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abstract

In this paper we compute explicitly an integral involving the Gegenbauer polynomials
Cy (). Then we establish new addition formulas for C}; ().
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I. INTRODUCTION.

In 1953 Courant and Hilbert considered the orthogonal polynomials associated with the weight function
w(z) = 2971 (1 —2)P=9, ¢ > 0,p — ¢ > —1, over the interval [0,1]. Also one can consider the orthogonal
polynomials associated with the weight function w(z) = (x —a)*(b — 2)? (with a > —1,3 > —1) on the
interval [a,b]. The orthogonality formula for the Gegenbauer polynomial C}}(z) is explicitly by

1 0, l#£m
/ CM2)C\ () (1 — 22 2de = { 72172 (m + 2)) [ (1.1)
-1 T2\ (m + \m! -

Thus motivating the title of this paper; the most general we have found in the literature is the integral
for two Gegenbauer polynomials C? (z)C(x) over the interval [-1,1] with respect to the measure (1 —
z)P(1+ 2)*~2dz, namely integral of the type:

Nooip @) = [ GO0 =) (1 +a) A (1.2)

The evaluation of this integral is Gamma factors times 4 F3 of argument 1 with upper parameters —I, [ +
20, a4+ 1, — A+ %and lower parametersd + %,)\—i—a—&—m—i— %,a—)\—m—i— %

See Erdelyi, Tables of integral transforms, Vol. 2, section 16.3, formula (16), or Gradshteyn Ryzhik,
Tables of integrals, series and products, 7.314.7.

The first main result of this paper is the change the parameter A in formula (1,1) by A = J and A = p
with ¢ > —% and p > —%. Namely we calculate the integrals

! 1
Naa(Ws ) = [1 CP(x)C (z)(1 — 2*)*~ 2 da.
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Theorem 1 . For 9 > —%, > —% and A\ > —% we have

0, l4+m odd
[5]

m2! 2 (I -2k + )
Noaa(@; ) = TWTO)T =2R) = kls!
T(l—9—k) T(l—2k+2\(m+pu—s)

Tl+A—k+1) m+A—s+1)
(0= Nr(p—=Ns, m=1-2k+2s, [F]>seN

The proof is based on the following Lemma.

Lemma 2 . For 9 > —% and \ > —% we have

(%]
Okofv\a—%(x)

9y L)
C’"l (x) - ( ) kzo

I'(v
where
m— 2k + A L(m+9 — k)

Cr = k! (?9_>\)k1“(m+/\—k+1)'

Here T' being the usual Gamma Euler function on C and («), is the Pochammer’s symbol (a), =

A+ 1) (a+n—1) = et

The next main result of this paper is the following addition formula for the ultraspherical polynomials.

Theorem 3 . For 0 €]0, [ we get
1) for n even

n—2

Iin—2+1) (-1)=
2n=3T2(222)11 sin?(0)

n—2

C,? (cosb) = HE (n —2j)

cos® 6.

n—4 2sin20cosf(l+n—4—k) sinfcosf(l+n—3—k)
Az (—1)F —
<D A (1) { (+n—4—k) (l+n—3—k)

2) for n odd

n—2

T(n—2+1) (-1)*"
21372 (2=2) 11 §in? (g)

n—2

C,? (cosb) = WHE (n — 2j)

X Ay (—1)* [cos 0P p—4—k(cos@) — Piyp_3_g(cos 0)} cos® 6.

1
with P, (x) = CZ2(x) being the Legendre polynomial and
= 1<i<y

J_— pi—1
Al = Al a2;5—-1

Al = (A{_ll + AT g 1<i<j
Al = Al Qj

J j—1

II. PROOF OF THE NEW ADDITION FORMULAS.
A. Proof of theorem 1.

In this section we prove the formula stated in Theorem 1.
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Proposition 4 . For ¢ > —% and A > —% we have

0, l<m orl+m odd

2122 I(m + 2))
DT ()k!m! T+ X — k+ 1)
xT(+9—k)(W =Nk, l=m+2k [L]>keN

Naa(hN) =

Proof. For ¥ > —% and A > —1 the polynomial C}’(z) can be written

(3]

(A
0) = 1) 2 O
k=0
where
Cl=2k+ X Fl+9—k)
Cv =" (ﬁ_A)kF(l+>\—k+1)'
Then the above integral Ny x(¢; A) can be rewritten as
)k and
Naa(h ) = ) Ck ) CPop(2)Ch(2)(1 — %)~ 2da.

k=0 -

Then from the orthogonality formula (1,1) the integral in the above sum vanishes if [ — 2k #m, k €
{0 [L]} (ie I +m odd or I < m) and equal to m2 T (m + 2)) ifl—2k=m, ke{0 L]}
N q ECES =m, s (51}

Thus

0, l<m orl+modd

21— I'(m+2))
Tk DI+ A—k+1)
xDU+9—k) (= Ng, l=m+2k, |

Proof of Theorem 1. We have by Lemma 2

Naa(95 ) =

l]>keN

]

4,
Noa(9: ) = ?Egi > (=222 ),

Tl +9 k) s
><P(l+)\ k+1/Cl ok (2)Ch (7)) (1 — )" 2 da.

Using the Proposition 4 we can then compute the integral in the above sum

f_ N ok (2)Ch(2) (1 — 2%)N 2 da

0, m <1l —2k or [ +m odd

7282 (m + 25 + A)T(1 — 2k + 2\)T(m + p — )

DT (p)s!(l — 2k)!1(1 — 2k + A\)T(m+ A — s+ 1)

X(p—MNs, m=1-2k+2s, [F]>secN.
Next, since

{0}, if [ odd

{m eN/m<1—2k, kefo,.., [g]}} -
0, if [ even

we deduce that the condition m < [ — 2k or m + [ odd is the same [ +m odd .
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Finally the above expression becomes
0, l+m odd

212A w]z—2k+m
NP ) = LT (W) = 2k) = fis!

(1—19 k) T(l—2k+2\)T(m+p—s)

i+ X—k+1) Fm+A—s+1)
(= Ak(p—Ngs m=1—2k+2s, [2]>seN

This finished the proof.

Remark 1 . If we use the evaluation of integral (1,2) we will get that the integral Ny x(9, p) is a double
series but the result we have found here is a single series.

B. Proof of Theorem 3.

For the proof of Theorem 3 we just combine the Lemma 6 below and the formula

2" S22 n2

T o l :..n—3 _ 2
/O(COSH isinf cos )’ sin" "> pdp Tm—9+1) C, % (cosb).

n—3

Putting z = cos —isinfcosy and J(8) = foﬂ zlsin™ "2 0sin™ 2 pdyp

Lemma 5 . For every m € {2, ..., ”T_l} we have

m—2

m
=[[(n—2i) > (=)™ ** A2 cost 0
=2 k=0
v
X {cos 0 / gH2m=3=kgipn=2m gginn=2m=1 4,

T
_ / l‘l+2m—2—k Sinn72m Hsinn72m71 QDd(,O
0

with
1 .
=15 1<i<]
A%:al

A{—A_lagj 1
Al = (A7 + Al Dagj—i, 1<i<j

Al = Al a;

j—1

Proof of Lemma 6. Our proof will be done by induction.
For m=2 integrating by parts, we obtain

4 m
JI20) = T cos@[/o 7 sin" "1 fsin™ 0 gadga}
—4 [T
= TZL+ . / 22 5in" "4 0sin" " pdyp

So, for m = 2 the Lemma 6 is true. Now suppose the lemma 6 is true for m. Then

m m—2
JP20) = [J(n —20) Y (—1)™ AR cos™ 0
=2 k=0

T
X {cos 0 / gH2m=3=kginn=2m ggin"=2m-1 gdyp
0

iy
_ / glt2m=2=k gpn=2l g pn—2m-1 92d92} .
0
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Integrating by parts, we get

m41
J0) = [[ (n—20)[By + Ba]
i=2
with
m—2
By= ) (=1)™ ALY cos* o
k=0
o
— A2m—1—k / gH2m=1=kginn =2l gginn=2m=1 de | .
0
and
m—2
By = Z (-1) m+kA$+11 cosk 0
k=0

T
X |@om_1—k / xl+2mfk Sinn—Zm—Z gsinn—2m—3 (Pdsﬁ
0

s
— Q22— COS 0/ glT2m=1=k gjpn=2m g gipn—2m-1 G@dw} :
0

Then, evidently
—2

B = (=L)AL AP+ AT agm—1 - costT O

3

x>
3L

+2m—k— 1 n 2m— 298111” 2m—3

X

x pdp

0

+ 1)m+1Al 1a2m 1C050/ [4+2m— 1b n—2m— 205111” 2m— 390d<p

/—\

+
N

m— m m n" 2m—2 n—2m—3
m— 1am cos 9/ 0 sin pdp

3
m

( 1) HFEAT | cos® g
=0
™

xl+2m k— 1 n 2m— 298111” 2m— 3(,0d9

X
c\k

+

—~

U
—1)™ T AT cos 0/ H2m=Lginn=2m=2 g ginn=2m=3 oy
0

™
+ Al cos™ 6 / 2 sin 272 0 sin™ 23 odip.
0

We do the same for By, we have

m—2

By = Z (=1)™** AL cos® o

3o

X xl+2mfk Sin”72m72 0 sinn72m73 (,Ong

S— 7

g
4 (_1)mA1”n / xl+2m Sinn72m72 Hsinn72m73 QDdSO
0

™
— A cos™ ! 0/ ML ginn=2m=2 gginn—2m=3 (o,
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Therefore, we obtain

m41 m—1
Jr0) =[] (n—2i) > (=)™ AR cos™ 0
i=2 k=0

y {Cose /71' xl+2m—3—k Sinn—Q(m—i—l) asinn_g(m_H)_l nggD
0
_ /7T xl+2(m+1)727k Sinn—2(m+1) Qsinn_2(m+1)_1 <,0d90 '
0

This finishes the proof of Lemma 6.
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