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Abstract

We introduce and develop the notion of vectorial polarized manifolds, some properties
of this last structure and various vectorial Hamiltonian mappings in the case of polarized
Poisson manifolds and a variety of vectorial Hamiltonian mappings associated to diverse
vectorial polarized systems in dimension < 4 are given.
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I. INTRODUCTION

The k—symplectic structure was introduced by A. Awane in his dissertation in 1984 (see for
examples' and??, developed by Puta Mircea in 19882°; analog properties were developed also by M. De
Léon, Mc Lean, K. Norris, M.Salgado see'*, and generalized by L.K.Norris'?, etc...

A polarized structure on an even dimensional smooth manifold M is a pair (4, E) constituted by a
closed differential 2—form # of maximum rank and by an n—codimensional integrable subbundle E of T M
which is Lagrangian with respect to the 2—form 6. Locally, there exists coordinate system (2%, y%)1<i<n
(the Darboux coordinate system) such that :

n
0 = da* Ady'
i=1
and the subbundle E is defined by dy! = ... = dy™ = 0.
The notion of a polarized manifold plays an important role in theory of the geometric quantization
of Kostant-Souriau, see for example P.Molino'® and N.Woodhouse?!. Interesting properties were putting

in evidence by A. Weinstein, P. Dazord, J.M. Morvan, P. Molino, P.Libermann, etc...

Let us recall back that one of the main motivations which led to introduce the notion of the
k—symplectic structure, as extension of the geometry of polarization?, is to propose a geometric support
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of the equations of Nambu'®, in analogy with the well known symplectic geometry and classic Hamiltonian
formalism. Some properties of the Poisson structure subordinate to a k—symplectic manifold have led us
to put in evidence the notion of vectorial polarized Poisson structure; for a fixed finite dimensional real
vector space V, this last structure is defined on a foliated manifold (M, F) by a pair () (M, F), P), such
that $) (M, F) is a submodule of the space C* (M, V) of V-valued smooth functions on M, over the ring
of basic functions for the foliation §, and P is C* (M) —bilinear antisymmetric mapping

pP: /\1 (M,V) x /\1 (M, V) — C*® (M, V)

allowing to find usual case for V = R.

A notable feature of the Hamiltonian description of classical dynamics is Liouville’s theorem, which
states that the volume of phase space occupied by an ensemble of systems is conserved. The theorem
plays, amongst other things, a fundamental role in statistical mechanics. On the other hand, Hamiltonian
dynamics is not the only formalism that makes a statistical mechanics possible. Any set of equations
which lead to a Liouville theorem in a suitably defined phase space will do (provided, of course, that
ergodicity may be assumed). Nambu proposes a possible generalization of the Hamiltonian dynamics for
a 3-dimensional space.

In this optic, the k—symplectic geometry propose a geometrical structure in which cohabit differ-
ential 2—forms @', ... , 0%, such that the Hamiltonian mappings are R '—valued H whose components H?
are related to Hamiltonian systems X g by relationship :

i (X)) 6P = —dHP,

in order to find Nambu-Hamilton equations conserving the specific features of the classical symplectic
geometry.

In this perspective, a k—symplectic structure is a (k+1)—tuple (8',...,6%; E) such that 6*,...  0F
constitute a non degenerate system vanishing on the tangent vector fields to leaves.

The generalized Darboux theorem shows that there exists about each point zo of M a local
coordinate system (2%, y*)1<p<k,1<i<n defined on a neighborhood such that :

o, = daf A dy’

and the subbundle E is defined by dy! = ... = dy™ = 0.

The study of an exterior system shows that in high dimension, an infinity of systems not algebraically
equivalent can be put in obviousness. k—symplectic systems are defined directly by conditions of regu-
larity; they can be interpreted as models of exterior systems of maximum rank vanishing on the tangent
vector fields of the generalized Lagrangian foliation.

In this work, we introduce the notion of the vectorial polarized structure on manifold M. This
structure is given by (6, E) , when 6 is a closed vectorial valued 2—form on M vanishing on the section of a
subbundle E. The polarized manifolds and the k—symplectic manifolds are particular vectorial polarized
manifolds.

Also, we give in this work, some properties of this last structure and various vectorial Hamiltonian

mappings in the case of polarized Poisson manifolds and also a variety of vectorial Hamiltonian mappings
associated to diverse vectorial polarized systems in dimension < 4.

II. VECTORIAL POLARIZED MANIFOLDS
A. Definition
Let (M,3¥) be a foliated manifold, M is an m—dimensional manifold endowed with a p—dimensional

foliation; and let V' be an R— vector space of dimension k.
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Let us fix a basis (e,);<,<, of V, and let A, (M,V) = A, (M) ® V, be a V—valued differential
two forms; that is, the space of ~

0=0"Re,=0"Qer+...+0F Qe

where 6%,...,0% € A\, (M).
We say that (6 , E) is a vectorial polarized structure on M , if the following conditions are satisfied :

1. the V —valued 2—form 6 is non degenerate, that is :

Vee M, VX €T, M, i(X)§=0=—=X=0

2. each leaf of § is maximal totally isotropic with respect to 6.

B. Hamiltonian systems

Suppose that M is equipped with a vectorial polarized structure (6 ; E) and let
JXE) — ANV
defined by
J(X) =4(X)f, VX € X(M)..
A vector field X on M is called a vectorial polarized Hamiltonian system if it is an infinitesimal

automorphism for the vectorial polarized structure (6 ; E), that is, if the following conditions are satisfied

1. X is foliate;

2. i(X)0 is closed.

We denote by £ (9,F) the C*° (M) —module of infinitesimal automorphisms of the pair (¢ , E). Let
X Dbe a vectorial polarized Hamiltonian system. By Poincaré lemma, every z € M , there exists an open
neighborhood U of z and a (smooth) mapping H : U — V satisfying the relationship :

(X)) =—dHy .
Conversely, if a smooth mapping H : M — V, satisfies
dH =dH® @ e, € j(£OM,F)),

there exists a unique vector field on M, denoted X g and called the vectorial polarized Hamiltonian system
associated with H , such that :

i(Xg)0 = —dH

on M; the vector field Xy is called a (strongly) Hamiltonian system.
A smooth mapping H : M — V satisfying dH € j(£(9, F)) is called a vectorial polarized Hamilto-
nian mapping of the vectorial polarized structure (6 ; E).

C. Poisson bracket of a vectorial polarized structure

Let H and K be two vectorial polarized Hamiltonian mappings and Xg, Xk the associated polarized
Hamiltonian systems. The Lie bracket [Xp,Yxk] is a polarized Hamiltonian system. More precisely, the
mapping denoted {H, K} of M into V defined by

{H,K} ZQ(XH,XK) = 90‘(XH,XK)ea
satisfies
[Xu, Xk] = Xk}

The mapping {H, K} is called the (vectorial) Poisson bracket of the (vectorial) Hamiltonian mappings
H and K.

We denote by $ (M, F,0) the space of all vectorial polarized Hamiltonian mappings.

Two important classes of the vectorial polarized structure.
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III. POLARIZED MANIFOLDS

A real polarization on M, is a vectorial polarization (6, E) such that m = 2p and V = R.

Theorem II1.1 (Darboux theorem). Every point of M has an open neighborhood U with local coordinates
system (z',..., 2", y',... ,y"), such that

6 =dx' Ady' +...+dz" Ady"

and g is defined by equations dy' = ... =dy™ = 0.
And with respect to an adapted coordinates system (z*,... ,2",y',... ,y"), the polarized Hamiltonian
mapping H takes the form :
n
H:Zai(yl,... M)zt 4+ byt ... y™) (3.1)
i=1
where a4, ... ,an,b are basic functions for §.

Recall that, by the symplectic duality ¢ : X +— i(X)0, between the tangent bundle TM and the
cotangent bundle T*M, we associate to § a non degenerate bivector P (the Poisson tensor) defined by :

P(a,8) =6 (¢ (a),¢7 () foralla,B€ A\ (M),
and, we have an antisymmetric linear mapping P : A; (M) — X (9M), given by

(8,P(a)) = P(a, ),

IV. K-SYMPLECTIC MANIFOLDS

A k-symplectic structure on M, is a vectorial polarization (6, E) such that m = n(k+1) and
p =nk.

A. Canonical k-symplectic structure on R* )

Consider R*(¥) equipped with its Cartesian coordinates (z&,y%)1<a<k1<i<n- Let E be the sub-
bundle of TR*(H¥) defined by the equations

and let
0=0%R®ey = (dzf Ady') ® eq

The pair (6, E) defines a k-symplectic structure on R*H¥) called the canonical k-symplectic struc-
ture. This structure induces a natural k-symplectic structure on the torus T*(+¥),

B. The generalized Darboux theorem (see for example' and®.

Let M be an n (n + 1) —dimensional manifold. If the (k + 1)-tuple (§ = 0* ® e, E) is a k-symplectic
structure on M then for every point p of M there exists an open neighborhood U of M containing p
equipped with local coordinates ($?,yi)1ga§k,1gi§n called an adapted coordinate system, such that the
V —valued differential form 6 is represented on U by :

0=0%R®e, = (dz Ndy') ® eq,

and E is defined by equation : dy! =0, ..., dy™ = 0.
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Proposition IV.1 Let H = (H%)i<a<kr be a vectorial polarized Hamiltonian mapping and let
Xu be the associated polarized Hamiltonian system. With respect to an adapted coordinates system
(%, y")1<a<k,i<i<n , the components H? of H and Xg can be written:

H* =x;?‘fj(y1,... ") + g%z, ... ,2™)

and

Y Og® 0
Xy = — (;cgazs(yl,... ")+ 6§s(yl"" ,y")>
0

s(,1 ny_“

+f (y7"'5y )6ys’

where I and g® are smooth basic functions on U.
Remark IV.1 Assume that k > 2. It follows from the proof of the previous proposition that, if the

Pfaffian forms i(X)0',... ,i(X)0% are closed (or equivalently Lx60' = ... = Lx6* =0), then the vector
field X is necessarily an infinitesimal automorphism of § .

With respect to an adapted coordinate system (z%,y%)1<a<k,1<i<n the components {H,K}* of
{H,K} are given by:

"/ OH*dK* OH* K"
H K = -
0Ky =3 (G B~ 5 g )

s=1

Let $(M) be the set of Hamiltonian mappings of the k-symplectic structure (6',...,0%; E). The
association (H,K) +— {H,K}, of H(M)xH(M) into H(M), is a skew-symmetric R-bilinear mapping
satisfying the Jacobi identity.

Proposition IV.2 (§(M),{,}) is an infinite-dimensional Lie algebra.

V. NAMBU’S STATISTICAL MECHANICS

Let (z,y,2) be a triplet of dynamical variables (a canonical triplet) which span a 3-dimensional
phase space M. This is a formal generalization of conventional phase space spanned by a canonical pair
(p,q). Next, we will introduce two functions H and G depending on (z,y,2) which serve as a pair of
?Hamiltonians” to determine the motion of points in phase space. More precisely Nambu has postulated
the following Hamilton equation :

dz _ D(H,G
dt = D(y,z)°
dy _ D(H,G)
dt = D(z,z)’
dz _ D(H,G)
dt = D(zy)’

where D(H,G)/D(y, z) denote the Jacobian

D(H,G) 0HOG OHOG

D(y,z) Oy 8z 0z Oy’

The above equations are called Nambu’s equations of motion, and the vector field whose integral curves
are given by Nambu’s equations of motion will be denoted by X ("H @) and called the dynamical system

of Nambu.
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Consider the space M = R? equipped with its canonical 2-symplectic structure (6*,6%; E) defined

by
0! = dz Adz,
6% = dy Adz,
E = kerdz.

The Hamiltonian mapping of the 2-symplectic structure are the mapping
H:M — R

whose components are given by

{Hl = f(2)z +g'(2),
H? = f(2)y+¢*(2),

where f, g' and g2 are smooth real functions depending only on the variable z. The integral curves of
the Hamiltonian system X of the 2-symplectic structure are given by the following equations :

e OH!
dt 0z ’
dy  oH’
dt 8z’

and

dz _ OH' _ 9H?

dat ~ oz oy
Theorem V.1 Let H = (H', H?) with H' = f(2)z + ¢'(2) and H? = f(2)y + g?(2)) be Hamiltonian

mappings of the 2-symplectic structure. Then the Hamiltonian system Xg and the dynamical system of
Nambu X7, are related by

Corollary V.1 The mapping
(f(2))'H = (z + h'(2),y + h*(2))
is a solution of Nambu’s equations of motions on a domain where f(2) is a non-vanishing function and

hi(z)=(f(2))"g'(2) ,  h(2)=(f(2))""9"(2)-

VI. VECTORIAL POLARIZED POISSON MANIFOLDS
A. Definition

Let (M,J) be a foliated manifold, M is an n—dimensional manifold endowed with a p—dimensional
foliation; and let V' be an R— vector space of dimension k.

Let us fix a basis (e,);<,<; of V with dual basis (w"); ., , and let A, (M, V) = A, (M) V
be the space of V —valued differential forms of degree 1, that is, the space of

a=ad'®e 1 +...+dfF e
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where o!,... ,aF € A\, (M). Locally, on an open neighborhood U endowed with local coordinates system
(z',...,2"), each element a € A (M, V) has the form :
k n )
ajy = Z Za?dm’ ® e,
r=11i=1

where o] : U — R are smooth mappings.
We denote by EY, the annihilator of the subbundle E in A, (M, V), it is the space of V' —valued 1—forms
on M vanishing on the cross sections of E.

Definition V1.1 Let (M,F) be a foliated manifold, let $ (M,T) be a submodule of C*° (M,V) over the
ring B (M, F), and let

P: /\1 (M,V) x /\1 (M, V) — C*® (M, V)

be an antisymmetric C*® (M) —bilinear. We say that ($ (M, F) , P) is a vector polarized Poisson structure
on M, if the following properties are satisfied :

1. P(a,B) =0 for all o, € EY,
2. for all H K € $(M,3), P(dH,dK) € (M, 3),

3. the correspondence (H,K) — {H,K} = P(dH,dK), from $(M,§) x $H(M,F) with values in
5 (M,F), confers to (M, F) a law of Lie algebra,

4. each H € $(M,F) corresponds to a vector field X g such that :
(dK,Xg) ={H,K},
for all K € $ (M, 3) .
P will be called a vector polarized Poisson tensor.
Let us consider an open U of M endowed with an adapted local coordinates system

(«',...,2%,y",...y7) . Since P is zero on the annihilator EY of the subbundle E in A, (M, V), then the
tensor P has the form :

g 0 0 y 0 0
— AUr P q iyr P q
P =AY ((6mi®w)/\(amj®w))®eT+qu <(3mi®w)/\(ayj®w))®er (6.1)

where AY", Bir - U — R are differential mappings. The Jacobi identity implies that we have :

BAZ'LT lev BAii’f cmu aAi':'I lav aAi':'I amv OALY Albu 0ALY pbmu _
Arw_ B’LUT‘ + Bz Aru ~ oy Bur + Arv ~ oy Bvr _07

leb By;" ): t ax!
0AL) plcv OBy plav 9B,% pamv OBiw Albu OBny pbmu _

azlb Brw + dz! Aru — oym™ Bur — T oxl ATU + dym Bvr = 0; (62)
5BabY H5Bacr

st ALY — Z5u=Bry = 0.

For each element a € A, (M, V) we can associate a C* (M) —linear mapping
Pa,.): \, (M, V) — €= (M,V)

such that P (a,.) (8) = P(a,f) for each § € A, (M,V), the linear mapping P (e, .) coincides with the
vector field P (a) for k = 1.
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VII. MODEL VECTOR POLARIZED POISSON MANIFOLDS

Let us consider the model space R* = RP x R? endowed with the p—dimensional model foliation
§ defined by the equations dy' = ...dy? = 0, where (z*,y?), withi =1,... ,pand j = 1,... ,q, are the
Cartesian coordinates system and let V' = R be the real space in which one fixes the canonical basis
(er)1<r<p With dual basis (W"); <,y -

Let ($(M,F), P) be a vector polarized Poisson structure on R™. The vector polarized Poisson
bivector P takes the form (6.1) and satisfies the Jacobi identity (6.2), and $) (M, ) is a submodule of
C> (]R\J/) over the ring B (R", F) of basic functions. We give now some examples of polarized Poisson
structures widening the space of vector polarized Hamiltonian mappings subordinate to the k—symplectic
manifolds.

1. Let $ (R",¥) be the B (M, F) —submodule of C* (R*, V) spanned by e; ... ,eg. thus § (R",F) =
B (R, F) x...xB(R",F) (k times) and for all vector polarized Poisson bivector P, the associated
Lie algebra (8B (M, F),{,}) is abelian.

2. For V = R? we consider the B (M, §) —submodule § (R"*, F) of C* (R", V) spanned by the mappings
X':(zy)—2ler (i=1,...,p).

Xij : (Z',y) — xixje2 (7’).7 = ]-7 ap)

and by the vectors e;,es. The components H! and H? of each element H of 9B (9, F) take the

form:
P ; .
H' = 3 5 e 40 ) (=)
=
P ;i 4 “ ..
H? = 3} [yt + gyt .. y?) (G5=1,...,p)
1,]=
where fi;fijaglag2 € B (wtag) .

3. Suppose that p = mk. We denote by (z,y) = (z",y",... ,yq)1<a<m 1<r<, the Cartesian coordi-
nates system of R” and let § (R”,§) be the B (9M, F) —submodule of C* (R”, V) spanned by the
mappings

k
X : (z,y) — meer (a=1,...,m)
r=1
and by the vectors ey, ... ,e,. The component H” of each element H of § (M, F) takes the form :

H = Zfa(yl,... M g (Y™ (r=1,... k).
a=1

where f,,9" € B (M, F).

4. In the previous notations, we consider the B (M, F) —submodule ) (R",F) of C* (R™, V) spanned
by the mappings

k
X (z,y) — mexﬂ’er (a,b=1,...,m)
r=1
and by the vectors ey, ... ,er. The component H" of each element H of % (90, F) has the form :

HT‘ = Z fab(yIJ"' 7yn)$raxrb+br(y17"' 7yn) (Ir = 17"' Jk)'

a,b=1

where fabagT €B (wta 3) .
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5. In the previous notations, we consider the 9B (M, §) —submodule $ (R, F) of C* (R"*,V) spanned
by the mappings :
k
X (z,y) — ZwmeT (a=1,...,m)

r=1

k
X (z,y) — Z:cm:crber (a,b=1,...,m)
r=1
and by the vectors ey, ... ,er. The components H" of each element H of 9B (91, F) take the form :

m m
H = Zfa(yl,... ,y™M)z™ + Z far(yty .o y™amxm™ 07y, . L Y™,
a=1

a,b=1

where (r =1,...,k) and f,, fop, 9" € B(M,F) .

VIII. LOCAL MODELS OF VECTORIAL POLARIZED SYSTEMS

For the polarized manifolds and the k—symplectic manifolds, there is a unique model : the Dar-
boux model and its generalization. In the case of the vectorial polarized systems, there is not a unique
model.

We give here, some local models of the vectorial polarized systems, when the dimension of the
space is < 4, and the vectorial polarized Hamiltonian systems and the vectorial polarized Hamiltonian
mappings having singles expressions.

A.For k=2and m =3

Every R%-valued form 8 = ' ® e; + 62 ® e; in R® admits a maximal solution of dimension 2 then is
2—symplectic system and can be written under the following local form :

' = dz' Ado?
032 = dz? A dz®

B.For k=3, m=3

Consider the R®-valued form in R? given by
0=0"®e+0°®er+6°Res

with rank 3, such that the system {#,62, 6%} is not is algebraically equivalent to 2—system. Then, locally,
this system is algebraically equivalent to the following model

o' = dz?® A dz®
0% = dz® A dz!
03 = da' A dz?

This system has a 1—dimensional maximal solution. The vectorial polarized Hamiltonian mappings take
the following expressions :

H' = az?2® + bgz? — baz® + g
H? = —az'2® + b1z® — bsz! + as
H3 = —az'a? + box! — bi2? + a3

where a, by, ba, b3, a1, g, a3 are real numbers..

41



A. Awane et al African Journal Of Mathematical Physics Volume 4(2007)33-43

C.Fork=2and m=4

Let 0 = ' @ ey + 62 Q e a R2-valued form in R* with maximum rank and with maximal solution of
dimension 2 . then locally we

6! = da' Ady'
6% = dz® A dy®.

This system has a 2—dimensional maximal solution (the foliation defined by dy' = dy? = 0). The
vectorial polarized Hamiltonians mappings take the following expressions :

H' = f!(y',9°) o' + 4" (y',97)
H? = f2 (y',y%) 2+ 9% (v',9%)

where f1, f2, g1, g% are basic functions for the foliation defined by dy! = dy?> = 0
D. For k=3 and m =4

We consider only

1. The 3—symplectic system

' =dx' Ady
() 6% = dz® N dy
03 = dz® Ndy

2. The system (S?)

0 = dz' Ady? + dz? A dy*
(S?) 0% = dz' A dy!
6° = dz? A dy?

This system has a 2—dimensional maximal solution (the foliation defined by dy' = dy? = 0).

The vectorial polarized Hamiltonian mappings take the following expressions :
H = f1(yhy?) 2l +g (v, 07
02 = 12 (4, 4%) 22 + g2 (4,1
B =12 (y',52) o' — f' (5", 97) 2% + 6% (4",9°)
where f1, f2, f3,9', g%, g° are basic functions for the foliation defined by dy' = dy? = 0.
3. The system (S?)
0! = dz' A da? + dz® A dat

(53) 0% = dz' A dz® — dz? A dz?
03 = dz' A dz* + dz® A do?

Locally, this system has a 1—dimensional maximal solution.

The vectorial polarized Hamiltonian mappings take the following expressions :

H' (21,29, 23,24) = azy + bxoy + cx3 + dzg + 1
H? (z1,%9,23,74) = —dz) — cT2 + bz + azy + az

H3 (z1,%9,23,74) = cx1 — dry — azs + bry + a3

where a, b, c,d, a1, az,as are real numbers.
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