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Abstract

It is discussed how stochastic evolutions may be connected to SU(2) Wess-Zumino-
Witten models. Transformations of primary fields are generated by the Virasoro group
and an affine extension of the Lie group SU(2). The transformations may be treated
and linked separately to stochastic evolutions. A combination allows one to associate
a set of stochastic evolutions to the affine Sugawara construction. The singular-vector
decoupling generating the Knizhnik-Zamolodchikov equations may thus be related to
stochastic evolutions. The latter are based on an infinite-dimensional Brownian motion.
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I. INTRODUCTION

There is a tradition in the physics community for describing a broad class of two-dimensional crit-
ical systems in terms of conformal field theory (CFT). Schramm has introduced the celebrated stochastic
Lowner evolutions (SLEs)! as a mathematical rigorous way of handling some of these two-dimensional
systems at criticality. The method involves the study of stochastic evolutions of conformal maps, and has
been developed further in?. Recent reviews on SLE may be found in*~7. Applications as well as formal
properties and generalizations of SLE are currently being investigated from various points of view.

An intriguing link to CFT has been examined by Bauer and Bernard® (see also®) in which the
SLE differential equation is associated to a particular random walk on the Virasoro group. The relation-
ship can be made more direct by establishing a connection between the representation theory of CFT
and entities conserved in mean under the stochastic process. This is based on the existence of level-two
singular vectors in highest-weight modules of the Virasoro algebra.

The approach of Bauer and Bernard has been extended from ordinary CFT and SLE to N =1

superconformal field theory and stochastic evolutions in N = 1 superspace!®!!, to logarithmic CFT!2:13,
and to CFT and SLE-type growth processes in smaller regions of the complex plane than ordinary chordal
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SLE'“. The present work offers an extension from ordinary CFT to Wess-Zumino-Witten (WZW) models
where the conformal symmetry is supplemented by a Lie group symmetry. We are thus led to consider
stochastic evolutions of affine Lie group transformations. Most of our results pertain to SU(2) WZW
models, and we refer tol® for a survey on CFT.

The present elevation to WZW models is discussed in the realm of generating-function primary
fields, see'61%. They serve as a convenient way of handling the multiplet of Virasoro primary fields com-
prising the su(2) representation space of a given conformal weight, as discussed below. Transformations
of the multiplet of Virasoro primary fields are replaced by transformations of the generating-function
primary field. As in ordinary CFT, these transformations may be described in terms of group elements,
here elements of the Virasoro group and an affine extension of the Lie group SU(2). Alternatively, they
may be described by utilizing that primary fields have tensor-like transformation properties, again as
in ordinary CFT. This allows one to link stochastic evolutions of the two kinds of group elements to
stochastic evolutions of conformal and affine transformations, respectively. These links may be estab-
lished separately. By combining them, one may relate the affine Sugawara construction of Virasoro modes
(see?® and references therein) to entities conserved in mean under the combined stochastic process. This
process is somewhat formal, though, as it is based on an infinite-dimensional Brownian motion. As the
Knizhnik-Zamolodchikov (KZ) equations are generated by one of the conditions appearing in the affine
Sugawara construction, they too may be linked to stochastic evolutions.

A brief review of certain aspects of SU(2) WZW models and generating-function primary fields is
given in Section 2. The general link between SU(2) WZW models and stochastic evolutions is discussed
in Section 3, while Section 4 concerns the special case corresponding to the affine Sugawara construction
and the KZ equations. Section 5 contains some concluding remarks.

II. ON SU(2) WZW MODELS

We shall discuss WZW models from an algebraic point of view, and are therefore not concerned
with their Lagrangian formulation. The conformal symmetry is generated by the Virasoro modes satis-
fying the algebra

C
[Ln,Lm) = (0 —m)Lpym + En(n? — 1)dntm.o0 (2.1)

Transformations generated by the affine su(2) Lie algebra are here referred to as affine transformations.
The algebra, including the commutators with the Virasoro modes, reads

[J—i-,n; J—,m] = 2JO,n+m + kn(sn—i—m,ﬂ
[JO,n; J:I:,m] = :i:J:I:,n—i-m
k
[Jo,ns Jo,m] = §n5n+m,0
[Ln, Ja,m] = —mJa,ntm (2.2)

The level of this affine algebra is indicated by k, and we shall assume that it is a non-negative integer.
The non-vanishing entries of the Cartan-Killing form of su(2) are given by

1

5, Ky— = K4 = 1 (23)

Koo =
and appear as coefficients to the central terms in (2.2). Its inverse is given by

K% =2, kT =kt=1 (2.4)
and comes into play when discussing the affine Sugawara construction below.

Virasoro primary fields are defined by their simple transformation properties with respect to the
Virasoro algebra:
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[Ln, #(2)] = (2110, + A(n +1)2") ¢(2) (2.5)

Here A denotes the conformal weight of ¢. The Virasoro primary fields of a given conformal weight A
may be organized in multiplets corresponding to spin-j representations of the su(2) algebra generated by
{Ja,0}, where
JiG+1)
A = 2.6
k+2 (26)

We shall label the members of such a multiplet as in

¢5,-3(2), bj—j1(2), -y B55-1(2), ¢5(2) (2.7)

The field ¢; ., has Jo,o eigenvalue m, while a convenient choice of relative normalizations of the fields is
indicated by

[J+,0,05,m(2)] = (§ +m+ 1)$j,mt1(2)
[J0,05 $j,m (2)] = mjm(2)
[J0,0jm(2)] = (F —m+ 1)djm1(2) (2.8)

A generating function for these Virasoro primary fields may be written

o(z,z) = Z z"¢j.i-n(2) (2.9)

Since this field merely is a linear combination of Virasoro primary fields of the same conformal weight,
it too transforms as in (2.5). That is, the transformation generated by the Virasoro group element G
simply reads

G 19(z,2)G = (0. f(2))2¢(f(2), z) (2.10)

for some conformal map f.
The action of the affine generators on the generating-function primary field reads

[Jam, $(2,2)] = 2" Do () (2, ) (2.11)
where the differential operators D, are defined by
Dy(z) = —2°0y +2jz,  Do(x) = —20; +j,  D_(z) =0, (212)

The set {—D,} generates the Lie algebra su(2). To derive the transformations generated by affine SU(2)
group elements, we first note that

e ABet = e B (2.13)

where ada B = [A, B]. Using this, one finds that

—uJt n wlpn — (1 y2"2)?! _r

e gz, et e = (1= uz"a) gl —)

e’“J01"¢(z,:c)e“J°’" — efujz" ¢(z7euznm)
e W-n (2, 2)e" - = p(z, 2 — uz™) (2.14)

It follows that a general affine SU(2) group element U generates the transformation

U_1¢(Z7$)U = (azy(zaw))_3¢(zay(z7$)) (215)
where y(z, ) is a Mobius transformation of 2 with z-dependent coefficients:

a(z)x + b(2)

(D) +dz) a(z)d(z) — b(z)c(z) £ 0 (2.16)

y(z,z) =
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We shall also be interested in combinations of transformations generated by Virasoro and affine SU(2)
group elements. In particular, a tranformation generated by one type of group element followed by a
transformation generated by a group element of the other type results in

G U (2, 2)UG = (9:1(2) (Buy(2,2) 7 d(f (), y (2, 2)) (2.17)
or
U™ G (2,2)GU = (0. f(2))> 0oy (£ (2),2)) 6 (f (2),y(f (), ) (2.18)
The affine Sugawara construction of the Virasoro modes in terms of the affine generators is given by

1
Ly=—k% Jands N—n Jo Nendbn 2.19
A PR o

Here and in the following we shall use the convention of summing over appropriately repeated group
indices, a = +,0. Acting on a highest-weight state, the affine Sugawara construction gives rise to
singular vectors of the combined algebra. The decoupling of these is trivial for N > 0 while for N = 0
it merely reproduces the relation (2.6). The condition corresponding to N = —1 leads to the celebrated
KZ equations used in discussions of correlation functions.

II1. SU(2) WZW MODELS AND STOCHASTIC EVOLUTIONS

By considering the Ito differential of both sides of (2.10) where G and f(z) now are considered as
stochastic processes, Gy and fi(z), one may relate stochastic differentials of Virasoro group elements to
stochastic evolutions of conformal maps. We shall allow higher-dimensional Brownian motion satisfying

dBl'dBy = §*"dt, dB}'dt = dtdt =0 (3.1)
and Bff = 0. We then have

G, 'dGy = ay(L)dt + > _ Bu+(L)dBY, Go=1 (3.2)
1]

where oy and f,; are expressions in the Virasoro modes. Similarly, the stochastic evolution of the
associated conformal maps may be written

dfi(z) = fo,(z dt+2fut z)dBY', fo(z) =2 (3.3)
Techniques for computing and comparing the Ito differentials of both sides of (2.10) are described in!®712,
With
ﬂp t Z lu,n tL
neZ
1
a0(L) = ar(L) = 5 > 6 Bui(L)Bue(L) = D loniln (3.4)
one finds
fu, Z lp,,n t ft n+1
neZ
1
ot = > lone(fi(2)™ + 2 D6 N (mA Dl o (fe(2)™ ™ (3.5)
neZ 314 nmeZ
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This provides a general link expressing the stochastic evolution of conformal maps in terms of the stochas-
tic Virasoro differentials.

A similar description of stochastic evolutions of the Mobius transformations (2.16) in terms of
affine SU(2) differentials follows from an evaluation of the Ito differential of both sides of (2.15). For
later convenience, we shall base the analysis on a potentially non-diagonal higher-dimensional Brownian
motion with W/ an invertible linear combination of Brownian motions, satisfying

dWPdAW = NP7 dt, dWfdt = dtdt =0 (3.6)
and W§ = 0. Here ) is a symmetric and invertible matrix. Using the same approach as above, we write

U dU, = p(D)dt + > gpi(J)dWY, Upg=1 (3.7)
P

and

dye(2,2) = yo,u(2,2)dt + > ype(z,2)dW/, vo(z,2) =z (38)
p

The analogue to (3.4) reads
Gt()) = D dpmidan
nEZ

1 o
pou(J) =pi(D) = 5 D N4 (Naon(J) = Y Jinidan (3:9)
1214 nEZ

and a goal is to express yo (2, ) and y,+(z, ) in terms of j§ ,, ;, j5 ,, , and y;(z,x). We thereby find the
following general link

yp,t(z,x) = Z 2" ((yt(zam))zjin,t + yt(z)w)jg,n,t - j;n,t)

neZ
vo.0(2,8) = D 2" (1e(2:0) 58 s + 96(2:2)30,m0 = Tomt)
neZ
1 - . . .
+ 5 Z )\P Z zn+m ((yt(z7 x))2.7;’:n,t + Yt (Z, x)]g,n,t - ]p,n,t)
Py nmeZ

x (2y¢(2, 2)Jg ms + Jo.m.e) (3.10)

It turns out that the links (3.5) and (3.10) are unaltered if one considers the Ito differential of both
sides of (2.17) based on a combination of the two group actions. This is a priori not obvious since one
in that case should allow that some of the Brownian motions B}, appearing in (3.2) and (3.3), and W/,
appearing in (3.7) and (3.8), may be related. One would thus have to supplement (3.1) and (3.6) by

dBIAWF = \Pdt (3.11)
where A could be non-vanishing. As already indicated, however, all terms proportional to X cancel and
one is left with the separate Virasoro and affine SU(2) links. The rationale for making this consistency

check is that we shall use the product UG in our discussion of the affine Sugawara construction in the
following.

IV. AFFINE SUGAWARA CONSTRUCTION

Our next objective is to relate a set of stochastic evolutions to the affine Sugawara conditions (2.19).
To this end, we consider a general stochastic process F; with Ito differential
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dF, = wdt + ) _ v,dB; (4.1)
l

where B} = 0. For sufficiently well-behaved functions u; and vy,¢, the time evolution of the expectation
value of F; is given by

and is seen to vanish provided E[u;] vanishes. A goal is thus to find processes F; whose associated u;’s
(4.1) correspond to the affine Sugawara conditions. This illustrates a general scenario in which the rep-
resentation theory or structure of the CFT (here the SU(2) WZW model) allows one to put an entity
equal to zero (here represented by (2.19) and u;), thereby producing a martingale (here the stochastic
process F;) of the system.

Since the affine Sugawara conditions involve both Virasoro and affine su(2) generators, we ought
to look for combinations of Virasoro and affine SU(2) group elements. We therefore consider

(U:Gy) Hd(U,Gy) = Gy 1 (U7 dU) Gy + G HdGy + G (U1 dUL) Gy (G HdGy)

= (Gt_lpt(J)Gt +on(L)+ ) J\WG;Iq,,,t(J)Gtﬂ,,,t(L)> dt

+ (Z ﬂu,t(L)> dBf + (z Gt_IQp,t(J)Gt) thp (4-3)

and

(GU) ™ d(GeUy) = U MGy dG)Uy + Ut dUy + U (G Gy ) Uy (U dUy)

= (Utlat (DU +pe(J) + > XU By (L)thp,t(J)> dt

+ (Z U;lﬂ,,,t(L)Ut> dB" + (Z q,,,t(J)) dwr (4.4)
|7 p

It is noted that the inter-relating matrix A (3.11) appears in these expressions. Since the affine Sugawara,
conditions are linear in the Virasoro modes and bilinear in the affine su(2) modes, we shall work with the
differential (4.3) and not (4.4). The linearity in the Virasoro modes also suggests that we should consider
But(L) =0 and oy (L) = ap (L) = Ly, in which case

Gt = etLN, Gt_lth = Lth (45)
and
OtE[Uth] = E[Uth(LN + G;lpt(J)Gt)] (46)

We should thus require that po(J) = 0 and

n<—1 n>0

Hab
Z)\paqp,t(!])cﬁr,t(t]) = k+2 ( Z Ja,an,N—n + Z Ja,N—an,n>
p,0
K:ab
= 0n0g g | aodho +23 Jandin

n>1

nab

+ (1 — 6N,0)k—+2 Z 6n+m,NJa,an,m (47)

n,me
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The summation indices p and ¢ are then naturally considered as double indices: p = (a,n) where a is a
group index taking the values a = 0, £, and n is an integer. That is,

Z )‘paqp,t(‘])qa,t(‘]) = Z /\(a’n)(b’m)q(a,n),t(‘])q(b,m),t(‘]) (48)
P, nmeZ

and the condition (4.7) for N # 0 is satisfied if

1
Jan 4.9
V=i (49

The N = 0 condition is not covered by this analysis due to the divergencies appearing in the affine
Sugawara construction when the normal ordering of the affine modes (as in (2.19) and (4.7)) is omitted.
Since the Ito calculus is based on a symmetric ’two-form’ in (3.6), \?? = A??, we are confined to ordinary
products and thus seem deprived of the power of normal ordering required in the N = 0 condition.

)\(a,n)(b,m) — K}ab(sn_l,_m,N; (I(a n), t(J)

The stochastic differential equation of the affine SU(2) group element accompanying (4.5) for
N # 0 is now seen to be

ab

U 'dUy = W

> JaN-ndindt + ——— Z JandW ™, Up=1 (4.10)
neZ nEZ

This is a somewhat formal expression as it involves an infinite-dimensional Brownian motion. It is em-
phasized that there is a pair (G, U;) for each of the affine Sugawara conditions (2.19) with N # 0. An
explicit indication of which condition such a pair refers to has nevertheless been omitted for notational
reasons.

The conformal maps f;(z) associated to the Virasoro group elements G; given in (4.5) evolve
deterministically as we have

lynt =0, lont = 0n,N (4.11)
and subsequently from (3.5)
dfi(z) = —(fu(2))NTdt,  fo(z) =2 (4.12)
This is solved by
filz) = m N #0 (4.13)
or
fi(z) =zt N=0 (4.14)

and can be verified directly using (2.5), (2.10) and (2.13).

To determine the stochastic differentials of the M6bius transformations y;(z, z) associated to (4.10),
we rely on the link (3.10). We have

. 1 _
Samms = Jrggommder  Jone =0 (4.15)

and it follows from (3.10) that

Y(am) t 2" (Y20F +ydo —6.),  you=0 (4.16)

and hence
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1
dyt(z7$) = \/m

> o (aw it s yaw 0 —aw ), geem)=a (417)
neZ
Note that the dependence on N is given implicitly via th(a’n)th(b’m) = K% m,Ndt, cf. (4.9).

In order to express dy;(z,z) in terms of ordinary, though infinitely many, ’orthonormal’ Brownian

motions instead of {W(®™}, we perform some linear transformations. First we introduce the linear
combinations

Bt = — (B{"" +iB(")

V2
Bt(ovn) e ,\/§B§37n)
g™~ L (B(l,m _ iB(z,m) (4.18)
t VA t
where we have introduced an infinite set of Brownian motions labeled as Bt(f’"). They satisfy the or-
thonormality conditions
dB™dBY ™) = 4 S dt, 0,0 €{1,2,3}, nn'eZ (4.19)

and B(()l’") = 0. With our standard convention for the group index, a = +,0, we then have

a,n 1 a,n . -
Wt( m>N/2) _ % (Bg ) )+%B(a,N n))

Wt(a,n=N/2) — B(a,N/?)) for N even
(a,n<N/2) _ __1' (a,n) :p(a,N—n)
W _ = (Bt +iB ) (4.20)

These processes are seen to respect dW, *™dW "™ = A@m®m) gt with A given in (4.9). Tt is now
straightforward to express dy:(z,z) given in (4.17) in terms of the orthonormal Brownian differentials

dB{*™ and we find

>+ 2V (P - DAB™ +i(y + 1)aB + 2yaB )
n>N/2

1
dyi(z,r) = WD

¢ N—n n 2 (lvn) y 2 (2’n) (37n)
bW = 3 V- )((y —1)dB" +i(y? +1)dB®™ + 2ydB! )

n<N/2
1+ (_1)N)ZN/2
2:/2(k + 2)
Yo(z,7) =z (4.21)

(v = DaB™™ +i(y? + 1aB>™ + 29aB™)

where the last term proportional to z/2 vanishes for N odd. It is recalled that N # 0 in this expression.
The condition underlying the KZ equations is easily obtained by setting N = —1.

V. CONCLUSION

We have discussed how SU(2) WZW models may be linked to stochastic evolutions. The confor-
mal symmetry is thereby related to stochastic evolutions of conformal maps whereas the affine SU(2)
invariance is linked to stochastic evolutions of affine transformations. This extends work done in®14-10713
on connections between CFT and SLE, and generalizations thereof. An objective of the present work was
to develop a set of stochastic differential equations corresponding to the affine Sugawara construction of
the Virasoro generators in terms of the affine generators. This has been achieved for all Virasoro modes
but Lg, in which case our approach seems to be incapable of reproducing the required normal ordering of
the affine modes. Since the L_; mode is covered, we have thus obtained a stochastic differential equation
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describing the condition underlying the KZ equations. The associated stochastic process is somewhat
formal, as it is based on an infinite-dimensional Brownian motion. We nevertheless hope that our analysis
may prove itself useful.
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Note added

After completion of the present work, a very different approach was suggested in?' to the problem of
linking stochastic evolutions to conformal field theories with Lie group symmetries.
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