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Abstract

Beginning with nonrelativistic local current algebra in two space dimensions, we show
how to recover a certain deformed algebra of quantum mechanics in one space dimension
discussed by Vilela Mendes, having a fundamental length scale £. The extra dimension
becomes an unobservable internal degree of freedom in the ¢ — 0 limit. This hints at a
new possible interpretation of representations of the local current algebra, not as describ-
ing conventional bosonic, fermionic, or anyonic particles in two-space, but as describing
systems having such features in the deformed one-dimensional quantum mechanics. We
also look at discretized local currents within irreducible representations of the deformed
algebra.

I. INTRODUCTION

In the last few years, some researchers have again focused attention on the combined Heisenberg
and Poincaré Lie algebras, as a possible kinematical algebra for relativistic quantum mechanics®>2. The
nontrivial second cohomology of this Lie algebra® means it is “unstable”, but there is a parameterized
family of nontrivial deformations that are “stable” —in the sense that all the Lie algebras in an open neigh-
borhood in the space of structure constants are mutually isomorphic. This means that small changes in
the values of physical constants do not affect the Lie-algebraic structure. The algebra proposed by Vilela
Mendes is a particular choice among several possibilities. It is a deformation by two fundamental length
parameters ¢ and R; taking £ — 0 and R — oo leads to recovery of the original Lie algebra.

Here we seek to define an equal-time, local current algebra compatible with the nonrelativistic
quantum kinematics that follows from Vilela Mendes’ proposal. Like him we consider the case where the
large length R — oo, but £ # 0. Our main idea is to extend the usual nonrelativistic local current algebra
of scalar functions and vector fields by introducing an abstract single-particle configuration space—a
manifold having one dimension more than that of the spatial manifold for the limiting situation with
£ — 0. We focus on the case where the spatial dimension d = 1. Then the many interesting, inequiv-
alent representations of the local current algebra in two-space, including representations describing N
conventional quantum particles obeying the statistics of bosons, fermions, or anyons, might possibly be
reinterpreted as descriptive of local currents for a deformed algebra of quantum mechanics. This is a
topic of continuing investigation by the authors.
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We also comment here on the relation of the irreducible representations of the deformed algebra
to those of the limiting Heisenberg algebra.

II. NONRELATIVISTIC LOCAL CURRENT ALGEBRA

Operator-valued distributions for the local, fixed-time mass density p (x) and momentum density
J (x) are defined formally in terms of underlying canonical fields 1), 1* by*:

- - h (-~ - -~ -

x) = 3 {0 )V (%) - [V¥" 0] d (0}, (2.1)
where m is the particle mass. We let p(f) = [ p(x) f (x)dx and J (g) = ZZZI Jk (x) gk (x) dx, where
f and the components gy of the vector field g are real-valued C™ test functions on R? with compact
support. Then, independent of whether the original field v is bosonic, fermionic, or (in the case d = 2)
anyonic, one obtains the local current algebra®:®

(p(f1),p(f2)]=0, [p(f),](g)]=1ihp(g-VI),

[J(g1), 7 (g2)] = —ihJ ([g1,82]); (2.2)

where [g1,82] = 82 - Vg1 — g1 - Vga is the usual Lie bracket of vector fields. In the 1-particle Hilbert
space L2 (R?), we have the self-adjoint representation

()T =mi(x)¥, J(g) ¥ =1 {gx) V¥ +V-[g(x)¥]}, (2.3)
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where ¥(x) is a square-integrable function. Now as the test function f (x) is taken to approximate an
indicator function xp (x) for a Borel set B C R9, the expectation value (¥, p (f) ¥) with respect to the
single-particle wave function ¥ approximates m [ xp (x) [¢ (x)|? dx, which is the mass times the usual
probability for finding the particle in the region B. If f (x) is, on the other hand, taken as a succession of
increasingly sharply peaked gaussian functions as an approximating series to d (x — xg) for a fixed point
xo € R9, then (T, p (f) ) approaches m |¥ (xq)|>. We also see how to recover the Heisenberg algebra: if
f (x) approximates the coordinate function z;, then p(f) approximates the moment operator mg; acting
in L2 _(RY) via multiplication by mz;. Similarly, if g(x) is taken to approximate a constant vector field
in the j-direction, so that (let us say) g; (x) ~ 1 with g (x) = 0 for k # j, then J (g) ~ —ihd/0x;, which
is the action of the momentum operator p; in Lgx(Rd). Then of course, if I is the identity operator,

[qj,pk] = ih(ijk.[. (2.4)

Finally, generators of spatial rotations may be recovered—e.g., in three space dimensions, the operator
for orbital angular momentum about the z3-axis is approximated by choosing g1 (x) = —x2, g2 (x) = 1,
and g3 (x) = 0 inside a large compact region |x| < R; outside this region, g(x) falls smoothly to 0.
Then J (g) approximates the operator AMi> = L3 = (g X p) - e3 acting in L2 _(R?), where eg is the unit
vector in the z3-direction. Introduce the self-adjoint operator-valued distribution Q(f,g) in L%, (R%),

Q(f,8)¥ = fX)T + 2% {g(x) - V¥x) +V-[g(x) ¥(x)]}, (2.5)

which is the 1-particle representation of the natural semidirect sum of the commutative Lie algebra of
compactly-supported, real-valued C* functions f on R9, with the Lie algebra of vector fields g on R9;
ie.,

[(f1,81); (f2,82)] = (82 - V1 — g1 - V2, —[g1,82]) - (2.6)

Egs. (2.3) follow when we set p(f) = mQ(f,0) and J(g) = hQ(0,g). The (infinite-dimensional) group
corresponding to Eq. (2.6) is the natural semidirect product of the Abelian group of real-valued, com-
pactly supported C* functions on R? (under pointwise addition) with the group of compactly supported
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C* diffeomorphisms of R? under composition.

The construction and classification of inequivalent unitary representations of this group, and cor-
responding self-adjoint representations of the local current algebra, allows the classification and predic-
tion of kinematical possibilities for quantum systems. We have the usual N-particle representations,
N = 1,2,3,..., satisfying bosonic or fermionic statistics for N > 2 in more than one space dimen-
sion. We have particle systems obeying anyonic statistics in two-dimensional space”#:2:10:11 or other
exotic statistics. We have also particles with spin, composite systems having dipole or higher multipole
moments, and infinite-particle or extended systems with infinite-dimensional configuration spaces; for a

recent review, seel?.

III. DEFORMED ALGEBRAS FOR QUANTUM MECHANICS

We now turn to obtaining a certain deformed algebra from the above local currents. Suppose we
interpret Eq. (2.5) as applying in a two-dimensional Euclidean space with coordinates (x,w); where x
parameterizes a traditional 1-dimensional spatial manifold, and w extends that spatial manifold by an
additional dimension. To be concrete, we then have Q (h, g5, 9w) acting in L2, (R?2), where h is drawn
from the space of compactly-supported, real-valued C* test functions on (z,w)-space, and g, g,, are the
components of a compactly-supported, C* vector field on (x,w)-space:

0
QU gar90) = h () + 5 {02 (2,0) -+ oo (2,0))

1 0 0
—A{ 9w (, W) — + — gu (z, . 3.1
5 (90 B0) oo+ 2 gy (2, 0) (31)
Let £ > 0, and define Q¢ (h, 9z, 9w) = Q(h,£gs,29,). Then we have a family of Lie algebras parame-
terized by £ and represented by self-adjoint operators. In the £ — 0 limit, Q(h, g;,gw) reduces to the
multiplication operator @(h,0,0). We may then write

p(f) = ,}gr;mQ(h,O,O) = Jim limm Q (s 9os Gu) (3:2)

to recover the mass density operator in one space dimension. The limit here pertains to the fact that f
depends only on z and is independent of w, while h is compactly supported in (z,w)-space. Likewise we
have

J(g) = lim 7hQ(0,g,,0) = lim lim 2 Q¢ (0,gs,0). (3.3)

Je—9 ga—g £—0 £

The motivation for writing this is the following. In the limit where h(x,w) approaches the coordinate
function z, and the vector field (g, (z,w), g (z,w)) has components that approach the coordinate func-
tions (—w, x), we recover from @), the operator ¢, given by

g=z+il (w%—;vi> . (3.4)

With p = (h/£)lim Q, (0, gz,0), taken in the limit where g, approaches the constant vector field of
magnitude 1, and J=lim Q, (h,0, g,,), taken in the limit where both h and g,, become identically 1, we
have

B, B,
p=—ifge, J=1—ils. (3.5)

These operators represent the following deformed Heisenberg brackets:

lep)=ihd, [.9)= i, [n.7]=0. 5.5)
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In this representation, the operators smoothly go over to a representation of the standard Heisenberg
representation as £ — 0. In that limit, the w coordinate survives, but becomes (in our interpretation)
unobservable.

Egs. (3.4) and (3.5) provide a reducible representation of (3.6) in the Hilbert space L2, (R?). In the
next section, we shall see what happens within an irreducible representation of Egs. (3.6).

One natural choice of local currents corresponding to p and J is,

o =t L+ Loy, @7
) = k (w) + % k (w) a% + a%k ()}, (3.8)

where g(z) and k(w) are compactly-supported C > functions on R. These incorporate the intuitive idea
of local flows in the two coordinate directions. To express them in terms of @ or @), (again recalling
that the arguments of ) are compactly supported in both the z and w coordinates), we use Eq. (3.3) for
J(g) together with the equation, J (k) = limp_,plimg, 1 Q(h, 0,€gy) = limp_limg, 1 Q¢ (h, 0, gu)-
Because of the way the operator ¢ mixes the x and the w directions, it is necessary to incorporate the
full (z,w)-dependence in the test functions h, g, and g,, that appear as arguments of Q.

The Lie algebra of Eq. (3.6), is a special case (with d = 1) of the deformation discussed by Vilela
Mendes, to which we now turn our attention. Taking the 4-vectors ¢, and p,, p,v = 0,1,2,3, and the
Lorentz generators M, we have the canonical brackets,

[quu] = ihnpu\ja [qluqy] = [pu:pu]z [q“,j] = [p;uj] =0, (39)

and the Lorentz brackets,

[M;w; Mpa] = i(Mpoﬂup + Mupnpa - Mmrnpp - Mppﬂl/a) , (310)

together with the additional brackets,

[M;w;p/\] =1 (P;ﬂ?u)\ - punu)\) ; [M;w; Q)\] =1 (Qunu)\ - qunuA) ; (3.11)

[M;uuj ] =0;

where 7, = diag[l,—1,-1,—1] in units with ¢ = 1. To describe the kinematics of a nonrelativistic
quantum particle, one may represent a subalgebra of this Lie algebra (replacing u,v by j,k = 1,2,3) by
self-adjoint operators in Hilbert space.

Although the Lie algebras of Egs. (3.9) and Eqgs. (3.10) are separately stable, the combined Lie algebra
of Egs. (3.9)-(3.11) is not. Vilela Mendes considers a stable deformation labeled by fundamental lengths
R and £, with brackets where Eqgs. (3.10) and (3.11) are unchanged, but Eqs. (3.9) are replaced by,

[pua(Iu] = ihnuu J, [Qu:%/] = —iel? Mul/a

e'h L €
i?M”u; [qu;j]:i&'hpu, [pM,J]: —iﬁqu, (3]_2)
where ¢ and ¢’ are +1. Evidently as £ — 0 and R — oo, we recover Egs. (3.9)-(3.11). This Lie
algebra is isomorphic to the Lie algebra of the orthogonal group in six dimensions, with metric 7., =
diag[l,—1,-1,—1,¢’, ]. In a self-adjoint representation, the g, no longer commute with each other.
As the parameter / is relevant locally, we shall follow Vilela Mendes in focusing on the algebra obtained
by taking R — co. Then the brackets involving R in Egs. (3.12) become zero.
We focus on self-adjoint representations of the Heisenberg-like subalgebra, with j, k = 1,2, 3, and with
€ = —1, given by the spatial components of Egs. (3.10)-(3.11), together with the brackets,

142 2 R
[pu)pu] = - re

. . 2
(gj, qe] = i 2 Mjx,, [gj,px] = 00T, [¢,T] = —i5 i
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[pj,pe] = [pj, T] = 0. (3.13)

(The case € = +1 does not reduce to the Heisenberg algebra.) The algebra of Eqs. (3.6) corresponds to
the d =1 case of Egs. (3.13).

Now the Lie algebra of Egs. (3.10)-(3.11) and (3.13) represents the global symmetry of the deformed
quantum theory. We have seen that one way to obtain a description of local symmetry is to turn to the
local current algebra on a space augmented by the coordinate w.

IV. THE KINETIC ENERGY HAMILTONIAN

In! it was suggested that for a particle of mass m, we should use Hy = p2/2m, where p is the
generator appearing in the algebra of Eqgs. (3.6), and that the oscillator Hamiltonian should then be
Hose = p?/2m + mw?g?/2. But one reasonable criterion for determining the choice of Hy is the
physical condition that the time-derivative of the particle position should be the particle velocity. That
is, we should expect Hy and Hgc to satisfy,

| 1 _p
q = E[‘LHO] = ih[anosc‘] =—.

(4.1)
However, we have from Egs. (3.6) that (1/ih) [q,p?/2m] = (pJ + Jp) /2m, which becomes p/m when
J is the identity operator but not otherwise. To fulfill Eq. (4.1) we propose to modify the form of the
kinetic energy term in the Hamiltonian, so that

Ho= o {p?+ h - '}, (42)

=2m

where I is the identity operator in a representation of the algebra. Note that the coefficient 72 /£? in
(4.2) is required for the correct commutator with g.

V. CURRENTS IN IRREDUCIBLE REPRESENTATIONS

The Casimir operator

1 . 1

commutes with all of the generators in Eqgs. (3.6). In an irreducible representation, C takes the value p3.
The spectrum of the self-adjoint operator representing the generator ¢ is discrete, given by nf for n € Z;
write the corresponding eigenvector as |nf), and ¢ |nf) = né|nf), so that

o o0

g= > nlnf)(nl], I= Y |nb)(nL. (5.2)

n—=——oo n=—oo
The corresponding local mass density operator J, takes the form

o

Jolg)=m Y g(nt)[ne)(nt], (5.3)

n=—oo

where in analogy with the continuum case, the real-valued function g has compact support; i.e., for some
N > 0, g(nf) = 0 whenever |nf| > N{. When g(nf) approximates the function n¢, J ,(g) approximates the
moment operator mgq. When g(nf) > 0 (Vn € Z), J,(g) is a positive operator. When g(nf) approximates
the constant function 1, J,(g) approximates the mass times the identity operator. As we are in a
representation of the local currents describing a single particle, we can interpret (1/m)J4(g) as a spatial
probability density operator averaged with g(nf).
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In the irreducible representation labeled by pg, we have matrix elements

B %4
(nl] pIme) = =02 Gnrm +0nrm) (0l Tmt) = =52 Gregs,m = Snmt ).
Now we can introduce the local currents J,(h) = 15> E(nﬁ){p [nl) (nl| + |nf) (nl|p},and J 7 (1) =
1y Fnl) {T|nk) (nl] + |nf) (nf| T}, where h(nf) = (1/2)[h(n€) + h((n+1)£)] and r (nf) =
(1/2) [T (n€)+7 ((n + 1) £) ] are also compactly supported. As h(nf) and 7(nf) approximate the function

that is identically 1, so do h(nf) and r(nf); then J,(h) approximates p, J s (r) approximates 7, and the
global algebra is recovered. ;From the above,

oo

3, = Y @) {|n){(n+ 1) +[(n +1) &) (nl]}, (54)
2
Js(r) = i% > rnO) {Inf)(n+1)€ —|(n+1)£) (n] }. (5.5)

For the Lie algebra of currents generated by these operators to be local, we would need the commutator
brackets of the operators J; (g9), Jp (h), and J7 (r) given by Eqs. (5.3), (5.4), and (5.5) to yield simi-
larly local expressions. These expressions are all linear combinations of operators of the form |nf) (nf|,
|nf) ((n + 1) ¢|, and |(n + 1) £) (nf|. However, commutators such as [J, (h),J 7 (r)] generate terms of the
form [(n +1)£){(n — 1) £| and |(n — 1) £) {(n + 1) £]. Successive commutators give |(n —m)£) {(n + m){|
and |[(n+ m) ) ((n — m)£|, for arbitrary m € Z. Therefore, to close the Lie algebra of these currents,
one is forced to include new basis elements taking more general forms; e.g.,

Y smemO{|(n+m)e)((n—m)€ +|(n—m)e){(n+m)e},

n,m=—00

where s is a compactly supported function on the square lattice of points (nf, mf). Such currents are
nonlocal in the positional eigenvalues, since the points (n — m)f and (n + m)f become arbitrarily far
apart. This sort of behavior by the commutation relations of discretized local derivatives is well-known
in the context of lattice models.

It is worth remarking that we do have within this framework an equation of continuity for the de-
formed quantum theory, relating the time-derivative of Jq to the spatial divergence of J,. Taking the
Hamiltonian H to be Hy + V (q), with Hy given by Eq. (4.2), a rather lengthy calculation leads to the
result,

1

3u(9) = o [Ta(@), H] =3, (D) (56)

where

n+ 1)¢) — g (nf)
4
is the discretized derivative. The density J, and current J,, that appear in this equation of continuity are

local, but they belong to a Lie algebra that necessarily includes currents that are nonlocal with respect
to eigenvalues of the positional operator q.

Dy (ne) = 2 (5.7)
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