferential operator @) (z) = P (z,y, D,), we assume (H1), (H2) and (H3) below.

(H1) For every z € R™, ) () is selfadjoint and bounded from below on Hy with z-independent domain
Hi.

(H2) The spectrum of the pseudodifferential operator @ () has two disjoint components for every
r € R™

Sp(Q(2)) = {A (2), X2 (2) ;- A (2)} UT (2)

where A1 (), A2 (2), ..., A\ (z) depend continuously on z, there is a gap between them and the rest of
Sp (Q (z)) more precisely:

36 >0, infI(z)>max{A (), (2),... Am ()} +9, Vz € R"
and remain uniformly separated outside some compact subset of R™:

3C >0, inf |X\(z)—M(2)]>C, C>0.
J#k
lz| > C

(H3) Q (z) € Cg° (R™, L (H1,H2)), @ (z) depends smoothly on x and is uniformly bounded together
with all its derivatives as an operator from #; to Hs.
Examples:

e The operator Q (z) = —j—; +(1+ :U2)2l y?, 2 € R,1 € R satisfies the assumptions (H1) to (H3)
with domain
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Hi=H?(Ry)N{p € L’ Ry); yv’p € L*(Ry) },
A@=@i+1)(0+2) 5 i=1,.,m
and T (z) = {(2j+1) (1+a:2)l; j2m+1}

e A second example is given in®1° for the differential operator Q (z) = U (z) (=2, + V (z,)) U (z)
where U (z) is a diffeomorphism regularizing the physical case of the Coulomb interaction potential
V(z,y).

We denote by S™ (RZ“,E (A, B)) the space of operator-valued symbols of order m € R:

{a:R2“»—>£(A,B)€C°°; Y (a, B) € R?", |a;:6§a(x,§)H O(<€>m )}

L(A, B)

1/2
with < & >= (1 +¢ |2) and £ (A, B) the space of bounded linear operators from the Hilbert space A

to the Hilbert space B.
For ¢ € S(R™, A) (the Schwartz space), z € R™ and a € S™ (R?*, L (A, B)) , the h-pseudodifferential
operator ( the Weyl quantification of the symbol a) is defined by:

O @ ¢ () = an) ™ [ er v (L1 6 o (y)dyae

R2n

Note that Op}’ (a) maps continuously S (R™, A) into S (R™, B). In particular, due to a slight generaliza-
tion of the Caldéron-Vaillancourt theorem (see®,'!), if m < 0 then Op¥ (a) € £ (L* (R™,A), L? (R®,B)).
Using the constructions made in® lemma 1.1, we have the following lemma:
Lemma 1.1: Under (H1) to (H3), there exist an orthonormal family {uy (z) ,us (x),...,um ()} in Ha
such that:

1. V] € {17"'7m}7 Uj (IE) € CI(;)O (RHJH2)7

2. {ug (z) ,u2 (), ...,um ()} generates the space é ker (Q (z) — A (x)) .
j=1

III. FESHBACH REDUCTION

It & ¥ = (1, ¥m) € (L2 (R™)®™ and @ € L2 (R, Hy) then we define:
j=1

B (8 v)- Zu] D <0 B () 1= B (< oy (0) ).

Jj=1

For A € R, we consider the following matrix operator (the so-called Grushin operator):

P(A) = ™ i=1 on L? (R™, H1) @ (L* (R™))®"
<., 4@1 uj () >n, 0
J:

Denote by A4 =zien1£n {Sp(Q () \ {\ (), A2 (2) ,..., Am (2)}}. Then we have:

Theorem 2.1: Assume (H1)-(H3). Then for any A < Ay, the Grushin operator P (\) : H2 (R®,H1)®
(L? (R“))®m — L? (R™, H2) ® (L? (R“))@m is invertible and its inverse can be written as:
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_1 E()\ E._ ()
PO = (2% 210

where E (X)), E+ (A\) and E_4 () are h-pseudodifferential operators.
Moreover, we have the following equivalence:

A€ Sp(H) <= )€ Sp(F(N) (2.1)

where F (\) = A\—E_, (\) is a m X m matriz of h-pseudodifferential operators on (L? (R“))®m with the
diagonal matriz diag (&2 + \; (:U))lstm as principal symbol.

Proof: We can consider the Grushin operator P (A) as an h-pseudodifferential operator with operator-
valued symbol py (z, &) given by:

£+Q@ - & u;)

Dx ($7£) = m / (22)
<. & uj; () >, 0

Jj=1

Using the fact that for any A < Ay and 2z € R®,
T(@)Q ()T () —A>0 (2.3)

the symbol py (z, &) is invertible and its inverse gy (z, &) is given by:
~ ~ ~ -1 . m
0.0 (@) (2 +7(2)Q(2)7 (z) = A) 7 (z) je_al uj (x) ”
qx (z,8) = m N 2.4
<., '@ Uj (.CL') > ()\ — 52 — )\j (1‘) 1<j<m

Jj=1

m
where 7 (z) =1 —m (z), 7 () denotes the orthogonal projection on the space @ ker (Q (z) — A; (z)).
j=1
Due to (H3) and (2.3), we can consider the Weyl quantification @ (A\) = Op¥ (¢g») : L* (R™,H2) &
(L2 R™)®™ — H2 (R®,H1) @ (L* (R™))®™ .ally the composition theorem of h-pseudodiff-erential
operators allows us to obtain,

PN QM) =TI+hRy; [|Ballg(Lamnma)ews@myem) = O 1)
Q ()‘) P ()‘) =71 + hRZS ||R2||[,(H2(R",’Hl)@(LQ(Rn))@m) = 0 (1)

Here, the estimates of ||R1|| and ||Rz|| are uniform with respect to h. As a consequence, for h small
enough, P () is invertible and its inverse is given by the Neumann series:

+o0o “+o0o
PN T=Q0 (1 +) h’“R’f) = <I +) h’“R’;) Q). (2.5)
k=1 k=1

In view of (2.5) and the expression of the symbol g (z,&) it remains to prove the equivalence (2.1) . This
comes from the two following algebraic identities:

(H=Nu=v) 6 PO @0)=ve (<u, & uj() >u,)

e =PN " e (<u & u@)>w)

u=EMNv+E (\)(<u, & u;(x) >n,)
(H=MNu=v)& =
0=E Nv+E 4N (<u, & u;(@) >wu,)

Jj=
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and
(E.x Na=8) PN (00a)=(E;(Na)®p
S0ma=P0\ (Er(\a)ep)

0=(H-N(Er(Na)+ & u;(z)B
=t . (2.7)

E  (Na= &
B W=D 4 cm e B w o) o

If A ¢ Sp(H), then from (2.7) we deduce:

b e s By (Na==(H=)7 (5 u@))
_ a=p & m - m .
+ a=<—(H-X\" (ji;l u; (z) .),jezal u; (T) >, B

In particular,

0¢ Sp(E_y(N) and E_y (V)" = o ) @

Conversely, if 0 ¢ Sp(E_4+ (\)), then (2.6) gives:
<u, & u;(@) >u,= —Ep ) (B- (V)

(H—/\)uzvﬁ{ J
u=EMNv—E;y NE_L (N "E_(\)v

As a consequence,
A¢ Sp(H) and (H=N)""'=E\) —E. (\) E_y (W) E_())

IV. WKB-CONSTRUCTIONS

In this section we will give asymptotic expansions in powers of h'/? for eigenvalues and eigenfunctions
of H near the potential well formed by the first electronic level A\ (z) of @ (z) . Assume (H2) with m = 1.
By adding a constant to @ (z) and a translation in the variable z, we assume that A; () has a minimum

strict at zero (a one point well not degenerate):

0=inf A (z), lim A (z) >0, A;'(0) = {0}, A, (0) > 0.

z€ER™ |00

Denoting by 4 (z) the distance between z € R™ and 0 in the Agmon metric \; (z) dz?, it is known

(see®) that there is a neighborhood Q of 0 such that:
Y € CX(QR), (V9)’(2) = A1 (2), Vo € Q.

We fix some (arbitrarily large) constant Cp > 0 outside the spectrum of the harmonic oscillator
Ho=—-A, + 3 <X/ (0)z,z >rn~. Denote by ey, ...,en, the eigenvalues of Hy in [0, Co],

Sp (Ho) = {Z(zai +1) Vii; @ = (ag,...,a,) € N“}

i=1

where py, ..., p, are the eigenvalues of the matrix A} (0). The main result is as follows:
Theorem 3.1. Assume (H1)-(H3). H has Ny eigenvalues E; (h), E2 (h),
.y Eng (h) in [0, Coh] such that, for every j € {1,...,No} and for h sufficiently small, E; (h) admit the

following asymptotic expansion:
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E; (h) =ejh+ Z a; kh**2 modulo O (h™) (3.1)
E>1

o € R. If E; (h) is asymptotically simple (in the sense that the expansion (3.1) determines E; (h) in a
unique way), then the associated normalized eigenfunction ¢; (x,y; h) satisfies:

e?@/h; (x,y;h) = h™™ Y ajk (,y) ¥/ modulo O (h*)
£>0
in C* (Q,H1), where ago = ao (z) u1 (z,y), ao () #0,Vz € Q, m; € R, my =n/4.
Before turning to the proof of the theorem 3.1, let us recall some basic facts on formal h-

pseudodifferential operators with operator valued symbol. If  is an open set in R™, H is a Hilbert
space and m € R, we introduce the space of formal power series:

S™(LH) =Y hTm gy (2); s, € C (L H) o (3.2)
£>0

For ¢ € C* (,R) and V a neighborhood of 0 in R™ we set
QO ={(z,) e Ax C" £—iVY(z) € V} (3.3)

and the space of formal symbol

SO, L(H,K)) =4 > hFpy (z,8); pr € C® (O, L (H,K)) (3.4)
£>0
where H, K denote Hilbert spaces. For any symbol b(z,£,h) = b = Y hFb, € S°(Q*, L (H, K)),
£>0
one can define the action of the operator of symbol b on
e~ ¥(@)/hgm (), H) by setting for s € S™ (Q, H):
Y@ /hopw (b) (e—w(z)/hs)
hle|
= 3 e o (T Rvu @) ) sty e ] 9

a€EN®?

where
K(2,2) = % (2) = ¢ (@) — (2= 2) Vo (2) = O (]2 - o) .

Op} (b) is called a formal h-pseudodifferential operator, this definition coincides with a formal stationary
phase expansion.
One can verify as in!! that

e @/hOpw (p) (e—W)/hs) € S™ (0, K).
Furthermore, if G is an Hilbert space and ¢ = 7 hic; € S°(0*,L(K,G)), then Op¥ (c) o
Opy (b) = Opy’ (d) is a formal h-pseudodifferential ope]rza?cor with symbol d (z,&,h) = Z hid; (z,€) €
SO (Q*, L (H,Q)) given by: =
(-1 )\ﬂ\
dj(z,8) = Y, ———— (0805b) (0805a) - (3.6)

a1
o+ |81 hi=j @B (20)
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Proof of theorem 3.1: The main idea of the proof is to use a simplified formal version of the theorem
2.1. For A < Ay we set

~ . _ (H—=2X uy () —¢(e)/h am
’P(A)-( < o (@) >, 0) on e S™ (N, HL e C),

P ()) is a formal h-pseudodifferential operator with symbol

pen= STV @) e @ conec o)

where Q* is defined as in (3.3) with 4 (z) being the Agmon distance. As in the proof of the theorem 2.1,
the inverse of the symbol p(x,&; ) is given by:

N (F@ (@ +7@)Q@F () - N7 (@) u (2)
q"(””g’”‘( ( AR« I A—£2—A1(w))' 3.7)

This permit us, using the composition formula (3.6) , to construct a formal h-pseudodifferential operator

O (\) of symbol (see” 1)

O (2,6,h) = @0 (7,6 0) + > hFq (7,6 ) € S° (2", L (H, ® C, 11 @ C))
k>1

such that

PA) Q) =1Id one ?@/hgm(Q 4, C). (3.8)

Writing

s [ EQ) B ()
o= (E o By (A))

and setting F' (A\) = A— E_, (\), by construction, the operator F ()) is a nice formal h-pseudodifferential
operator with scalar symbol

ex(@,6,h) = & + M (z) + ) hFe (2,6 ) € $°(0,C).
E>1

Since F () is formally selfadjoint and A; (z) admits a nondegenerate minimum at 0, the construction of
Helffer and Sjostrand in® Sect.3 gives Ny formal series E; (h; ) for j € {1,.., No} of the form:

Ej (h;)) =ejh+ Y 0% (\) and a; (z,h5)) € S™ (Q;C) (3.9)
E>1
such that
(ﬁ () — E; (s A)) (e—¢<w>/haj (z, h; A)) =0in e V@/hgmi(Q.C). (3.10)

Fix j € {1,..,No}. Using the analytical dependence in A of the symbol e (z,§, h) of F (A) and applying
again the construction of Helffer and Sjostrand for F (ejh + X' 3/ %) (X indicates a new parameter), this
gives formal series of the form:

B (h XN) = ejh + e 1 B2 + ) B L (X).
k>2

Setting \' = e;1 + A"h'/? (where X" indicates a new parameter) and reiterating this process, we obtain
finally formal series (independent of \):

93



Abderrahmane Senoussaoui African Journal Of Mathematical Physics Vol 2 No 1 (2005)87-95

E; (h) = ejh + D R, and a;(w,h) € S™ (2;C).

E>1

Furthermore, we have:
(ﬁ (Ey (h)) — B, (h)) (e—¢<z>/haj (z, h)) =0in e ¥@/hgmi (Q,C) (3.11)
< a; (:h) ) aj! (7h) >y= 6jj' +0 (h) (312)

where (3.12) holds in the sense of formal power series in h with complex coefficients. The inner product
< .,.>y is defined by a formal stationary phase expansion at 0:

<u(z,h),v(z,h) >yp= /e_w(’”)/hu (z,h) v (z,h)d.
Q

Using (3.8) and the definitions of P (\) and Q ()), the equation (3.11) yields that the formal symbol:

b (z,y; h) = e?@/ME, (E,- (h)) (e—W)/haj (w,h)) € ™ (O Hy) (3.13)
solves
(H —E; (h)) (e—¢<z>/hbj (z,y; h)) =0in e"¥(@)/hgmi (). (3.14)
Since
Ey(N)=uy (z,)+ 0O () and < uy(z,.),u (z,.) >pu,=1, (3.15)
we get
< e Y@My (L sh),e Y@My (5 h) > e axrey= 05 + O (h). (3.16)

By a standard argument in” and® Sec.5, one can show that the eigenvalues E; (h) of H in [0,Coh]
(Co > 0 arbitrarily large) admit for asymptotic expansions Ej (h) found above. Moreover, if E; (h)
is asymptotically simple, the formal series e ¥()/ hbj (z,y; h) are the asymptotic expansions for the
associated normalized eigenfunctions ¢; (z,y; h) (j =1, ..., No). This is the case for the first eigenfunction
1 (z,y; h) (since E; (h) is simple ) and m; = n/4 is chosen for the normalization. TCIMACRO
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