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Abstract

Using matrix model formulation of Laughlin fluid as well as su(2) representation theory,
we consider fractional Quantum Hall system on 3d and 2d spheres and derive explicitly
the ground state wave function of the corresponding fluid droplets.
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I. INTRODUCTION

In the past few years; a great deal of interest was
devoted to fractional quantum Hall (FQH) fluids
in Laughlin state'-6. These studies were carried
out in the context of Susskind proposal as sys-
tems moving in (2 + 1) real dimensions. Recently,
they have been extended to higher dimensions”-'6.
These generalizations include quantum Hall soli-
tons and involve non commutative Chern-Simons
gauge theory as well as type II superstrings com-
pactified on Calabi-Yau threefolds and topological
string theory.

In particular we have studied in'®, a FQH sys-
tem in fluid approximation living in complex three
dimension space in presence of a strong constant
RR B-field. This system corresponds to FQH par-
ticles viewed, in the string theory language, as DO-
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branes coming from D1 strings wrapped on S!.
Moreover, our D strings fluid (DSF) proposal is
thought of as enveloping Susskind description of
FQH system, by taking appropriate parameter lim-
its of DSF moduli space in such a way that the
real geometry of FQH system is contained in coni-
fold. This result yields us to consider in'® a sec-
ond alternative using matrix model formulation for
FQH droplets on the spheres S* and S2. This ap-
proach may be viewed as a linearized description
of Morariu-Polychronakos model on S? because it
avoids the high non linearity of the matrix field
elaborated in®.

In this paper we return to these two works
and review the basic lines of the ideas developed
there. One of the principal purposes of this paper
is to find the wave functions denoted |® > which
describe FQH droplets on S?. But, before passing
on to this main business, it is interesting to treat
briefly ideas useful for our analysis as we will see
later on.

A crucial ingredient of our works!®16 is the con-
strained method using the Lagrange multipliers.
This method has the advantage of building FQH
extensions moving on S? and geometries beyond.

The paper is organized as follows: In section 2
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we start with a brief summary presenting conifold
geometry and the 2, 3-spheres. After we derive
the classical action of FQH fluid on S%. Section
3 focus on a new proposal of FQH droplets on the
spheres. The later section is specialized even fur-
ther to a quantum version of the systems. This,
of course, leads to an explicit expression of the
droplet ground state. Finally, we end with a con-
clusion summarizing the basic ideas of this paper.

II. FQH FLUID CLASSICAL FIELD ACTION

We are interested to find the action describing
classical FQH fluid dynamics on the spheres real-
ized as subconifolds.

A. Conifold as mother manifold
1. Conifold picture

We start by introducing special properties of
conifold geometry. From conifold point of view;
the D string system we are considering is a set
of N D strings running in conifold in presence of a
constant RR background field B that governs their
dynamics. In this picture, all interactions are ne-
glected by taking B field of type IIB very strong.

For this case of D string with world sheet vari-
able & =t +io, the fields should satisfy the follow-
ing projective transformations

1 1
(x,y,z,w) = Az, —y, Az, —w). (2.1)
A A
together with the local constraint equation
z(§)y(&) — 2(Hw(&) = p (2.2)

where p is a complex constant. The role of the
noncommutative parameter 6 of usual FQH liquid
is played here by this complex modulus p of the
conifold®.
From these formulas we reads thet the string dy-
namics involves five complex holomorphic variables
namely (¢, z,y,2,w) obeying the two conditions
(2.2, 2.1). So the resulting set, denoted (&, u,v),
parameterizes a complex three dimension projec-
tive hypersurface which is the deformed conifold
geometry 1*S3

T*83 ~T*S' x T*S2. (2.3)
Note that the fiber T*S' describes the D-string
world interacting RR magnetic field and moving
on the base T*S2.
Such D-strings, moving with complex holomorphic
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coordinates, collapse to the usual point like par-
ticles parameterized by (z(t),Zz(t)). In this spirit,
the local coordinates (¢, z, Z) of real three dimen-
sion space are analog to (£, u, v) that parameterize
a complex three dimension space, which is just the
conifold T*S? defined in (2.3).

Armed with this observation, we could show eas-
ily that the spheres S® and S? appears then as a
special real lower dimension slices of conifold.

Indeed, reducing the degrees of freedom down to
three follows by restricting the conifold analysis to
its Lagrangian sub-manifolds. This aim is achieved
by identifying £ with o ; that is a periodic time.
This leads to S3.

On the other hand; the second geometry S2
obtained by restricting world sheet variable &
t +io to its real part. Explicitly; by setting y =
and w = Z, the eq(2.2) takes the form |z|? + 2|2
Rep, where the coordinates satisfy the condition
(z,2) — €¥(x, 2), defining then a real two sphere
52 embedded in complex space C? parameterized
by (x, z).

is

=l

2. Subconifolds coordinate frame

Among the different ways of parameterizing the

spheres S? and S?, we choose the one that use man-
ifest isometry by constructing them as hypersur-
faces in C2.
Starting from this complex space C? with local
holomorphic coordinates x and y, the 3-sphere
S? of radius R is realized as a real hypersurface
H,eot = Hyeal (z,y,7,7). To do so; (x,y) and their
complex conjugates must obey the following con-
straint relation,

o +yy = o + |y* = R,

(2.4)
Using representations of the SU (2) isometry of S%;
in particular the isospinors,

Hreal (l‘, y7ja y) :

d=(zy), zi=()=@7), i=12 (25)
the eq(2.4) reads as follows,
2

Hical (Za Z) : Z zizi = RQ- (26)
i=1

On the other hand; to reduce S? down to S?; we
use the fibration S? ~ S! x S? corresponding to

SU((2) — SU(2)/Ucs(1). (2.7)
which leads to the identification
o =e%x, Y =e ¥y, (2.8)

where ¢ is the group parameter of Ug (1) Cartan
abelian sub-symmetry of the SU (2) isometry of
the 3-sphere.
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B. N FQH particles field action on S®

Taking advantage from previous results; we
focus our interest in what follows to build classical
field action of N FQH particles moving on S3.

To implement dynamics, we should add time
variable to the coordinate already introduced. For
a set of N particles described by z, (), ya (t) and
T, (1), 7, (t) with a =1, ..., N, moving in the com-
plex space C¥, the restriction of their dynamics
on the 2-sphere is achieved by requiring a set of
two constraint relations at every moment t, for
a=1,...,N;

Ta (t)Ta (t) + ya (1) T, (8) = B, (2.9)

and

2 (8) = €902, (1), g, (1) = ¥y, (1)
(2.10)

where the phase ¢ = ¢ (t) is time dependent.

As far as the classical field action of the N FQH

particles systems moving on S* ~ SU (2) is con-

cerned; we proceed as follows:

1/ For the isodoublet coordinates zi = (x4, va),
the Lagrangian density Ly = Ly (zai, Zai) of the sys-
tem moving on the complex two dimension space
C? ~ R* reads as,

o N
dt Ly = —% (Zaidz™ — z71dzy) .

a=1

(2.11)

2/ We implement in Ly, by using the Lagrange
method, the constraint eq

B (24%To + Ya¥,) =1, a=1,...,N, (2.12)

to get the Lagrangian density Lg describing the dy-
namics of the N FQH particles restricted to moving
on S? embedded into C2. So we get

N
= ia 1
Ls (2,7,C) = —B; {miath — caB} . (2.13)

where the real field C, = C, (t) is the Lagrange
gauge field capturing the constraint eq(2.12) and
Dyt = (& —iCu?)
derivative.
We deduce from (2.13) that m, = —iBZ;, is
the conjugate momenta of the field variable z*®.
The corresponding Poisson bracket is defined as
_ OF 9G oF 8G .
{F,Glpp = Zl,e (azle ome  Oms lee)’ so it

leads to

is the gauge covariant

ia — . N
{z ’Zjb}PB = Eéjdb,

{z,29"} . = {Ziar Zjo} i = 0. (2.14)
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C. FQH fluid approximation

Recall that we are interested in FQH fluid on
the spheres S* and S? embedded in C2. So besides
extra constraint relations due to non flat geome-
tries of these varieties eqs (2.9-2.10), we have the
usual one dealing with fluid incompressibility. This
condition is essential in the field theoretic model-
ing of FQH systems since it plays a central role in
understanding the quantum dynamics.

In the fluid approximation requiring a large
number N of particles, 2¢ and Z;, are promoted
to highest dimensional fields as shown below,

2z (1) = 2" (;7,7,0,5),
Co(t) — C(t;7,7,0,0) (2.15)
So the incompressibility condition of the FQH fluid
is translated into a condition on the Jacobian 7.
of the transformation,

— —

Y (Ta g; 77 E) ’

(2.16)
together with similar transformations for the com-
plex conjugate partners. This Jacobian is a poly-
nom quadratic in the Poisson brackets and it in-
volves the sum of six terms.

Fluid incompressibility requires that the absolute
4/, o

% should satisfy |Juc| = 1.

To deal with this condition; we simplify the J,.

expression by restricting the coordinate transfor-

mations (2.16) to the sub-class,

T x(r,0;7,5), o

value |Jye| =

T —

z(r,7), o — y(o0). (2.17)
The fluid incompressibility condition reduces to

the following relation,

{2, 7} pp {v, T} pp = —0°, (2.18)

where 6 is the usual non commutative coordinates
parameters with §B = k. This constraint eq can
be solved as {z,Z}pp = 16 and {y,7}p5 = i or
equivalently by using the SU (2) doublets as fol-
lows,

(7,2}, = —i05]. (2.19)
Implementing this constraint eq into eqs(2.13) by
using the Lagrange method, we get the field action
S3 = S5 (2,7, C, A) for incompressible fluid running

on the 3-sphere,

- 1 k
S3 = —B [ dtd®rd%¢ |i7jViz — C= — A=
3 / T7d“o {12 Viz B Bl
(2.20)
where we have set,
Viz' =Dzt —i{A, 7'}, (2.21)
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and where 6 is the non commutative parame-
ter considered previously. The gauge field A =
A(t,7,0;7,7) is a real gauge field capturing the
fluid incompressibility constraint eq.

III. MATRIX MODEL OF DROPLETS ON
SUBCONIFOLDS

The main goal of this section is to develop a
matrix description of the FQH droplets on the real
spheres S® and S?. For this aim we proceed as
follows:

To build the matrix model; we elevate
the commuting coordinate position variables
{zfl (t), 2, 1<a< N} of the ambient space C?
into diagonal NV x N complex matrices Xy and Yp;
or more generally, equivalent matrices X and Y
related to them by using U (N) similarity trans-
formations

P: XX, —

XTX =P (X7Xo) P, (3.1)

with the N x N matrix P satisfies PTP = PP =
Iiq to ensure the hermiticity property of XX and
the same must be done for YTY.

The constraint relations (2.12), describing dynam-
ics of droplet on S3, become in the diagonal case

B (XJX() + }/OJFY()) =1 Iiq. (32)
In terms of N x N matrices X and Y as well as
their adjoints, that encode the coordinate positions
of the FQH droplet restricted to move on the 3-
sphere S3; the condition reads as,

BTr (X+X + Y+Y) = IN, (3.3)
Besides, the reduction down to the S? geometry
requires

BTr (X*X — Y+Y) = mN, (3.4)
where m is a relative integer. Combing eqs(3.3)
and (3.4), one has

BTy (YTY) = =™ N
2
l+m
+ —
BTr (X*X) = = N. (3.5)

Positivity of these quantities leads to the condition,

mN < IN. (3.6)

Since the matrix variables X and Y carry an SU (2)
charge; the relation (3.6) recalls the usual SU (2)
spin projection inequality,

J: < g (3.7)
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On the other hand; by implementing the matrix el-
evation x — X and y — Y and taking into account
all the constraint eqs for droplet dynamics on S3
and on S? in addition to the fluid incompressibility
condition; we obtain a matrix field action denoted
as Sy = S [X,Y,C, B, A] which reads, up to a to-
tal derivative, as follows ,

+BTr :A ([Xﬂx] + Y+ Y] - E)}
mfefxern ) o
s (Cex-vey) - 2],

The Lagrange gauge fields C (t), B(t), A(t) cap-

ture the three constraint relations also mentioned.

Minimizing Lo with respect to these gauge fields

lead to the explicit expression of matrix conditions,
B[X" X|+B[Y",Y] =k L,
B(X*X 4+Y1Y) =11y,

B (X*X — Y*Y) =m lig.

(3.9)

It is clear that we have a problem when taking the
trace of both sides of the first relation of eqs(3.9).
To overcome this difficulty, we add the Polychron-
akos field ¥ = (¥*(t)) transforming in the fun-
damental representation of U (N) as a scalar field
under the isometry of the spheres; so it has no cou-
pling with the extra gauge fields B and C.

Then, the full classical Lagrangian density of the
matrix model proposal for FQH droplet on the 2-
sphere becomes S = [ dtL,

eo oo (12 1)

(3.10)
Setting Tp = Y0 WHwe = k N, the modified
constraint relations are,

T¢ = B[X*, X+ B[yt V]! + ¥fue, (3.11)
Sy =Ty —Tody =0
Ey= BTr (X+X +YTY)=1N,
Iy = BTr (X+X -Y*Y)=mN.
An other consequence of Lagrangian density vari-

. . . b b
ations gives the conjugate momenta II;, I') and

T,
I’ = —iBX TIb=_iBY" Y,=—iV}.
Using the following Poisson bracket for functions

F and G,
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(OF 9G  OF aG
{FGlpp =+ (a\y; ovc v axp;)
+i<6F oG oF aa)
B \0X;% 90Xt~ aXs ox;°
i (OF G OF oG
B (ayb*a aY? ~ vy 8Yb*“) ’

we have the following classical relations for the
canonical variables,

{5, 0} = +idg,,,
(X4, X0} = 42685, (3.12)
wd b1 i b sd
{Ya 7YVC } - +Béaéc7

and zero for all remaining others.

IV. WAVE FUNCTIONS FOR DROPLETS

This part is devoted to study the quantization
of above FQH droplets on the spheres S? and S?
respectively. In other words; we derive the explicit
form of the wave functions of their ground states
|D >.

A. D{V!,, building blocks

To build the quantum states of the fluid
droplets on the spheres, we develop some specific
features of creation operators monomials.

For quantum matrix model, the canonical com-
mutation relations (3.12) become for § = =

B
[wl, '] = —d5,

[x1°. X)) = —00355,

[vie, v = —0575;.

(4.1)

Moreover, the quantum version of classical
eqs(3.11) for FQH droplets on the 2-sphere, reads
as;
Sg® > =0,
T|® > =EkN|® >,
50‘(1) > = ZN|(I) >,
To|® > = mN|® >,

(4.2)

where the quantum operators 7,, & and Z;, are
given by,

7, =Tr (010),
& = BTr (X'X + YY),
Ty = BTr (XX - YTY).

(4.3)
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They depend linearly on the creation/annihilation
operators U1 /¥, XT/X and YT/Y.

The wave functions describing droplets on the 2-
sphere is

@ >= (@1 >= |Ppjj. >, (4.4)

with the isospin j = [N is the highest weight and
721 < J.
Combining the creators ¥f and XT, Y as follows
Azo = \I/(Tlo = BLTLO’
Al =9 X[ X[ n

21,
Bl =} v vt o>

1, (4.5)

allows us to define new specific building blocks,

p q
Al o, =114 Bl . =1IBl. 46
n=1 n=1

The commutation relations of these hermitian op-
erators with 7;, & and Z; are,

(T A%, 0, | =PAL,
T0,Bi, .| =B, .
:50,1%3;1..‘%_ = WAL“.(W
€0.B,..0,) = Y VB,
:IO,ALI...%: = @ALI.“%’
{IO7B¢T11...%} = _q(qT—Fl)Bll..‘af

Since the matrix operators Xt and YT as well
as their adjoint partners play a symmetric role; as
they are rotated under SU (2) isometry of the 3-
sphere generated by the operators Jy and J.

1
o=

1 1
Jp= 5XTY, J_ = EYTX;

(XTX -YTY), (4.7)

the building blocks Aj;,l...aq and IEBLM% are related
via the formula

B . = ~adi3_ (A] >1. (4.8

ay...aq aa‘ - ( al‘..aq) » 4= 1L ( : )

We deduce that Ail...aq and ]B%Zl___aq are in fact just

a particular condensate of more general operators

which we denote as ]D)l(:f?,f,aq. Involving both the
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creators X1 and YT, this general building blocks
are given by
D@t (g —n)!
ai...aq q|
(4.9)

Using the fact that [Jo,X] = =X and [Jo, Y| =
YT ( which means YT and X carries a spin 3
charge), it follows that the DSI??_T_%S form an SU (2)
representation of isospin j = %.

With these tools at hand, we turn now to our
goal: building the wave function for the ground
state of the FQH fluids on S? and S2.

Since S? is obtained from S? as a fiber bundle sec-
tion, we begin by studying the fundamental wave
function for a FQH fluid droplet on the 3-sphere.
Then we consider the computation of the ground
state for the case of FQH droplets on the 2-sphere.

B. Ground state for droplets on S*

Introduce a vacuum state |0 > describing a
state with zero particle. This state is U (N) x
SU (2) gauge invariant*

S0 >=0, Jo1]0>=0, (4.10)
and is also annihilated by the operators
U0 >=0, X°0>=0, Y0>=0. (411)

A candidate for the wave function |®) describing
FQH droplet ground states on S3 carrying a SU (2)
isospin charge j is expressed as follows

k
‘(I)’f%o >= [(eaoalmaz\,_l\I/LoAll...aN1) :l ‘0 >,

(4.12)

It is clear that we have [kN (N — 1)+ 1] pos-

sible such wave functions invariant under U (N)

gauge symmetry and forming a SU (2) representa-

tion. More precisely, it is easy to show that the
functions satisfy

(N-1)

N
Jo|®ij >=k—"— 05 >, J4|Pj >=0

(4.13)
from which we deduce that |®j; > belong to
SU (2) highest weight representation of a (25 + 1)
component vector (|®y ; ;. >), such as

[P >= P jj. > J=Js (4.14)

*Sg and Jo,+ are the generators of U (V) and SU (2)
respectively.

= ——"ad"J_ (Ail___aq) , n=0,1,...,q.
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carry an isospin j = ) — IN. The quantum
number [ describing the quantization of the radius
squared of the 3-sphere (I = BR?) is determined by
computing the mean value < ®|E|® > which leads
tol = k‘% The factor % is a consequence
of matrix elevation of the 3-sphere geometry.

Notice that by applying the monomials (J_)",
the states of the SU (2) highest weight representa-
tion are obtained as in3

EN(N—1
2

—p)!
1

(U

| g j,j—p >= (J)®rj5 > (4.15)

where the integer p takes wvalues as p
o,..., % Finally, the lowest state is given

by

ap~ai...aN—1

k
(@, >= [e” (5B, an_) } 0>,
(4.16)
involving only monomials built of the creation op-
erators Y.

C. Droplets wave function on S2

In the case of FQH droplets on the 2-sphere,
droplets are described by SU (2) /Uc (1) represen-
tations. So the construction of the wave functions
follows directly from the link between the isome-
tries of S* and S2. More precisely, it is obtained
from those of SU (2) representations by projecting
the isospin j highest weight vector on one of the
(2j + 1) possible directions j.

We proceed as follows, we start from the solution
(4.15)

1
{|‘I>k,j,jp >, 0<p< §kN (N - 1)} , (4.17)

obtained for the 3-sphere, then we restrict S? down
to S? geometry by imposing the constraint eq
Zo|® >= m|® >. This constraint eq corresponds
just to singling out one of the state of the high-
est weight representation. Thus the wave function
with spin projection m reads as follows,

1Psu@)/ve) >= Phjj—m >, (4.18)

where m € [—I,+1]. Using the building block op-

erators DT, eq(4.9), the above fundamental
wave function become,

[®hijmm >= (H [ea(’al"'“”‘l‘lfloﬂ)é’ff?LNJ) 0>,

= (4.19)
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where k£ and [ are same as before and the integer
m is given by,
- 2’}11) )

k
N(N-1)
e (M
i=1
with n; =0, ..., . In conclusion, it is illumi-

N(N-1)
2

nating to recognize that one FQH droplet moving
on the 3-sphere manifests as,

2kN (N-1)
2
FQH droplets on S2.

(4.20)

+1=kEN(N—-1)+1 (4.21)

V. CONCLUSION

In this paper, we have derived a new matrix
model proposal for FQH droplets on the subconi-
folds S? and S?. The isometries of the spheres
play a central role in building the wave function
for ground state of droplets that we have worked
out explicitly. Constructing the real 3-sphere as
the fibration S? = S? x S! has yield to the follow-
ing interesting result: a generic FQH droplet on
S? carrying isospin j and described by the ground
state,

[P >={ [Prjj—p> [PI<F }, (5.1)

is made of (25 4+ 1) droplets on the 2-sphere,

[®rji—p > PE{=]n i} (5-2)

with fixed value of the relative integer p. So
our proposal is a unified description of both real
spheres S? and S? realized as hypersufaces embed-
ded in C2. More technical details can be found
iIl15’16.
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