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Abstract

The Transient hydromagnetic Couette-Poiseulle flow and heat transfer of an electrically
conducting fluid is studied in the presence of a transverse uniform magnetic field with
variable physical properties. The viscosity and thermal conductivity of the fluid are
assumed to vary with temperature. The fluid is subjected to a constant pressure gradient
and an external uniform magnetic field perpendicular to the plates which are kept at
different but constant temperatures. The effect of the magnetic field, the temperature
dependent viscosity and thermal conductivity on both the velocity and temperature fields
is reported.
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I. INTRODUCTION

The flow with heat transfer of a viscous incompressible electrically conducting fluid between two paral-
lel plates is a classical problem that has important applications in magnetohydrodynamic (MHD) power
generators and pumps, accelerators, aerodynamics heating, electrostatic precipitation, polymer technol-
ogy, petroleum industry. This problem has been considered by many researchers under different physical
effects! =3. Most of these studies are based on constant physical properties, although some physical prop-
erties are varying with temperature and assuming constant properties is a good approximation as long
as small differences in temperature are involved®.

More accurate prediction for the flow and heat transfer can be achieved by considering the variation
of these physical properties with temperature. Klemp et al.” studied the effect of temperature dependent
viscosity on the entrance flow in a channel in the hydrodynamic case. The MHD fully developed flow and
heat transfer of an electrically conducting fluid between two parallel plates with temperature dependent
viscosity is studied in®? without taking the Hall effect into consideration.

In the present work, the Transient Couette-Poiseulle flow of a viscous incompressible electrically
conducting fluid with heat transfer between two electrically insulating plates is studied in the presence
of uniform magnetic field. The upper plate is moving with a constant speed and the lower plate is kept
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stationary while the fluid is acted upon by a constant pressure gradient and an external uniform magnetic
field is applied perpendicular to the plates. The magnetic Reynolds number is assumed small so that the
induced magnetic field is neglected!:®. The two plates are kept at two constant but different temperatures
while the viscosity and thermal conductivity of the fluid are assumed to vary with temperature. Thus, the
coupled set of the nonlinear equations of motion and the energy equation including the viscous and Joule
dissipations terms is solved numerically using finite differences to obtain the velocity and temperature
distributions at any instant of time.

II. FORMULATION OF THE PROBLEM

The fluid is assumed to be flowing between two infinite horizontal plates located at the y = 4h planes.
The upper plate moves with a uniform velocity U, while the lower plate is stationary. The two plates are
assumed to be electrically insulating and kept at two constant temperatures T3 for the lower plate and
T; for the upper plate with T2 > T;. A constant pressure gradient dP/dz is applied in the z-direction.
A uniform magnetic field B, is applied in the positive y-direction which is the only magnetic field in
the problem as the induced magnetic field is neglected by assuming a very small magnetic Reynolds
number'®. The viscosity of the fluid is assumed to vary exponentially with temperature while the
thermal conductivity is assumed to depend linearly on temperature. The viscous and Joule dissipations
are taken into consideration. The flow of the fluid is governed by the Navier-Stokes equation which has

the form'-®,

ou dP  9%u  Oudu

— = — 4+ —— —0B2 2.1
Por = dz Mo Tayay TP (2.1)

where p is the density of the fluid, p is the viscosity of the fluid, o is the electric conductivity of the
fluid, and u = wu(y,t) is the velocity component of the fluid in the z-direction. It is assumed that the
pressure gradient is applied at ¢ = 0 and the fluid starts its motion from rest. Thus

t=0:u=0 (2.2)

For ¢ > 0, the no-slip condition at the plates that

y=—h:u=0y=h:u="U, (2.3)

The energy equation describing the temperature distribution for the fluid is given by!!!

L OT 0o (0
PP = oy oy

2

where T is the temperature of the fluid, ¢, is the specific heat at constant pressure of the fluid, and &
is the thermal conductivity of the fluid. The last two terms in the left-hand side of Eq. (2.4) represent,
respectively, the viscous and Joule dissipations. The temperature of the fluid must satisfy the boundary
conditions,

t=0, T=T,
t>0, y = —h, T="1T,
t>0, y=h, T-=T, (2.5)

The viscosity of the fluid is assumed to vary with temperature and is defined as, u = puof1(T). By
assuming the viscosity to vary exponentially with temperature, the function fi(T) takes the form?,
f1(T) = exp(—a1(T — T1)). In some cases a; may be negative, i.e. the coefficient of viscosity increases
with temperature®®. Also, the thermal conductivity of the fluid is assumed to vary with temperature
as k = kofo(T). We assume linear dependence for the thermal conductivity upon temperature in the
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form k = ko[l + b1(T — Ty)]'%, where the parameter b; may be positive or negative!®. The problem is

simplified by writing the equations in the non-dimensional form. To achieve this, we define the following
non-dimensional quantities,

s~n_(@y) 7_tUl, p_ P ~»_ u pn_ T-T __ dP
@y)="37t=5=7P pUg’“*UT’Q*TQ—TII’G**%7

f1(0) = exp(—a1(Te — T1)0) = exp(—ab), "a” is the viscosity exponent,

f2(0) =14+ b1(To — T1)0 = 1+ b0, b” is the thermal conductivity parameter,
Re = U,h/ 10, is the Reynolds number,

Ha? = 0B2h?/j1,, Ha is the Hartmann number,

Pr = pocp/ko is the Prandtl number,

E.=U2/c,(T> — Ty) is the Eckert number,

In terms of the above non-dimensional quantities Egs. (2.1) to (2.5) read (the hats are dropped
for convenience)

ou 1

1 9%u
9% e + Efl(t‘))—
1 0f0)du 1

~— — —Hd? 2.
Re 0y Oy Re @ (2:6)

t>0:u :to,:yoz: u—1: 2’: Ly=1, (2.7)

O = e O3+ 2O (2.
LR ) <‘;Z>2 + 28 Ha,

t=0:0=0, (2.9)

t>0:0=0,y=-1,0=1,y=1.

Equations (2.6) and (2.8) represent a system of coupled non-linear partial differential equations which can
be solved numerically under the initial and boundary conditions (2.7) and (2.9) using the finite difference
approximations. The Crank-Nicolson implicit method is used''. Finite difference equations relating the
variables are obtained by writing the equations at the mid point of the computational cell and then
replacing the different terms by their second order central difference approximations in the y-direction.
The diffusion terms are replaced by the average of the central differences at two successive time levels.
The non-linear terms are first linearized and then an iterative scheme is used at every time step to solve
the linearized system of difference equations. All calculations have been carried out for G = 5, Re = 1,
Pr=1,and E. = 0.2.

I11. RESULTS AND DISCUSSION

Figures 1la and b (see Appendix) present the velocity and temperature distributions as functions of
y for various values of time ¢ starting from ¢t = 0 up to the steady-state. The figures are evaluated for
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Ha=1,a=0.5,and b = 0.5 . The velocity component u reaches the steady state faster than . This is
expected as u is the source of 0. Figure 1b shows that the temperature 0 inside the fluid may exceed the
value 1, which is the temperature of the hot plate, especially at large times. This is due to the Joule and
viscous dissipations.

Figures 2a and b present the time development of the velocity component u at the center of the
channel (y = 0), for various values of the parameters "a” and Ha and for b = 0. Figures 2 show that
increasing the parameter ”a” decreases u for all values of Ha. It is also shown that the steady state time
of u is not greatly affected by changing "a”. Comparing Figs.1a and b indicates the damping effect of
the magnetic field which decreases u for all values of "a”.

Figures 3a and b present the time development of the temperature at the center of the channel
(y = 0), for various values of the parameters "a” and Ha and for b = 0. The figures show that increasing
7a” decreases 6 for all values of Ha as a result of decreasing the velocity u and its gradient the function
f1 which decreases the viscous and Joule dissipations. It is also shown that the steady state value of 6 is
not greatly affected by changing ”a”. The comparison between Figs. 2a and b shows that increasing Ha
increases 6, for all values of a, due to the increase in the Joule dissipations.

Figures 4a and b present the time development of the temperature 6 at the center of the channel
(y = 0), for various values of the parameters ”6” and Ha and for @ = 0. The figures show that the
variation of the temperature 6 with the parameter ”b” depends on t where a crossover in 6 — tcharts
occurs. The effect of ”b” on @ depends on ¢ and increasing ”b”increases 6 at small times, but decreases 6
when t is large. This occurs because, at low times, the center of the channel acquires heat by conduction
from the hot plate, but after large time, when w is large, the Joule dissipation is large at the center and
center looses heat by conduction.

It is noticed that the parameter ”b” has no significant effect on u in spite of the coupling between
the momentum and energy equations. It is also shown in the figures that increasing the parameter ”b”
decreases the steady state time of §. Figure 3b indicates that increasing Ha increases 6 as the Joule
dissipation increases and decreases the time at which the crossover in 6 — ¢ charts occurs.

IV. CONCLUSION

The transient Couette-Poiseulle flow of a conducting fluid under the influence of an applied uniform
magnetic field has been studied with temperature dependent viscosity and thermal conductivity in the
presence of an external uniform magnetic field. It was found that the magnetic field or the viscosity
exponent has a damping effect on the velocity component u while the effect of the parameter ”b” on u
can be entirely neglected.

It is also shown that increasing the magnetic field increases the temperature 6, however, increasing

the viscosity exponent decreases 6. It is of interest to find that the effect of the parameter ”0” on the
temperature fdepends on time.
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V. APPENDIX
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Fig. 2 Time development of «z at y=0 for various values of a
(a) Ha=0; (b) Ha=1. (b=0)
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Fig. 3 Time development of @ at y=0 for various values of a
(a) Ha=0; (b) Ha=1. (b=0)
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Fig. 4 Time development of @ at y=0 for various values of b
(a) Ha=0; (b) Ha=1. (a=0)
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