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Abstract
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I. GENERAL DATA

We Consider the higher Coxeter graphs®!!'7 associated to the su (3) system in 2d RCFT. The Ay
graphs are the truncated Weyl alcooves P¥ of SU(3), at level k :

PE={A=(01,22) [ A1,X2 € Z, A1,A2 >0, A\; + Ag <k}, (1.1)

The trivial representation is A = 1 = (0,0) and the two fundamental irreps are 2 = (1,0) and 3 = (0, 1).
The altitude (or generalized Coxeter number) & is defined by x = k + 3.

Conjugation C acts as: C(A1,A2) = (A2, \1). For a fixed level k, and the Z3 automorphism A acts as:
A(M1, A2) = (K — A1 — A2, A1). The triality ¢(A) is defined by: ¢(Ar, A2) = Ay — A2 mod 3.

Normalized characters X’f\ in an irrep of su(3) possess a simple transformation property with respect to
the modular group PSL(2,Z), generated by the two transformations S and 7°.

The Gannon twist operator w is defined by its action: w()) = AN (}), and w? = I.

The fusion of representations of chiral algebras in RCFT is written as: A Q@ u = E"epi N, Vo where
N, are positive integers called the fusion coefficients and satisfy the Verlinde formula: (N3) o =

Ek Sx58usS,5/S1p- From the definition Ny, =N3,, it follows that Ny = I,x,, and N; is the ad-
BePL
jacency matrix of the Ay graph. The N, matrices form a faithful representation of the fusion graph
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algebra A with non-negative integral structure coefficients N x> Suc that:

Novw = No-1,mNa0) = Noa-1,u-1) = Noa—2u41) 5 Noavo) = Noa-1,00N@,0) — Noa-2,1)
r

| (1.2)
N(O,)\) = (N()\,O)) , N()\JL) =0if A<0 or u<0.

Consider a graph Gy, of type I (i.e. with self-fusion) with r vertices a it also possesses a graph algebra rep-
resented by r x r matrices G,. The fusion graph algebra A possesses also another representation, which
is provided by the fused matrices F) fulfilling the previous recurrence formula: F)\F, = Zuer_ Ny, Fo,
where 1 = I and the matrix Fy corresponding to the fundamental irrep A = f of A; is the adjacency
matrix of the graph G with the same Coxeter number as Ag. The vector space V(G,) spanned by
the vertices of the Gy graph is a module under the action of Ay : Ax x V(G,) — V(G,) such that
Axa <=y, (Fy),; bIn the Ay cases, the fused matrices Fy coincide with the fusion algebra matrices V.

II. THE OCNEANU ALGEBRA OF QUANTUM SYMMETRIES

A. The Bialgebra BG

Consider the graded algebra of endomorphisms on essential paths!?:2:

BG = End (EssPaths) = @ &nd (EssPaths*) = @ End (H*) (2.1)
AePh AePh

Elements of H* are denoted § and dim(H*) = dx = ) (F),,. Consider the dual vector subspace
a,beG

H* of H*, then &nd (H*) = H*@ H* and BG = @ e H* with elements e, (A) = £ ® 7.
AePh

143 o ” Of

The vector space BG endowed with two semi-simple algebra structures. The composition
endomorphisms, called also vertical product and the other one denoted “%”, called horizontal product
or convolution. The latter comes from the fact that the dual algebra g, which elements are denoted
E¢y, (z), can be also endowed with a multiplication structure “6”. The BG is also endowed with two
coalgebra structures compatibles with each of the above multiplications. However the bialgebra (B,0,A)
is a “weak” Hopf algebra (W H A), satisfying the axioms of!, also called Ocneanu quantum groupoid or
”double triangle algebra” (DT A)*. In Figl are depicted elements eg, (A) of B and Eg, (z) of B which
justify the name DTA for the algebra B (where a = s (&) and b = r () are respectively the source and
the range for the path ¢, idem ¢ = s () and d = r (n)).

FIG. 1. elements of the double triangle algebras B and its dual B

The algebra (WHA) B can be diagonalized in two different ways. On the one side the diagonalization
related to the first multiplicative law o makes B as a sum of simple blocks indexed by the Young dia-
grams X of the Ay diagram, the dimension of each block is (d,\)Q, and the whole dimension of the algebra
is >, (dy)®. On the other side the diagonalization of B with respect to its second multiplicative law
% makes B isomorphic to a sum of another type of blocks indexed by the called “irreducible quantum
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symmetries” denoted , these blocks are of sizes (d,)* and the dimension of the algebra B is >ow (dy)*.
In the sequel we will check the quadratic sum rule ), (dy)? = > (dy)? for the A 4 graph and its related

graphs Aj, A7 and A7°.

Let’s return to the second block decomposition of B. The minimal central projectors, using the
first multiplicative law o, related to these blocks span a new (associative) algebra Oc (G) called “Ocneanu

73,8,12 We can associate to this algebra an Ocneanu graph denoted

algebra of quantum symmetries
Hoc(g) for which the vertices label the Ocneanu generators and are indexed by x. This graph encodes the
multiplication by the Ocneanu generators z y=)_, O, z, where O}, are the algebra structure coefficients
(non-negative integers). The matrices O, defined by (O.),. = O}, gives an anti-representation of this

algebra: 0,0, =3 0;, 0,.

To every fundamental irrep f of the Ay algebra, we have two corresponding generators for the
Oc(G) algebra, denoted Of, and Og,. The Ocneanu algebra can be realized as a kind of some tensor
product ® for graphs of type I and its generators can be written as x = a ®b or a linear combination of
such monoms. To each point x is associated a matrix S, = GG}y which characterizes the blocks of the

second multiplicative law . The dimension of such blocks are given by: d, =3_, ; (Sz),4-

B. “Double fusion”algebra matrices V), and toric matrices W,,:

The vector space of vertices of G is a bimodule over the action of Ay, and also is a module under the
action of Oc (Gg). Each one of the two algebras A and Oc (G) is a bimodule over the action of the other.
In particular, the bimodule structure of Oc (G) over Ay, reads:

Ai % 0c (G) x Ay = Oc(G) (2.2)

)\X-WXN%ZVAN,W Y,
Y

where the V), matrices form a representation of the square fusion algebra. The associativity property
AN xp)p' = (AXN)x(up')) of the bimodule structure implies that these coefficients satisfy the so called
modular splitting equation :

V’\N VAI“I = Z NAA),\II NIZ’)”I V)\”H”' (23)

k
ATt EP+

the V), are related to the toric matrices by: (Vau),, = (Way),,. Moreover,the “fundamental” left
and right chiral generators of the Oc (G) algebra (there are four of them in the su (3) case) are given by:
Vfg = OfL and ng = OfR‘

C. Quantum symmetries of A4, graphs:

The irreps of the A, graph are indexed by their corresponding Young diagrams. It is displayed in Fig2
together with its conjugated A§, twisted A7, and twisted conjugate A7 graphs (see?).
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FIG. 2. The A, graphs

1. Ocneanu algebra Oc(Ay) and its generators:

The Ocneanu algebras of quantum symmetries associated to su(3) graphs are a kind of square tensor
product?:3:3:8 of the graph algebra G over the ambichiral subalgebra 7 :

0c(§)=G0G=G6®sG (2.4)

In the A, case, the ambichiral algebra J is isomorphic to A, , so Oc(A;) = A, ® A=A, ®5 Ay,

where: au®b = a® u*b, for all a,b,u € A, and v* is the conjugate of u.

The toric matrices W,y and the square algebra matrices Vy, are given by: Wy ), , = Vau),,, =
(N pVAY ,’j)w’y , (we note here that the indices = and y are of type A and p). The toric matrix associated to the
unit generator of Oc(Ay) ist M = W;; = I;5,which then commutes with the S and 7 matrices, hence
is modular invariant. This implies that the Ocneanu algebra Oc(A;) is commutative because there is no
entries in M which are equal or more than 2, and the number of points in the Ocneanu graph Ho.(4,)
is equal to the number of entries 1 in M, then there are Trace [MMT] = 15 vertices in Hoe(a,)- The
four fundamental generators of the Ocneanu algebra Oc(A;) are

Osr =V3,1 = NagN;+ = Ny ; Osr =Vi,2 = Ny Np« = Ny

2.5
Osr, =Vs,1 = N3sNy» = Ng ; Osr =Vi,3 =NiNs- =Ny (25)

The corresponding Ocneanu graph Ho,(4,), related to Ogy, and Ogg, is the superposition of tow copies
of the A, graph, corresponding to its two fundamental generators 2 = (1,0) and 3 = (0,1). This graph
is displayed in Fig3.

FIG. 3. The Ocneanu graph Hoca,)
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A possible realization of the points of the Hp.(4,) graph is given by the 15 basis elements A=A ®1=

1@\ for A € ’Pi. The generators of the Ocneanu algebra Oc(A;) are realized as: Oy = O], = N,
for A € Pi. The toric matrices with one defect line W,; are given by: W;; = M = N; and
Wi: = Wiax = N,. The dimensions of blocks corresponding to the first multiplicative law of the
bialgebra BA, are given by: dy =" pwePh (F>),,,- The linear and quadratic sums of these dimensions

are respectively: E/\ePfr dy = 486 and EAePi (d\)? = 17766.

To determine d, = Zp,uepi
the convolution law of B.A,, let’s first determine the S matrices. These matrices are given by S; = GAG,

(S2),,, dimensions of the second type of blocks that are related to

when 2 = A\ ® wthen S, = G\ = F) for A € ’Pi since p = 1 and G; = I15. So the dimensions d, are
equal to dy and the linear and quadratic sum rules for the bialgebra BA,: Y, dx = 3, d, = 486 and
> (dy)? = > (dy)* = 17766 are trivially satisfied.

2. The Ocneanu algebra Oc (A7):

The Ocneanu algebra related to the A7 graphis Oc(A7) = A, Qwdy= Ay ® pei A, where: au®4b =
a4 ®p @ (u*)b for all a,b,u € A4 and u* is the conjugate of u. The toric matrices W7, and the square
algebra matrices VY, are given in terms of the N matrices by: (Wf,’y))"u = (V;‘T:'M)z,y = (NANW(“*))w’y.
The modular invariant toric matrix associated to O¢ (Af) is: M%= 0y () forall A\, u € ’Pj_.A possible
realization of the points of the Ho(a7) graph is given by the 15 basis elements: i\w:)\(}éw 1=1R.,w (%)
for )\GPi. The generators of the Ocneanu algebra Oc(A7) are realized as: OF =N, for /\EPi.

The Ocneanu graph Hoc( A7) related to the fundamental generators OF; and OF is the graph
encoded by multiplication by these two generators, it is the superposition of the two copies of the A,
graph corresponding to its fundamental irrep 2 = (1,0) and the irrep 14 = (1,3) . These two graphs are
drown separately in Fig4.

The A, graph related to (1,0)  The A, graph related to (1,3)

FIG. 4. The two components of the Ocneanu graph HOC(A?,)

The dimensions of blocks corresponding to the first multiplicative law of the bialgebra BA7 are:

2 .
ay = Za’beAf (F{) 4> then we get: E)‘EPi d¥ = 162 and 2*67’1 (d¥)” =1974. To determine the
dimensions d =}, AT (S)’\”)a’ » let’s first remark that the S, encode the property of A7 as a module
over the Ocneanu algebra Oc (Af), with the OF matrices as generators, in the same way as the fused
matrices F” encode the property of A7 as a module over the fusion graph algebra A4, with the nimreps
matrices Ny as generators. Since OFY = Ny, it is obvious that the S coincide with the fused matrices Fy,

167



D. Hammaoui and E.H. Tahri African Journal Of Mathematical Physics Vol 3 No 1 (2006)163-169

then the dimensions d¥ are equal to d¥ and the linear and quadratic sum rules are fulfilled: ) rePt ay =

L w2 _ w\2 _
Zzeﬂccw) dF = 162 and ¥, ps (d5)° = Emeﬂoc(q) (d=)? = 1974

III. RESULTS FOR A{ AND A7¢ CASES:

The Ocneanu algebra Oc (A5) is: Oc(A) = Ay ®c Ay= A; @4, Ay, where: au®:b = a @ ub, for

all a,b,u € A;. The toric matrices Wy , and the V§  matrices : (Waﬁ,y))\u = (Vf u) = (NaN.), -
’ ey ’

The modular invariant of Oc (A§) is: M= 8y, for all \,u € P{. We can check that Yreas & =

¢ =1 d . (d9)? = de)? = _
The Ocneanu algebra Oc (A7°) & Oc(AT®) = A; Qe Aj= Ay Qa7 Ay, where: au Qe b =

a Qe w (u)b for all a,b,u € A;. The toric matrices Wy'; and the V{7 matrices are: (Wf’;)/\u =

( fﬁ)w’y = (NXNW(H))z,y and the toric matrix associated to Oc (A7°) is M@ = 6y (- for all

A\ p €P*. We can check that: 3, d¥¢ = ¥ dZ° = 306 and ¥, (d¥°)” = 3, (d°)* = 7182. So the
linear and quadratic sum rules are fulfilled.
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