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abstract

In this note, we establish an L” — L?-version of Morgan’s theorem for the generalized
Fourier transform associated to the class of the Schrodinger operators on the real line.
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I. INTRODUCTION

A famous theorem of G.W.Morgan! asserts that for a > 2, 3 = =%7, a > 0 and b > 0, measurable
function f on R satisfying the conditions

" f € L¥(R),
and

M Fe Lo(R),
should vanish f = 0 if and only if

(ac)"/*(68)/7 > (sin(5 (8 — 1)"/".

Here ]?is the classical Fourier transform of f on R and the spacial case a = 2 is just Hardy’s theorem.
In this note, we study an extension of this theorem by considering the symmetric differential operator
(L, Dy) defined by

_dQu(x)

Dy =D(R) and Lu(z)= e

+ ¢(z)u(z), ue D(R).

D(R) is the space of C*°- function on R with compact support. ¢ is a measurable function satisfying

+oo
/ (1+ |2]) |6(z)| da < +oo.
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The operator (L, Dy) has a unique self-adjoint extension (L, Dy,) with
Dy = {f c L*R): f, " are absolutely continuous and L(f) e L2(R)} .

On the other hand, for
peCyp={AeC: (Im(\) >0)or Im(A\) =0 and (Re(A) >0) },
the differential equation Lu = p?u possesses two linear independent solutions E (., u) satisfying?

limeT® By (z,p) = 1.

r—+o0

Ey(.,u) are called generalized eigenfunction of the self-adjoint operator (L,Dy). We also have the
generalized Fourier transforms defined by,

1
FelNW) = 7= [ 1) BelaFu)ds, n € R [ € D). ()
Moreover, for all u € C, and = € R, there exist constants C independent of u, such that?3

|Ex(x, p)| < CeT 007,

Lemma 1 Suppose that p €]1,2[, q € [1,+00[, 0 >0, and B > osin §(p —1).
If g is an entire function on C satisfying the conditions

\g(x + iy)| < const e\ for any z, y € R (1.2)
and eB1°” g € LI(R); then g = 0.
II. MORGAN’S THEOREM FOR THE FOURIER-SCHRODINGER TRANSFORM

In this section we study the Morgans theorem for the Fourier-Schrodinger transform on the real line3.

Theorem 2 Let1<p,g<oo,a>2,3=-%4,a>0andb>0.
Suppose that f is a measurable function on R satisfying the conditions
71" f € LP(R) and e"M” Fy (f) € LU(R) (2.1)
If
(ac) /2 (b9)"/? > (sin(F(8 — 1)/ (2:2)

then f is null almost everywhere.

Proof. Let f be a measurable function on R such that
e?l”l” f € LP(R) (2.3)
and
i’ By (f) € LY(R) (2.4)

In order to prove that f = 0, we use the Lemma 3. Namely, we show that the Fourier-Schrodinger
transform of f satisfies the conditions of Lemma 3. First, by using the condition (2-3), the function

FL0)0) = 5 [ @) Bae Fr)da,
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is well defined, holomorphic on C,, and satisfies the condition

(0] € 2= [ 1@ 70| do

< C’i./ |f ()] .eT ™2y for any p e Cy,
R

by Holder’s inequality

Cz. [/R <|f(96)|-6“|a>pdaz] Up. UR (eaacl“.eﬂm(u)x)qdz] 1a

, N 1/q
<C, {/ eFaIm(p)z—ag|z| dx] ,
R

IN

where ¢ is such that % + % = 1. Let
O & 1=)(8) " P(sin (8~ 1)7, (aa) /]
Applying the convex inequality
ltyl < (1/a) [t]” + (1/8) [yl

to the positive numbers C |¢| and |y| /C, we obtain

1

W |y|B7

CO{
[ty < — [t|* +
«
thus

|Tm ()| # o
/equmm)zfaqwdx < 15 /e*q@*%)‘f‘“dx.
R R

Since C € I, it follows that a > %7 thus the integral

/ e—ala=SO)el” gy
R

is finite. Moreover,

[T (p) |8

|FL(f)(p)] < Const.e 6¢? for any u € Cy., (2.5)

condition (2.4) and inequality (2.5) imply that the function

9(2) = F=(f)(n)

satisfies the assumptions (1.4) and (1.5) of Lemma 3 with

p =0, UzﬁandB:b.

Next, applying the condition C' € I, implies the inequality

1
b> Wslng(ﬂ_l),

which imply that Fi({) = /. Hencefore, by the injectivity of the Fourier-Schrodinger transform, we have
f =0. Thus, the desired result is establish. W
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